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On Certain Analytic Functions
with Positive Real Part

Adriana CATAS

Abstract. The aim of the paper is to find certain conditions on the complex-
valued functions A, B : U — C defined in the open unit disc U = {z € C :
|z] < 1} such that the differential inequality

Re [A(2)p?(2)+B(2)p(2)+a(zp'(z) — 1)° -3 (Zp’(Z) - g) +37(2p'(2))+6] > 0

implies Re p(2) > 0, where p € H[1,n], b€ Ry, a, 3,7 € C.
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1 Introduction and preliminaries

We denote by H[U] the class of holomorphic functions in the open unit disc. For a € C and
n € N* we let

H[a’a n] = {f € H[U]a f(Z) =a+ anzn + an-l—lszrl +...,2¢€ U}
and

A ={f €H[U], [f(z)=2+an12"" +an22" P +..., 2 €U}
with A4; = A.

In order to prove the new results we shall use the following lemma, which is a particular
form of Theorem 2.3.i [2, p.35].

Lemma 1.1 [2] Let ¢ : C?> x U — C a function which satisfies
Re ¢(pi,o;2) <0, (1.1)

where p,oc €R, o< —%(1—|—p2)7 z€U and n>1.
If p e H[1,n] and
Re ¢ (p(2),2p'(2);2) >0 (1.2)
then
Re p(z) > 0.
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2 Main results
Following the work done in [1] we obtain the next theorem.

Theorem 2.1 Letbe Ry, a,8,7€C,Rea>0,a+B Ry, a+pb+veR,,

3 3n2 3 302
5 < (7;+1)Rea+Z(a+ﬂ)+;(a+ﬁb+7)+4]€{eﬁ

and n be a positive integer. Suppose that the functions A, B : U — C satisfy

(i) Re A(z) > —?Re o — %(a—i—ﬂ) - %(a%—ﬂb—f—’y);
. 9 3n3 3n? 3n
(i) Im *B(2) §4[8Re OH_T(OH_'B)_'—? (a+Bb+v)+Re A(z)] (2.1)

3 2 2
Kng—i—l) Re a—l—%(a—i—ﬁ)—i—% (a+ﬁb+’y)+%Re ﬁ—é] :

If p e H[1,n] and

Re [A(:)5%(:) + B)p(e) + a(ap'(2) ~ 0P =36 (/) — ) +31(a/ () 401> 0 (22)

then
Re p(z) > 0.

Proof. We let ¢ : C2 x U — C be defined by

Y(p(2), 29/ (2): 2) = A(2)p*(2) + B(2)p(2) + (2.3)

ralarl () =1 =38 (/) - )+ () + )

From (2.2) we get

Re 9(p(2), 2p(2);2) >0, z€U. (2.4)
For o, p € R satisfying o < —g(l + p?), hence
2 3
—0? < =T (L4 p?)2, o <~ (14 )

and z € U, by using (2.1) we obtain

Re 4 (pi, 03 2) =

b 2
= Re [A(2)(pi)*> + B(2)pi + a(c — 1)* - 383 (0 - 2) +3y0 4+ 4] =
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—p?Re A(2) — plm B(z2) + (0 — )Re a — 3(a + B)o+
2
+3(a+pb+7v)o— %Reﬁ—i—ég
n’ 3n?
—p®Re A(2) — pIm B(z)—g(l + p?PRe a—Re a — T(CH—,B)(H—,OQ)Q—

3 3v?
—g(a+ﬂb+’y)(l+p2)77Reﬂ+6:

3 3 2
s _ |3 3n” 4_
8pRea [8 Re a + ) (a—i—ﬂ)]p
3n3 3n? 3n 9
- ?Rea+7(a+ﬁ)+7(a+ﬁb+7)+l{eA(z) P+

3

3
+plm B(z) + <n8+1> Reoﬁ-%

2
(a+0)+
3n 3v?
+?(a+ﬂb+v)+TReﬂ—5 <0.
By using Lemma 1.1 we have Re p(z) > 0. O

Taking § = v = & in the Theorem 2.1, we have
Corollary 2.1 Letbe Ry, a € C, Re a > 0,

n®  3n?  3n 3b2
(2 41
5<(8—|—2—|—2(+b)+4—|—>Rea

and n be a positive integer. Suppose that the functions A, B : U — C satisfy

(i) Re A(2) > {—323 —3n? — 37“(2 + b)} Re o
(ii) Im2B(2) <4- % + 3n? — 37”(2 +b))-Re a+Re A(z)} . (2.5)
- [(’§+352+?’2”(2+b)+?f+1)1ae 04—5}
If p e H[1,n] and
Re [A(2)p®(2) + B(2)p(2) + a(2p'(2) — 1)° — 3a (zp’(z) - 2)2 + (2.6)

+3a(zp'(2)) + 4] >0

then
Re p(z) > 0.
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Taking a+ 8 =a+ Bb+~v=a+ v =1 in the Theorem 2.1, we obtain

Corollary 2.2 Letbe R, a € C, Re a > 0,

TL3 37’L2 3n 3b2
41 hehEI eI
6<<8+)Rea+4+2+4( «)

and n be a positive integer. Suppose that the functions A, B : U — C satisfy

3 2
(i)ReA(z)>—3;LRea—?m—3;;
3n3 3 3
(i) Im 2B(z) < 4-[gRea+Z+2n+Re A(2)] - (2.7)
n? 3n?  3n  3b2
S| LT 1 a)-4.
[(8+>Rea+4+2+4( @) 6]

Ifp e H[1,n] and

b\ 2
Re [A(2)p?(2) + B(2)p(2) + a(zp/(2) = 1)3 = 3(1 — ) <zp’(z) - 2) + (2.8)

+3(1 —a)(2p'(2)) + 8] >0

then
Re p(z) > 0.

Taking o = 0 in the Theorem 2.1, we have

3n? 3n 3n? .
Corollary 2.3 Letb e Ry, 8,7 >0, § < Tﬁ + 7(51)—!— v) + v and n be a positive

integer. Suppose that the functions A, B : U — C satisfy
. 3n? 3n
(i) Re A(2) > *75*7(5b+’7); 29)
3n? 3 3n2 3 .
(i) Tm *B(z) < 4 (;ﬁ + 5 (Bb+7) + Re A(z)) (Zﬁ + S (Bb+7) - 5) .

If p e H[1,n] and

2
Re[A(:)*(:) + B(:) ~ 39 (/) — 5 ) + /@) +al=0 (210

then
Re p(z) > 0.

Taking 8 = v = 0 in the Theorem 2.1, we obtain
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n®  3n?  3n L
Corollary 2.4 Let b € Ry, a > 0, § < §+ T+ 7+1 -« and n be a positive

integer. Suppose that the functions A, B : U — C satisfy

(i) Re A(z) > — s 3 ")
n®  3n%  3n
(i4) Tm *B(z) < 4 [(38 + 37 + 37 a+Re A(z)} : (2.11)
n®  3n? 3n 1 5
KNUH )“‘ ]
If pe H[1,n] and
Re [A(2)p?*(2) + B(2)p(2) + a(zp/(z) — 1)* +6] > 0 (2.12)
then
Re p(z) > 0.

Lettingn =1,b=1, a =2+, § =15, A(z) =1 — z and B(z) = 1+ 2z in Corollary
2.1, we have

Example 2.1 Ifp € H[1,1] and

1

Re [(1 — 2)p*(2)+(1 4+ 22)p(2) +(2 + i) (2p'(2) — 1)* — 3(2 —4) (zp’(z) - 2) +  (2.13)

+3(2 —1i)(2p'(2)) + 8] >0

then
Re p(z) > 0.
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