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Abstract. In this paper, it is shown that an extended Hardy-Hilbert integral
inequality with a parameter can be established by introducing two nonnegative
functions u (z)and v (x)which are differentiable in interval (0, + oo), and the
constant factor is proved to be the best possible. In particular, for case p = 2,
some extensions of the classical Hilbert integral inequality are built. As appli-
cations, some important inequalities are studied, when u (z)and v (x)are power
function, exponent function and logarithm function, and some equivalent forms
are considered.

Keywords: Hardy-Hilbert’s integral inequality, weight function, monotonous
function, beta function, gamma function.

Mathematics Subject Classification (2000): 26D15, 33B15.

1 Introduction

Let 1+ 2 =1(p>1), f(z),9(x) >0, f(z) € L (0,+00) and g () € L? (0, +00) . Then

O/O/f Y dvd /f” 0/gq (y) dy (1.1)

where the constant factor ﬁ is the best possible. And the equality in (1.1) holds if and
only if f(z) = 0Oor g(z) = 0. This is famous Hardy-Hilbert’s integral inequality (see
[1]). Recently, the inequality (1.1) was extended in some papers (such as [2]-[7] etc.). The
purpose of the present paper is to establish the following inequality of the form

/ / el dady <k (N) / wg (A, ) f? () do / wp (A, @) g* (x) dx
0 0 0 0
(1.2)

where 1 — 1 < A <2, and to decide the coefficient & (A) and to prove k (A)to be the best
possible, at same time to find the expression of the weight function w, (A, z) (r =p,q). And
the various results appeared in some papers (such as [2]-[7] etc.) are merely the particular
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cases of this paper. For convenience, the beta function B(A — 22 %)is denoted by B.

P
Throughout this paper we will frequently use this notation. .

2 Some Lemmas

In order to prove our assertions we need the following lemmas.

Lemma 2.1. Letr >1,0<rs<1and A >1—rs. Then

/ﬁ(%)mdt:B()\—(l—rs), 1-7“8) s (21)
0
where B(p,q) is the beta function.
Lemma 2.2. Let % + % =1 (p>1),0<ps<1andl—gs<X<2. Definea function ®
by

B(s) = (B~ (1—ps), 1—ps)}P (B(A—(1—gs), 1—qs)}7 (2.2)

where B(m,n) is the beta function. Then ®(s) attains the minimum B, when s = =2,

Pq
L(m)T'(n)

Proof. Based on the relation B (m,n) = T(m T ny> Where I'(z) is the gamma function, we

can write (2.2) as

where I, =T (1 —rs) T (A= (1 —rs)), r=p,q.
Taking the derivative of ® (s) we have &' (s) = ® (s) ¥ (s), where

U(s)=-v1-ps)+ypA=(1—ps)) =¥ (1-gs)+v(A-(1-gs)),
here ¢ (2) = L) 5 the psi function. We choose thus s such that 1 —ps = A — (1 — gs),

I'(z)
-\ — (1— — 2= i 1 1 i
so that 1 —gs = A — (1 —ps), hence s = ==2. Since that 5 + = 1, it follows that
s = %. We therefore have ¥ (%) =0. ie. ® (%) = 0. It is known from the paper
o0

[7] that ¥’ (2) =((2,2) = 21 m7 where ( is the Riemann zeta function. It follows that

U’(s)0, hence ¥(s) is strictly increasing. Owing to the fact that ¥ (%) =0,T(s) >0

when s > %. This shows that ®' (s) > 0. Similarly, we have &' (s) < 0 when s < %.
Consequently, the minimum of ® (s) is that

o(2)= (50 ()] (50 (-3) 1)

Sincel—%:A—(l—%), 1—u:)\—(1—2*>‘) and B(m,n) = B(n,m),

we have the relation:
B()\— (1——24) 1——2**) :B(A—(1—Z*A 1——24)
q ’ q P ’ P :

We therefore obtain ¢ (%) = B. The Lemma is proved.
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3 Main Results

In the section, we will apply the above lemmas to build some new inequalities on Hardy-
Hilbert’s integral type. Let the nonnegative functions « (z)and v (x)are differentiable in
(0, +00), v (x) > Oand v'(x) > 0, u(oc0) =v(00) =00 and u(1l) = v(1). Then we
have the following result.

Theorem 3.1. Let f(z),g(x) > 0, =1, p>q > 1, 1—% <A< 2 If
i A ()P e (2) da ooanoovxl_’\v'ajl_q 1 (x)dx 00
tofh{wm) (! (2) 7} 77 (@) dr < oo and [ {0 @) @ @)} (@) de < oo,

oy

[ el tdaty < B {70 {w@)™ o @) @) dm}

And the equality in (3.1) holds if and only iff (z) = 0 or g (x) = 0. If the constant
factors of the functions u (x), u’ (x), v (x) and v’ (z) are not considered, then the coefficient

B is the best possible.
1

Proof. Let s > p, f(x) = F (z) {v (m)}%and g(y) = G (y) {v' (y)} 7. Define two functions

by
1 1
o F(JJ){U/(U)} p u (x) s o G(y){u/(L)} 4 v (y) s
- ((u @+ (y))*) ( <y)) and = | oo ) (u <m>> (3:2)

Let’s apply Holder’s inequality to estimate the left hand side of (3.1) as follows:

00 00 1
@)W oy = f faﬂ dedy < < [ [ aPdzdy : [ [ Bldxdy ’ (3.3)
@0+ o . .
00

It is easy to deduce that

FP(z)qv u:v ps
//apdxdy—// (u(m{v 8 Ugyg) dzdy —/w p, A\ ) FP(2)da.

Based on Lemma 2.1 we compute the weight function w as follows:

o0 o0
_ v’ (y) u@ \P* (w(@)N'=* r1\Ps
= A )= / (@) o)™ (W) dy = / e (3)7 dt
0 v(0)/u(x)

< [ Gy ar = {@) P BO- 0-ps), 1-ps)}.
0
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1

Notice that F () = {«’ ()} ¢ f (z), hence we have

/ / aPdzdy < B(A— (1—ps), 1—ps) / (@) W @) PP @) de (3.4)
0 O 0

Similarly, we have
/ / Bdady < B(\— (1-gs), 1-qs) / (@) W @) gt (2)dr (3.5)
0 0 0

Substituting (3.4) and (3.5) into (3.3), we obtain

oooowx s ooum1—)\u/x1_1‘7pxx5
[T bt ssasay < @ ) { Fuo)'™ ) 1 0) o} -

{0 ) o o) dx}é

0

where @ (s) is defined by (2.2).
It follows from Lemma 2.2 that the minimum of ® (s) is B, where X satisfies the constraint
— 1 <A <2 Asaresult, it follows from (3.6) that the inequality (3.1) is yielded at once.
And it is obvious that the equality in (3.1) holds if and only if f(z) =0 or g(x) = 0.
It remains to need only to show that B is the best possible. Define two functions by

o { 0 ze 0, 1)
) = 2—\+e
(u(@) 7 (u(2) z€ll, +o0)

and () {O y€ (0, 1)
— 2—A+e
Pl o) @) well, +oo)
Let u(1) = v(1) = 3. It is easy to deduce that
+0o0 +oo
/ (u (@)™ (! (@) P (2) do = / (u (@) du= 2= .
0 1

Similarly, we have

[ @) 75 @y =
0

If B is not best possible, then there exists C' > 0 and C' < B such that

%3] D %)

f(@)ay) p g e
0/0/( @ ro @y drdy < C /wpf (z) dz /qu (r)dr | = e (3.7)

0 0
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where w, = (u(z))' ™ («/ ()" Pand w, = (v (2))' " (' (2)) 7
On the other hand, we have

o 2— )\—0—5( )}{ 72—)\+s( )}
w@) P (@) 6 1 (V@)
__f@®aw)
/ G (0o (> 0y / / (W@ + v ) dudy
0

0o %) 2—A+e

= [ ]y {w @ W fas

1 L 2—A—(q—1)e 1 ® . . 2—A+e
o RO I e Fee OO R T
0 1

When ¢ is sufficiently small, by Lemma 1.1, we have

! L L 2—A—(q—1)e ® . . 2—A\+te
:/(1+t)k(?) I dt+/(1+t)%(?) ¢ dt
0 1

/Ht (1) 7 dito()=Btol) (e—0) (3.9)
0

Tt follows from (3.8) and (3.9) that

oo o0 1 )
f(x)g(y) _ -
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Clearly, when ¢ is sufficiently small, the inequality (3.7) is in contradiction with (3.10).
Therefore, B in (3.1) is the best possible. The proof of Theorem is completed.

When p = 2, B is reduced to B (3, 3). Hence we have the following result.
Corollary 3.2. With the assumptions as Theorem 3.1, if

/{(u ()" (g;))*l} 2 (2) dz < +o00 and /{(u (@) (x))*l}f (z)dz < +00
0 0

then

oy

[ty < 53 H{{we) ™ @ @)} @]

And the equality in (3.11) holds if and only if f () = 0 or g (x) = 0. If the constant
factors of the functions u (), «' (x), v (z)andv’ (x) are not considered, then the coefficient
B (%, %)is best possible.

The inequality (3.11) is obviously an extension of the results of the papers [3] and [4].

In particular, for case A = 1, B can be reduced to m Hence an extension of (1.1) is
attained.

Corollary 3.3. With the assumptions as Theorem 3.1, if [ (' (2))' 7P fP (z) < +oo and
0

f (o' (2))' 7 g7 (2) d < +o0, then

//u{x(ff(vy@)dxdyg sn 7/p /(U’ (2))" 77 P (2) da /(v' ()" g% (x) da
00 0 )
(3.12)

where the constant factor ﬁ is the best possible.
P

When p = 2 Hilbert’s integral type inequality with weights can be built.

o0 oo
Corollary 3.4. If [ («/ (z))”' f2(z)dz < +oocand [ (v ()" ¢*(z)der < oo, then
0 0

77 A gy < 7 7(u’(m))_1f2(x)dx 5 7(v/(x))—1gz(x)dx ’
0 0 0 0

where the constant factor 7 is the best possible.
Now, we consider the constant factors of the functions u (z), v(z ), v’ (z)and v’ (x).
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Let the constant factors of w(x), v(z), v (x) and v (z)are in turn Cq, Ca, Cs, Cy.
Then they can be written in form:

u(z) = Cra(z), v(z) =Cov(x), v (z)=Csd (z) and v’ (x) = Oy’ (x) (3.13)

And then suppose that

1 1
1—X P 1-X\
0= (0104 )p (Cés )q (3.14)
Then we have the following important result:

Theorem 3.5. With the assumptions as Theorem 3.1, then

| [ ety < aB g [{G@) @ @)} @
0 0 0

3
Q|

S [{e) @ @) e @ s (3.15)

where the constant factor aB is the best possible and the constant a is given by (8.14), @ (x)
and U (z)as well as their derivatives are given by (3.13).

For case A = 1, from the theorem 3.5 we obtain the following

Corollary 3.6. With the assumptions as Theorem 3.1, if [ (v (z))" "7 f? (z) < 400 and
0

“9g¢% (z)dr < +00, then

=

Zju DI dxdy < sinb::'/p j(d/(gg))l‘f’fp(z)dx ' Z(J'(x))l‘ng(z)dx '
. l(3.16)

where the constant factor Smbifr/p is the best possible and the constant b = 04_ P Cg_ 1, a(z)

and ¥ (z)as well as their derivatives are given by (3.13).

Corollary 3.7. If [ (u'(2))”" f?(z)dz < 400 and [ (v/ (z)) " ¢? (z) dz < +00, then
0 0

0o 0o 00 2 oo 2
/ / Ly dedy < e / (@ (@) f* (@) da / (v () g (@) de p (317)
0 0 0 0

where the constant factor cm is the best possible and the constant ¢ =

¥ (x)as well as their derivatives are given by (3.13).
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4 Some Applications

In this section we enumerate only the cases which u(z) and v(z)are power function, exponent
function and logarithm function.

1) Power function.
Let u(z) =2 (a > 0)and v(y) =%® (B > 0). In according to (3.14), it is easy to
11

deduce that a = o 43" ». By Theorem 3.5, we have the following result:
Theorem 4.1. Letf (x),g(x) >0, %+%=1,p2q>1, 1—%<>\§2. If

(o)
(xm)af(afl)(pfl)) fP(2)dr < + oo and /(x(l,A)ﬁ,(g,l)(q,l)) ¢ (z)de < + oo,

then
00 0o ) D
(1-N)a—(a—1)(p—1)
// 7(1(1 v cdzdy < aB / }f (x)dx
00 0
1
o q
x / {x(l—k)ﬁ—(ﬁ—l)(q—l)}gq (z) da (4.1)
0
11
where the constant factor aBis the best possible, and a =a 13 P.
In particular, if a = =2, A =1 and p = 2, then
1 1
00 0O o 2 o0 2
T 7T — —
[ [Eaa < 33 [ pwary § [o@ @a (12)
0 0 0 0

where the constant factor 7 is the best possible.

2) Exponent function.

Let u(z) = e® and v(y) = e¥ . It is known from (3.14) that a = 1. In according to
Theorem 3.5, we have the following result:

Theorem 4.2. Let f(z),g(z) > 0, %—l—% =1, p>qg>1 andl—% <AN<2 If

[ ex@=A=P) P (2) dw < +oo and [ e*?7A D gl (z) dx < +oo, then
0 0

00 0O ) D ] E

f(z z(2—A— z(2—A—
|| dessanay < B [ mp@ant § [er0g@dny @)
0 0 0 0

where the constant factor B is the best possible.
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In particular, if A =1 and p = 2, then

1

00 0o oo 2 0o 2

// I(mf(gy dedy < /efxf2 (z)dx /67192 (z)dz p (4.4)
0 0 0

where the constant factor 7 is the best possible.

3) Logarithm function.

Let u(z) =In(l1+2) and v (y) = In (1 +y). Then it is known from (3.14) that a = 1.
In according to Theorem 3.1, we get an extension on the corresponding result of the paper
[8]-

Theorem 4.3. Let f(x),g9(z) > 0, = + =

_,p 1,p>q>11—§<)\<2 If

8H

[ 42)" (1 +2)P" f7 (2) de < +00 and f (In(1+2)" (1 +2)7 " g2 (2)de < o0,
0
then

©0 1/p
9 () _ - o
// (In 1+:v +1n(1+y)) xdxdy < B O/(ln(lJrfzr)) (1+2)"" fP(2)d
3 1/q
X /(ln (1 +x))17>\ (1+x)qflgq (z) dz ’ (4.5)

0

where the constant factor B is the best possible.

In particular, if p = 2, or p =2 and A = 1, then

T y) o0 , 2 ) i
0/0/111 1+2) +1n(1+y)d5”dy =7 O/(1+96)f () dx 0/(1+x)g () dx

where the constant factor 7 is the best possible.
Based on (3.1) and (3.15), a great deal of new inequalities might be established. Here
they are omitted.

5 Some Equivalent Forms

In this section we will build some equivalent inequalities each other.

Theorem 5.1. Letf(x)ZO,%+%:1,p2q>1,1—%<)\§2. If

o

J{ (@) @ @)} 7 @) de < +oo, then

0

0o p

[ e} [ et |
0

0
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B [{w@)' > @ @) 7} (@) da (51)
0

If the constant factors of the functions u (x), u'(x), v(x) andv'(x) are not considered,
then the coefficient BP in (5.1) is the best possible. And the inequality (5.1) is equivalent to

(3.1).

Proof. First, we suppose that the inequality (3.1) is valid. Setting a real function g(y) as

oo p—1
g(y):{(v( )1 /(uI)+U(y))Af z)d } .y e (0, +00)

0
We have
oo oo p oo oo
A—1 , f(x) _ _ f@)gy)
/((U(y)) (v'(y {/(u @) +om) } dy_// (o) ol 2
0 0 0 0

Q=

0

<B {/ ()™ (u ()" fp<x>dw} . {/ (v(y)' <v'<y>>1‘q9q(y)dy}

« { [ 0w o [(wor- wm™) [ et dy} q
0

x {7(@@))“ o) ([ k) dy}q 52)

0

It follows from (5.2) that the inequality (5.1) is valid after some simplifications.
On the other hand, we assume that the inequality (5.1) keeps valid. By applying in turn
Holder’s inequality and (5.1), we have

TT _f@ew
Of Of T+l 2%

=/ [ () <v'<y>>q—1)3 {T (()fiindw} (wn' <v'<y>>1“Z)5g () dy
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8=

< {"" (w(y))* ™ <v'<y>>‘*1)p (f (udi"i@)»dx)ydy}

< [ ) D W @) @t { o) @) e @
0 0
_B / (u(@)) > (@ (@) 7 (@) da / W) W) e Wy s (53)
0 0

If the constant factor E” in (5.1) is not the best possible, then it is known from (5.3)
that the constant factor B in (3.1) is also not the best possible. This is a contradiction.
Therefore the inequality (5.1) is equivalent to (3.1). Theorem is proved.

When p = 2, B is reduced toB (%, %) According to Theorem 5.1, we have the following
result.

Corollary 5.2. Let 0 <A <2, If [ {(u () (W (x))_l} f? (z) dx < + oo, then
0

oo o0

/ (W) (y) ( / ((;‘ji))d> dy < (B3, 3) / ) MW (@) () da

0 0
(5.4)
If the constant factors of the functions u (x), u' (z), v (z)and v’ (z) are not considered,
then the coefficient B (%, %)is best possible. And the inequality (5.4) is equivalent to (3.11).

In particular, when A =1, B is reduced to 5 Tor

. Based on Theorem 5.1, we can obtain

mn P
the following result.
Corollary 5.3. Let f (z) >0, % %—1 p>q>1. Iff 2)) 7P fP (2) < +00 and then
o o p p oo
T ™ 1—
/v/(y) /ﬁdm dy < (sin?) /(u/ ()77 fP (2) da. (5.5)
0 0 0

If the constant factors of the functions u (), ' (x), v (z)and v’ (x) are not considered,
then the coefficient B? in (5.5) is the best possible. And the inequality (5.5) is equivalent
o (3.12).

Let’s consider the constant factors of u (z), v (z), v’ (x) and v’ ().
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Theorem 5.4. With the assumptions as Theorem 5.1, then

o0

Heor o} ([ aattgre) @ 65:6)

- o0

< (@B [{u@) @ @) "} @) de

0

where the constant factor (aB)P is the best possible and the constant a is given by (3.14),
@ (x) and ¥ (x)as well as their derivatives are given by (3.13). And the inequality (5.6) is
equivalent to (3.15).

Its proof is similar to that of Theorem 3.5, it is omitted.
Based on the results of 3th and 4th sections, we may establish number of equivalent
inequalities. Here they are omitted.
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