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1 Introduction

We consider the nonlinear system with second-order differences

(S)

{
∆2un−1 + λbnf(vn) = 0, n = 1, N − 1
∆2vn−1 + µcng(un) = 0, n = 1, N − 1, N ≥ 2,

with the m + 1 - point boundary conditions

(BC)





βu0 − γ∆u0 = 0, uN −

m−2∑

i=1

aiuξi
= 0,

βv0 − γ∆v0 = 0, vN −

m−2∑

i=1

aivξi
= 0, m ≥ 3,

where ∆ is the forward difference operator with stepsize 1, ∆un = un+1 − un, and k, m
def
=

{k, k + 1, . . . , m} for k, m ∈ N.

The above problem can be equivalently written as

{
un+1 − 2un + un−1 + λbnf(vn) = 0, n = 1, N − 1
vn+1 − 2vn + vn−1 + µcng(un) = 0, n = 1, N − 1,
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with the conditions 



(β + γ)u0 = γu1, uN =
m−2∑

i=1

aiuξi
,

(β + γ)v0 = γv1, vN =

m−2∑

i=1

aivξi
.

In this paper we shall give sufficient conditions for λ and µ such that positive solutions
of (S), (BC) exist. The above problem is a generalization of the problem studied in [8],
where the boundary conditions are of the form u0 = v0 = 0, uN = αuη, vN = αvη,
η ∈ {1, 2, ..., N − 1} with 0 < α < N/η, or u0 − β∆u0 = v0 − β∆v0 = 0, uN = αuη,
vN = αvη. In [10] there was investigated the existence of positive solutions for the m-point
boundary value problem on time scales u∆∇(t)+ a(t)f(u(t)) = 0, t ∈ (0, T ), with boundary

conditions βu(0)−γu∆(0) = 0, u(T )−

m−2∑

i=1

aiu(ξi) = b, m ≥ 3. For the study of multi-point

boundary value problems for second-order or higher-order differential or difference equations
we refer the reader to [1]-[7], [9], [11]-[14] and the references therein.

We shall suppose that the following conditions are satisfied

(A1) bn, cn > 0, for n = 1, N − 1; ai > 0, for i = 1, m− 2, am−2 ≥ 1; ξi ∈ N, i =

1, m− 2, 0 < ξ1 < ξ2 < . . . < ξm−2 < N , N >
m−2∑

i=1

aiξi; β, γ ≥ 0, β + γ > 0, d =

β

(
N −

m−2∑

i=1

aiξi

)
+ γ

(
1−

m−2∑

i=1

ai

)
> 0.

(A2) f, g : [0,∞) → [0,∞) are continuous functions and the limits

f0 = lim
x→0+

f(x)

x
, g0 = lim

x→0+

g(x)

x
, f∞ = lim

x→∞

f(x)

x
, g∞ = lim

x→∞

g(x)

x

exist and are positive numbers.

In Section 2 we shall present several auxiliary results which investigate a discrete bound-
ary value problem (the problem (1), (2) below). Some of these results are taken from [10].
In Section 3 we shall prove two existence theorems for the positive solutions with respect to
a cone for our problem (S), (BC), which generalize Theorems 3.1 and 3.2 from [8]. These
theorems are based on the Guo-Krasnoselskii fixed point theorem, presented below.

Theorem 1. Let X be a Banach space and let C ⊂ X be a cone in X. Assume Ω1 and Ω2

are open subsets of X with 0 ∈ Ω1 ⊂ Ω1 ⊂ Ω2 and let A : C ∩ (Ω2 \Ω1) → C be a completely
continuous operator such that, either

i) ‖Au‖ ≤ ‖u‖, u ∈ C ∩ ∂Ω1, and ‖Au‖ ≥ ‖u‖, u ∈ C ∩ ∂Ω2, or

ii) ‖Au‖ ≥ ‖u‖, u ∈ C ∩ ∂Ω1, and ‖Au‖ ≤ ‖u‖, u ∈ C ∩ ∂Ω2.

Then A has a fixed point in C ∩ (Ω2 \ Ω1).

Finally, in Section 4 we shall give an example, that illustrates the obtained results.
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2 Auxiliary Results

In this section we shall investigate the second-order difference system with the boundary
conditions

∆2un−1 + yn = 0, n = 1, N − 1, (1)

βu0 − γ∆u0 = 0, uN −
m−2∑

i=1

aiuξi
= 0. (2)

Lemma 1. If β + γ 6= 0, 0 < ξ1 < . . . < ξm−2 < N and d 6= 0, then the solution of (1), (2)
is given by

un =
nβ + γ

d

N−1∑

i=1

(N − i)yi −
nβ + γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj −

n−1∑

i=1

(n− i)yi, n = 0, N. (3)

Proof. By system (1), for u1 fixed, we obtain

un = nu1 − (n− 1)u0 −

n−1∑

i=1

(n− i)yi, n = 2, N. (4)

By (2) we have u0 =
γu1

β + γ
and uN =

m−2∑

i=1

aiuξi
. From the above relations we obtain

Nu1 − (N − 1)u0 −

N−1∑

i=1

(N − i)yi =

m−2∑

i=1

ai


ξiu1 − (ξi − 1)u0 −

ξi−1∑

j=1

(ξi − j)yj




or

[
N−(N−1)

γ

β+γ

]
u1−

N−1∑

i=1

(N−i)yi =
m−2∑

i=1

ai

[
ξi−(ξi−1)

γ

β+γ

]
u1−

m−2∑

i=1

ai




ξi−1∑

j=1

(ξi − j)yj


.

So we have

u1

{
N − (N − 1)

γ

β + γ
−

m−2∑

i=1

ai

[(
1−

γ

β + γ

)
ξi +

γ

β + γ

]}

=

N−1∑

i=1

(N − i)yi −
m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj

or

u1

(
βN + γ

β + γ
−

m−2∑

i=1

ai
βξi + γ

β + γ

)
=

N−1∑

i=1

(N − i)yi −

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj .
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Therefore, because d 6= 0 we obtain

u1 =
β + γ

d




N−1∑

i=1

(N − i)yi −

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj


 . (5)

Then, by (4), (5) and u0 = γu1/(β + γ), we deduce

un =
nβ + γ

β + γ
u1 −

n−1∑

i=1

(n− i)yi

=
nβ + γ

d




N−1∑

i=1

(N − i)yi −

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj


−

n−1∑

i=1

(n− i)yi

=
nβ + γ

d

N−1∑

i=1

(N − i)yi −
nβ + γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj −

n−1∑

i=1

(n− i)yi, n = 2, N,

u1 =
β + γ

d

N−1∑

i=1

(N − i)yi −
β + γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj ,

u0 =
γ

d

N−1∑

i=1

(N − i)yi −
γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj .

We consider that

0∑

i=1

zi = 0 and

−1∑

i=1

zi = 0, and we obtain the relations (3). Q.E.D.

Lemma 2. Under the assumptions of Lemma 1, the Green function for the boundary value
problem (1), (2) is given by

G(n, i) =





nβ + γ

d
(N − i)−

nβ + γ

d

m−2∑

k=1

ak(ξk − i)− (n− i), if i < ξ1, n ≥ i,

(for n = 0 or n = 1 without term (n− i)),

nβ + γ

d
(N − i)−

nβ + γ

d

m−2∑

k=1

ak(ξk − i), if n ≤ i < ξ1,

nβ + γ

d
(N − i)−

nβ + γ

d

m−2∑

k=j

ak(ξk − i)− (n− i), if ξj−1 ≤ i < ξj , n ≥ i,

j = 2, m− 2,

nβ + γ

d
(N − i)−

nβ + γ

d

m−2∑

k=j

ak(ξk − i), if ξj−1 ≤ i < ξj , n ≤ i,

j = 2, m− 2,
nβ + γ

d
(N − i)− (n− i), if ξm−2 ≤ i ≤ n,

nβ + γ

d
(N − i), if i ≥ ξm−2, n ≤ i.
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Proof. By using the relations (3) we obtain

un =
nβ + γ

d

N−1∑

i=1

(N − i)yi −
nβ + γ

d


a1

ξ1−1∑

j=1

(ξ1 − j)yj + a2

ξ2−1∑

j=1

(ξ2 − j)yj + · · ·

+ am−2

ξm−2−1∑

j=1

(ξm−2 − j)yj


−

n−1∑

i=1

(n− i)yi

=
nβ+γ

d

N−1∑

i=1

(N− i)yi −
nβ+γ

d





ξ1−1∑

i=1




m−2∑

j=1

aj(ξj − i)


yi +

ξ2−1∑

i=ξ1




m−2∑

j=2

aj(ξj − i)


yi + · · ·

+

ξm−2−1∑

i=ξm−3

am−2(ξm−2 − i)yi



−

n−1∑

i=1

(n− i)yi, n = 0, N.

Therefore we have

un =
nβ+γ

d





ξ1−1∑

i=1


(N− i)−

m−2∑

j=1

aj(ξj − i)


yi +

ξ2−1∑

i=ξ1


(N− i)−

m−2∑

j=2

aj(ξj − i)


yi + · · ·

+

ξm−2−1∑

i=ξm−3

[(N− i)− am−2(ξm−2 − i)]yi +
N−1∑

i=ξm−2

(N− i)yi



−

n−1∑

i=1

(n− i)yi, n = 0, N.

(6)

By relations (6) we have un =
N−1∑

i=1

G(n, i)yi, n = 0, N . Q.E.D.

Lemma 3. If d > 0, β, γ ≥ 0, β + γ > 0, ai > 0, for all i = 1, m− 2, 0 < ξ1 < · · · <

ξm−2 < N ,

m−2∑

i=1

aiξi ≤ N and yn ≥ 0, for all n = 1, N − 1, then the solution un, n = 0, N

of problem (1), (2) satisfies un ≥ 0, for all n = 0, N .

Proof. In Lemma 2.2, from [10] there was studied the problem of positive solutions for
the general case of time scales. However we shall briefly present the proof in our discrete

case. Because un+1 − 2un + un−1 = −yn ≤ 0, we deduce that un ≥
1

2
(un+1 + un−1), for all

n = 1, N − 1, so (un)n=0,N is concave. To prove that un ≥ 0, for all n = 0, N , it is sufficient
to show that u0, uN ≥ 0.

For u0 we have from (3)

u0 =
γ

d

N−1∑

i=1

(N − i)yi −
γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj ≥
γ

d




N−1∑

i=1

(N − i)yi −

m−2∑

i=1

ai

N−1∑

j=1

(N − j)yj




=
γ

d

(
1−

m−2∑

i=1

ai

)(
N−1∑

i=1

(N − i)yi

)
≥ 0, if

m−2∑

i=1

ai ≤ 1.
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If

m−2∑

i=1

ai > 1, then

u0 ≥
γ

d




N−1∑

i=1

(N − i)yi −

m−2∑

i=1

ai

N−1∑

j=1

(ξi − j)yj




=
γ

d

N−1∑

i=1




N −

m−2∑

j=1

ajξj


+




m−2∑

j=1

aj − 1


 i


 yi ≥ 0.

For uN we have after some computations

uN=
Nβ + γ

d

N−1∑

i=1

(N − i)yi −
Nβ + γ

d

m−2∑

i=1

ai

ξi−1∑

j=1

(ξi − j)yj −

N−1∑

i=1

(N − i)yi

=
β

d





m−2∑

i=1

ai


ξi

N−1∑

j=1

(N − j)yj −N

ξi−1∑

j=1

(ξi − j)yj








+
γ

d





m−2∑

i=1

ai




N−1∑

j=1

(N − j)yj −

ξi−1∑

j=1

(ξi − j)yj








≥
β

d





m−2∑

i=1

ai





ξi−1∑

j=1

[ξi(N − j)−N(ξi − j)]yj +
N−1∑

j=ξi

ξi(N − j)yj









+
γ

d

m−2∑

i=1

ai




N−1∑

j=1

(N − j)yj −
N−1∑

j=1

(ξi − j)yj




=
β

d




m−2∑

i=1

ai


(N − ξi)

ξi−1∑

j=1

jyj + ξi

N−1∑

j=ξi

(N − j)yj




+

γ

d

m−2∑

i=1

ai(N − ξi)
N−1∑

j=1

yj ≥ 0.

Q.E.D.

Remark 1. Under the assumptions of Lemma 3, if yn > 0, for n = 1, N − 1, then from the
strict concavity of un we deduce that un > 0, for all n = 1, N . If in addition γ > 0, then
also u0 > 0.

Lemma 4. If d > 0, β, γ ≥ 0, β + γ > 0, 0 < ξ1 < · · · < ξm−2 < N , ai > 0, for all

i = 1, m− 2, am−2 ≥ 1, N ≥

m−2∑

i=1

aiξi, yn ≥ 0, for all n = 1, N − 1, then the solution of

problem (1), (2) satisfies





un ≤
βN + γ

d

N−1∑

i=1

(N − i)yi, ∀n = 0, N,

uξj
≥

βξj + γ

d

N−1∑

i=ξm−2

(N − i)yi, ∀ j = 1, m− 2.

(7)
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Proof. By relations (3) we deduce that

un ≤
nβ + γ

d

N−1∑

i=1

(N − i)yi ≤
βN + γ

d

N−1∑

i=1

(N − i)yi, ∀n = 0, N.

Then, by using (6) we have for j = 1, m− 2

uξj
=

ξ1−1∑

i=1

{
βξj + γ

d

[
(N − i)−

m−2∑

k=1

ak(ξk − i)

]
− (ξj − i)

}
yi

+

ξ2−1∑

i=ξ1

{
βξj + γ

d

[
(N − i)−

m−2∑

k=2

ak(ξk − i)

]
− (ξj − i)

}
yi + . . .

+

ξj−1∑

i=ξj−1





βξj + γ

d


(N − i)−

m−2∑

k=j

ak(ξk − i)


− (ξj − i)



 yi

+

ξj+1−1∑

i=ξj

βξj + γ

d


(N − i)−

m−2∑

k=j+1

ak(ξk − i)


 yi + · · ·

+

ξm−2−1∑

i=ξm−3

βξj + γ

d
[(N − i)− am−2(ξm−2 − i)] yi

+
N−1∑

i=ξm−2

βξj + γ

d
(N − i)yi, (ξ0 = 1).

We shall investigate the coefficients of yi, i = 1, ξm−2 − 1. We obtain

Λi
1=

βξj + γ

d

[
(N − i)−

m−2∑

k=1

ak(ξk − i)

]
− (ξj − i)

=
1

d

{
(βξj + γ)(N − i)− (βξj + γ)

m−2∑

k=1

akξk + (βξj + γ)i

m−2∑

k=1

ak

−(ξj − i)

[
β

(
N −

m−2∑

k=1

akξk

)
+ γ

(
1−

m−2∑

k=1

ak

)]}

=
1

d

[
N(γ + iβ)− ξj(γ + iβ)− (γ + iβ)

m−2∑

k=1

akξk + ξj(γ + iβ)

]

=
γ + iβ

d

[
N −

m−2∑

k=1

akξk + ξj

(
m−2∑

k=1

ak − 1

)]
≥ 0,

for all i = 1, ξ1 − 1.
For the next coefficients we have for p = 2, j

Λi
p =

βξj + γ

d


(N − i)−

m−2∑

k=p

ak(ξk − i)


− (ξj − i)
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=
1

d



(βξj + γ)(N − i)− (βξj + γ)

m−2∑

k=p

akξk + (βξj + γ)i
m−2∑

k=p

ak

−(ξj − i)

[
β

(
N −

m−2∑

k=1

akξk

)
+ γ

(
1−

m−2∑

k=1

ak

)]}

≥
1

d



(βξj + γ)(N − i)− (βξj + γ)

m−2∑

k=p

akξk + (βξj + γ)i

m−2∑

k=p

ak

−(ξj − i)


β


N −

m−2∑

k=p

akξk


+ γ


1−

m−2∑

k=p

ak










=
γ + iβ

d


N −

m−2∑

k=p

akξk + ξj




m−2∑

k=p

ak − 1




 ≥ 0,

for all i = ξp−1, ξp − 1.

For the last coefficients of yi we have for q = j + 1, m− 2

Λi
q =

βξj + γ

d


N −

m−2∑

k=q

akξk + i




m−2∑

k=q

ak − 1




 ≥ 0,

for all i = ξq−1, ξq − 1.

Therefore

uξj
≥

N−1∑

i=ξm−2

βξj + γ

d
(N − i)yi, ∀ j = 1, m− 2.

Q.E.D.

Lemma 5. We assume that β, γ ≥ 0, β + γ > 0, d > 0, 0 < ξ1 < · · · < ξm−2 < N , ai > 0

for all i = 1, m− 2, N >
m−2∑

i=1

aiξi and yn ≥ 0 for all n = 1, N − 1. Then the unique solution

of problem (1), (2) verifies min
n=ξ1,N

un ≥ r‖u‖, where

r = min
2≤s≤m−2





ξ1

N
,

m−2∑

i=1

ai(N − ξi)

N −

m−2∑

i=1

aiξi

,

m−2∑

i=1

aiξi

N
,

s−1∑

i=1

aiξi +

m−2∑

i=s

ai(N − ξi)

N −

m−2∑

i=s

aiξi





and ‖u‖ = sup
n=0,N

|un|.

For the proof of Lemma 5 see Lemma 2.4 from [10].
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3 Existence of positive solutions of (S), (BC)

Using the Green function given in Lemma 2, a pair
(
(un)n=0,N , (vn)n=0,N

)
is a solution of

the eigenvalue problem (S), (BC) if and only if





un = λ
N−1∑

i=1

G(n, i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)


 , n = 0, N

vn = µ
N−1∑

i=1

G(n, i)cig(ui), n = 0, N.

A solution
(
(un)n=0,N , (vn)n=0,N

)
of (S), (BC) is called a positive solution if ui > 0,

vi > 0, for all i = 1, N − 1.
We consider the Banach space X = R

N+1 with supremum norm ‖ · ‖ and define the cone
C ⊂ X by

C =

{
u = (u0, . . . , uN ) ∈ X, ui ≥ 0, ∀ i = 0, N and min

n=ξ1,N
un ≥ r‖u‖

}
,

where r is defined in Lemma 5.
We define the positive numbers L1 and L2 by

L1 = max






r2 βξm−2+γ

d

N−1∑

j=ξm−2

(N− j)bjf∞



−1

,


r2 βξm−2+γ

d

N−1∑

j=ξm−2

(N− j)cjg∞



−1




,

L2 = min






βN + γ

d

N−1∑

j=1

(N − j)bjf0



−1

,


βN + γ

d

N−1∑

j=1

(N − j)cjg0



−1




.

Theorem 2. Assume the assumptions (A1), (A2) hold and L1 < L2. Then for each λ and

µ that satisfy λ, µ ∈ (L1, L2), there exists a solution
(
(un)n=0,N , (vn)n=0,N

)
for (S), (BC),

with un > 0, vn > 0, for all n = 1, N − 1.

Proof. In the proof we shall follows the same steps as those from Theorem 3.1 in [8]. Let
λ and µ such that λ, µ ∈ (L1, L2) and we select a positive number ε such that ε < f∞,
ε < g∞,

max






r2

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)bj(f∞ − ε)



−1

,


r2

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g∞ − ε)



−1



≤ min(λ, µ)
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and

max(λ, µ) ≤ min






βN+γ

d

N−1∑

j=1

(N − j)bj(f0 + ε)



−1

,


βN+γ

d

N−1∑

j=1

(N − j)cj(g0 + ε)



−1




.

We now define the operator A : C → X, by

A(u) =


λ

N−1∑

i=1

G(n, i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)






n=0,N

, u = (un)n=0,N ∈ C.

We have A(C) ⊂ C. Indeed, if u = (un)n=0,N ∈ C, then v = (vn)n=0,N , with vn = A(u)n

is the solution of (1)− (2) with yn = λbnf

(
µ

N−1∑

i=1

G(n, i)cig(ui)

)
≥ 0, for all n = 1, N − 1.

So by Lemma 3 we have vn ≥ 0, for all n = 0, N and by Lemma 5 we deduce that min
n=ξ1,N

vn ≥

r‖v‖. Therefore v = A(u) ∈ C. Then it is easy to verify that A is completely continuous
(compact and continuous). By definitions of f0 and g0, there exists K1 > 0 such that

f(x) ≤ (f0 + ε)x and g(x) ≤ (g0 + ε)x, 0 < x ≤ K1.

By (A2) we have f(0) = g(0) = 0 and the above inequalities are also valid for x = 0.

Let u ∈ C with ‖u‖ = K1. Because vi = µ
N−1∑

j=1

G(i, j)cjg(uj), i = 0, N verify the

problem (1), (2) with yn = µcng(un), n = 1, N − 1, then by (7) and the above property of
g, we deduce for all i = 0, N

vi = µ
N−1∑

j=1

G(i, j)cjg(uj) ≤ µ
βN + γ

d

N−1∑

j=1

(N − j)cjg(uj)

≤ µ
βN + γ

d

N−1∑

j=1

(N − j)cj(g0 + ε)uj

≤ µ
βN + γ

d

N−1∑

j=1

(N − j)cj(g0 + ε)‖u‖ ≤ ‖u‖ = K1.

By using once again Lemma 4 (relations (7)) and the properties of function f we have

A(u)n = λ
N−1∑

i=1

G(n, i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bi(f0 + ε)µ

N−1∑

j=1

G(i, j)cjg(uj)
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≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bi(f0 + ε)K1 ≤ K1 = ‖u‖, ∀n = 0, N.

Then ‖A(u)‖ ≤ ‖u‖, for all u ∈ C with ‖u‖ = K1. We denote by Ω1 = {u ∈ C, ‖u‖ <
K1}. So ‖A(u)‖ ≤ ‖u‖, for all u ∈ C ∩ ∂Ω1.

By definition of f∞ and g∞, there exists K̄2 > 0 such that

f(x) ≥ (f∞ − ε)x and g(x) ≥ (g∞ − ε)x, x ≥ K̄2.

We consider now K2 = max

{
2K1,

K̄2

r

}
. For u ∈ C with ‖u‖ = K2, we obtain by using

Lemma 5, that

un ≥ min
n=ξ1,N

un ≥ r‖u‖ = rK2 ≥ K̄2, for all n = ξ1, N.

Then, by using (7), Lemma 5 and the above considerations, we obtain for i ≥ ξ1

vi = µ

N−1∑

j=1

G(i, j)cjg(uj) ≥ r‖v‖ ≥ rvξm−2
= rµ

N−1∑

j=1

G(ξm−2, j)cjg(uj)

≥ rµ
βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cjg(uj)

≥ rµ
βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g∞ − ε)uj

≥ r2µ
βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g∞ − ε)‖u‖ ≥ ‖u‖ = K2

and

A(u)ξm−2
≥ λ

N−1∑

i=ξm−2

βξm−2 + γ

d
(N − i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)




≥ λ
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f∞ − ε)µ

N−1∑

j=1

G(i, j)cjg(uj)

≥ λ
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f∞ − ε)K2

≥ λr2
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f∞ − ε)K2 ≥ K2 = ‖u‖.

Therefore ‖A(u)‖ ≥ A(u)ξm−2
≥ ‖u‖, for all u ∈ C with ‖u‖ = K2. We denote by

Ω2 = {u ∈ C, ‖u‖ < K2}. Then ‖A(u)‖ ≥ ‖u‖, for all u ∈ C ∩ ∂Ω2.
Now we can apply Theorem 1, i) and we deduce that A has a fixed point u ∈ C∩(Ω̄2\Ω1).

Because ‖u‖ > 0 and u is concave (∆2un−1 ≤ 0 for all n = 1, N − 1) we deduce that un > 0
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for all n = 1, N − 1. This element u together with vn = µ

N−1∑

i=1

G(n, i)cig(ui), n = 0, N

represent a solution of (S), (BC). In addition ‖v‖ > 0 and by concavity of v we have vn > 0
for all n = 1, N − 1. Indeed if vn = 0 for all n = 0, N , then by (S), (BC) and Lemma 1 we
obtain un = 0 for all n = 0, N , which is false. So (u, v) is a positive solution for our problem
(S)− (BC). Q.E.D.

Remark 2. The condition L1 < L2 from Theorem 2 is equivalent to

d

r2(βξm−2 + γ)


min





N−1∑

j=ξm−2

(N − j)bjf∞,

N−1∑

j=ξm−2

(N − j)cjg∞







−1

<
d

βN + γ


max





N−1∑

j=1

(N − j)bjf0,

N−1∑

j=1

(N − j)cjg0







−1

or

max





N−1∑

j=1

(N − j)bjf0,

N−1∑

j=1

(N − j)cjg0





min





N−1∑

j=ξm−2

(N − j)bjf∞,

N−1∑

j=ξm−2

(N − j)cjg∞





<
r2(βξm−2 + γ)

βN + γ
.

Remark 3. From the above proof we see that the assumption (A2) in Theorem 2 can be
replace by the weaker one

(A2)’ f, g : [0,∞) → [0,∞) are continuous functions and the supremum/infimum limits

f̃0 = lim sup
x→0+

f(x)

x
, g̃0 = lim sup

x→0+

g(x)

x
, f̃∞ = lim inf

x→∞

f(x)

x
, g̃∞ = lim inf

x→∞

g(x)

x

exist and are positive numbers.

In what follows we shall present another existence result, that generalizes Theorem 3.2
from [8]. Let us consider the positive numbers

L3 = max






r

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)bjf0



−1

,


r

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cjg0



−1




,

L4 = min






βN + γ

d

N−1∑

j=1

(N − j)bjf∞



−1

,


βN + γ

d

N−1∑

j=1

(N − j)cjg∞



−1




.

Theorem 3. Assume the assumptions (A1)-(A2) hold and L3 < L4. Then for each λ and
µ that satisfy λ, µ ∈ (L3, L4), there exists a solution ((un)n=0,N , (vn)n=0,N ) for (S), (BC),

with un > 0, vn > 0, for all n = 1, N − 1.
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Proof. Let λ and µ with λ, µ ∈ (L3, L4). We select a positive number ε such that ε < f0,
ε < g0 and

max






r

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)bj(f0 − ε)



−1

,


r

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g0 − ε)



−1



≤ min(λ, µ)

and

max(λ, µ) ≤ min






βN+γ

d

N−1∑

j=1

(N−j)bj(f∞ + ε)



−1

,


βN+γ

d

N−1∑

j=1

(N − j)cj(g∞ + ε)



−1




.

We also consider the operator A defined in the proof of Theorem 2. From the definitions
of f0 and g0, we deduce that there exists K̄3 > 0 such that

f(x) ≥ (f0 − ε)x and g(x) ≥ (g0 − ε)x, 0 < x ≤ K̄3.

By (A2) we have f(0) = g(0) = 0 and the above inequalities are also valid for x = 0.
In addition, because g is a continuous function with g0 > 0, then g(0) = 0 and there

exists K3 ∈ (0, K̄3) such that

g(x) ≤
K̄3

µ
βN + γ

d

N−1∑

j=1

(N − j)cj

, 0 < x ≤ K3.

For u ∈ C with ‖u‖ = K3, by (7) and the above inequality, we deduce that for all
i = 0, N

vi = µ

N−1∑

j=1

G(i, j)cjg(uj) ≤ µ
βN + γ

d

N−1∑

j=1

(N − j)cjg(uj)

≤ µ
βN + γ

d

N−1∑

j=1

(N − j)cj
K̄3

µ
βN + γ

d

N−1∑

k=1

(N − k)ck

= K̄3.

By using (7), Lemma 5, the choice of λ, µ, the facts that v, u ∈ C and vi, uj ≤ K̄3 for
i, j = 0, N , we then obtain

A(u)ξm−2
≥ λ

N−1∑

i=ξm−2

βξm−2 + γ

d
(N − i)bif


µ

N−1∑

j=1

G(i, j)cjg(uj)




≥ λ
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)


µ

N−1∑

j=1

G(i, j)cjg(uj)



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≥ λ
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)r‖v‖

≥ λ
βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)rvξm−2

≥


λr

βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)


·


µ

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cjg(uj)




≥


λr

βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)


·


µ

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g0 − ε)uj




≥


λr

βξm−2 + γ

d

N−1∑

i=ξm−2

(N − i)bi(f0 − ε)


·


µr

βξm−2 + γ

d

N−1∑

j=ξm−2

(N − j)cj(g0 − ε)


‖u‖

≥ ‖u‖.

Hence ‖A(u)‖ ≥ A(u)ξm−2
≥ ‖u‖, for u ∈ C with ‖u‖ = K3. We denote by Ω3 = {u ∈

C, ‖u‖ < K3}, and then we have ‖A(u)‖ ≥ ‖u‖ for all u ∈ C ∩ ∂Ω3.
We now consider the functions f∗, g∗ : [0,∞) → [0,∞), defined by f∗(x) = sup

0≤y≤x
f(y),

g∗(x) = sup
0≤y≤x

g(y). By (A2) we obtain for f∗ and g∗ the relations

lim
x→∞

f∗(x)

x
= f∞, lim

x→∞

g∗(x)

x
= g∞.

We also have f(x) ≤ f∗(x), g(x) ≤ g∗(x), for all x ≥ 0. Then there exists K̄4 > 0 such that

f∗(x) ≤ (f∞ + ε)x, g∗(x) ≤ (g∞ + ε)x, for all x ≥ K̄4.

Let K4 > max{2K3, K̄4}. Then for u with ‖u‖ = K4 we obtain

A(u)n ≤
βN + γ

d

N−1∑

i=1

(N − i)biλf


µ

N−1∑

j=1

G(i, j)cjg(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗


µ

N−1∑

j=1

G(i, j)cjg(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗


βN + γ

d
µ

N−1∑

j=1

(N − j)cjg(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗


βN + γ

d
µ

N−1∑

j=1

(N − j)cjg
∗(uj)




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗


βN + γ

d
µ

N−1∑

j=1

(N − j)cjg
∗(K4)



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≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗


βN + γ

d
µ

N−1∑

j=1

(N − j)cj(g∞ + ε)K4




≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bif
∗(K4)

≤ λ
βN + γ

d

N−1∑

i=1

(N − i)bi(f∞ + ε)K4 ≤ K4 = ‖u‖, ∀n = 0, N.

So ‖A(u)‖ ≤ ‖u‖, for all u ∈ C with ‖u‖ = K4. If we denote by Ω4 = {u ∈ C, ‖u‖ <
K4}, then we obtain ‖A(u)‖ ≤ ‖u‖, for all u ∈ C ∩ ∂Ω4.

By Theorem 1 ii) we deduce that A has a fixed point u ∈ C ∩ (Ω̄4 \Ω3), which together

with vn = µ

N−1∑

i=1

G(n, i)cig(ui), n = 0, N , give us a positive solution for (S), (BC). Q.E.D.

Remark 4. The condition L3 < L4 is equivalent to

d

r(βξm−2 + γ)


min





N−1∑

j=ξm−2

(N − j)bjf0,

N−1∑

j=ξm−2

(N − j)cjg0







−1

<
d

βN + γ


max





N−1∑

j=1

(N − j)bjf∞,
N−1∑

j=1

(N − j)cjg∞







−1

or

max





N−1∑

j=1

(N − j)bjf∞,

N−1∑

j=1

(N − j)cjg∞





min





N−1∑

j=ξm−2

(N − j)bjf0,
N−1∑

j=ξm−2

(N − j)cjg0





<
r(βξm−2 + γ)

βN + γ
.

Remark 5. The assumption (A2) in Theorem 3 can be replace by
(A2)” f, g : [0,∞) → [0,∞) are continuous functions and the infimum/supremum limits

˜̃
f0 = lim inf

x→0+

f(x)

x
, ˜̃g0 = lim inf

x→0+

g(x)

x
,
˜̃
f∞ = lim sup

x→∞

f(x)

x
, ˜̃g∞ = lim sup

x→∞

g(x)

x

exist and are positive numbers.

The last two relations imply lim sup
x→∞

f∗(x)

x
=
˜̃
f∞ and lim sup

x→∞

g∗(x)

x
= ˜̃g∞.

4 An example

As in Example 4.1 in [8], let us consider the functions
{

f(x) = p2| sin x|+ p1xe−1/x, x ∈ [0,∞),
g(x) = q2| sin x|+ q1xe−1/x, x ∈ [0,∞),
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with p1, p2, q1, q2 > 0.

We have lim
x→0+

f(x)

x
= p2, lim

x→∞

f(x)

x
= p1, lim

x→0+

g(x)

x
= q2, lim

x→∞

g(x)

x
= q1.

Let bn, cn defined by bn =
b0

N − n
, cn =

c0

N − n
, for all n = 1, N − 1, with b0 > 0, c0 > 0,

and β = 2, γ = 1/3, m = 2, ξ1 = N
3

, ξ2 = N
2

, (N = 6M , M ∈ N), a1 = a2 = 1.
We consider the system with second-order differences

(S0)





∆2un−1 + λ
b0

N − n

[
p2| sin vn|+ p1vne−1/vn

]
= 0, n = 1, N − 1

∆2vn−1 + µ
c0

N − n

[
q2| sin un|+ q1une−1/un

]
= 0, n = 1, N − 1, N ≥ 6,

with the boundary conditions

(BC0)

{
u0 = u1

7
, uN = uN/3 + uN/2,

v0 = v1

7
, vN = vN/3 + vN/2.

In this case the number d is

d = 2(N − (a1ξ1 + a2ξ2)) +
1

3
(1− a1 − a2) =

N − 1

3
> 0.

Also the condition N > a1ξ1 + a2ξ2 is verified, because it is equivalent to N > 5N
6

, and

r = min

{
ξ1

N
,
a1(N − ξ1) + a2(N − ξ2)

N − (a1ξ1 + a2ξ2)
,
a1ξ1 + a2ξ2

N
,
a1ξ1 + a2(N − ξ2)

N − a2ξ2

}
=

1

3
.

The numbers L1 and L2 from Section 3 are of the form

L1 = max






r2

βξ2 + γ

d

N−1∑

j=ξ2

(N − j)bjp1



−1

,


r2

βξ2 + γ

d

N−1∑

j=ξ2

(N − j)cjq1



−1




= max






 3N + 1

9(N − 1)

N−1∑

j=N/2

b0p1



−1

,


 3N + 1

9(N − 1)

N−1∑

j=N/2

c0q1



−1




=
18(N − 1)

N(3N + 1)
max{(b0p1)

−1, (c0q1)
−1} =

18(N − 1)

N(3N + 1)
(min{b0p1, c0q1})

−1
,

L2 = min






βN + γ

d

N−1∑

j=1

(N − j)bjp2



−1

,


βN + γ

d

N−1∑

j=1

(N − j)cjq2



−1




= min






6N + 1

N − 1

N−1∑

j=1

b0p2



−1

,


6N + 1

N − 1

N−1∑

j=1

c0q2



−1




=
1

6N + 1
min{(b0p2)

−1, (c0q2)
−1} =

1

6N + 1
(max{b0p2, c0q2})

−1
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and the condition L1 < L2 becomes

max{b0p2, c0q2}

min{b0p1, c0q1}
<

N(3N + 1)

18(N − 1)(6N + 1)
.

Therefore, if the above condition is verified, then by Theorem 2 we deduce that for all
positive numbers λ, µ ∈ (L1, L2) the problem (S0), (BC0) has positive solutions.
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