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A Note on a Class of Analytic Functions
Defined by a Generalized Salagean Operator
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Abstract. The object of this paper is to obtain some inclusion relations regard-
ing a new class M™ (), «, n7) using the generalized SElaigean operator.
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1 Introduction
We define the class of normalized analytic functions A, as
Ao = {f e HIU): Fl2) =2+ ans12" +anaz™ 4.} (1.1)

neN*=1{12...}, with 4; = A
F.M. Al-Oboudi in [i] defined, for a function in Ay, the following differential operator:

D°f(z) = f(z) (1.2)
D} f(z) = Dyf(z) = (1 = A)f(2) + Azf'(2) (1.3)
DY f(z) = DDy~ f(z)), A>0. (1.4)

When h = 1, we get the Shldgean operator [5].

If f and g are analytic functions in U, then we say that f is subordinate to g, written
f =g, or flz) = glz), if there is a function w analytic in U with w(0) = 0, jw(z)| <1, for
all z € U7 such that f(z) = glw(z)] for z € U. If g is univalent, then f < g if and only if
F(0) = g(0) and f(u) < g(U).

To prove the main results we will need the following lemmas.

Lemma 1.1 (Hallenbeck and Ruschweyh [2]) Let A be conver in U with h{l) = a, v # 0
and Re v = 0. If p € Hla,n| and

o)+ ZE <)

then
p(z) < g(z) < h(z)
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where .
glz) = E’:—f;ﬁ R(t)EE ~dt.
The function g is convex and is the best (a, n)-dominant.
Lemma 1.2 (Miller and Mocanu (3]} Lef ¢ be o conver function in IV and let
h(2) = g(z) + noeq'(2)
where & = 0 and n is a positive integer. If p € H(LT) with
plz) = q(0) +puz"™ +...

and
plz) +azp'(z) < h(z)
then
plz) < glz)
aned this result is sharp,

2 Main results

Definition 2.1 Let f & A. We say that the function f is in the clas M™(A a,n), A =0,
ae R, ne|0,1), me M, if f satisfies the condition

Re [D"J(a, fi2)) =0, zeU (2.1)
where N
J(a, f;z} = zJ(a, f; 2) (2.2)
=1 — 2B 2f"(z)
Jiew, f;2)=(1—a) ) +&(___-—f"(z] +1). (2.3)

Remark 2.1 We note that the class M™ (1, a, ) was studied in [4].

Theorem 2.1 [fa e R, ne [0,1) end m € M then

Mm+1[)“:ﬂ1ﬂ] c mel:k:aré} {2'4]
uhere wr

A being the Beta function
1
A(z) =f Lalle) (2.6)
0
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Proof. Let f € M™+(}, o, 7). By using the properties of the operator D}, we have

D7 J(a, fi2) = (L - MWDPJ(e, fi 2) + Aa(DF T(e, £;2)) (2.7)
If we denote by _
plz) = (D} J(a, f; 2)) (2.8)
whera
plz) =14+m2®+..., pl2) € H[1,2],
then after a short computation we get
(DFH J(e £32)) =pl2) + Aepl(2), z€U. (29)

Since f € M™V{A, o ), from Definition 2.1 we have
Re (D7 J(a, f;2)) >n, z€U

Using (2.9} we get
Re (p(z) + Azp/(2)) > 9
which is equivalent to

plz) + ap' (). < li%’r—;-l—}z = h(z). (2.10)

1
From Lemma 1.1, with + == T we have

p(z) < glz) < h(z),
e 1 14 (29— 1t
= Uy L VRNV RS
= t dt.
902) = i fu 1+t
The function g is convex and is the best (1, 1)-dominant.
Since )

- 2l -q 1 & #1fA)~1
(OF T 2 <2 -1+ H2 . [

it results that

Re (DT J(a, f;2)) > q(l) =4 (2.11)
where . . .
= b =20-1+20-038 (3 ) (2.12)
1 1 4i{1/3)-1
A (I) =L . (2.13)

From {2.11) we deduce that f € M™(A,a,5) and the proof of the theorem is complete.
O
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Theorem 2.2 Let g{z) be o conves function, g(0) = 1, and let h be a function such that

hiz) = q(z) + Azg'(z), A >0
If f € A and verifies the differentinl subordination
(D T(e, f2))' =< h(z)

then .
(D7, [ 2)) < g(2)
and the result is sharp.

Proof. From (2.7}, (2.8) and (2.15) we obtain
p(z) + Xap'(z) < g(z) + Azg'(2) = h(z)

then, by using Lemma 1.2 we get
p(z) = q(2)

or -
(D7 T (e, f;2)) < g(z), zelU

and this result is sharp, O

(2.14)

(2.15)

(2.16)

(2.17)

Theorem 2.3 Let g be ¢ conver function with g{0) = 1 and let h be a function of the form

h(z) = q(z) + 2q'(z), zEeU.
If f € A verifies the differentinl subordination
(D7 J(a, [;2)) < h(z), zeU
then

Dy J{‘;t!f;z) <q

(2)
and this result is sharp.

Proof. If we let s,
L0iY s
p{z} = D—--g'——J{j1 f’ 3’} y EE I

then we obfain

(D J(a, f;2)) = pl2) + 20'(2), z€U.

The subordination (2.19) becomes
p(2) +zp'(z) < q(2) + 24'(2}
and from Lemma 1.2 we have (2.20). The result is sharp. O

(2.18)

(2.19)

(2.20)
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