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1 Introduction

We consider the nonlinear system with second-order differences

(5)

A%y, + A f(v,) =0, n=1,N —1
A%, 1+ pepg(un) =0, n=1,N -1, N >2,

with the m + 1 - point boundary conditions

m—2

Bug — yAug =0, uy — Z a;ug, =0,
(BC) m_3
Bug — yAvg =0, vy — Z a;vg, =0, m > 3,

=1

. . . . d
where A is the forward difference operator with stepsize 1, Au,, = up41 — Un, and k,m f

{k,k+1,...,m} for k,m € N.
The above problem can be equivalently written as

Unt1 — 2Up + Up—1 + A0 f(vp) =0, n=1,N—1
Upt1 — 20 + Up—1 + peng(uy,) =0, n=1, N —1,
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with the conditions
m—2

(B+7)uo = yur, uy = Y aue,,
=

(B+7)vo =701, N = Y ave,.
=1

In this paper we shall give sufficient conditions for A and p such that positive solutions
of (S), (BC) exist. The above problem is a generalization of the problem studied in [8],
where the boundary conditions are of the form ug = vg = 0, uy = ou,, VN = auvy,
n e {1,2,.,N -1} with 0 < a < N/n, or ug — fAuy = vo — fAvy = 0, uy = auy,
vn = avy,. In [10] there was investigated the existence of positive solutions for the m-point
boundary value problem on time scales u®V (t) +a(t) f(u(t)) = 0, t € (0,T), with boundary

m—2

conditions Bu(0) —yu®(0) = 0, u(T)— Z a;u(&;) = b, m > 3. For the study of multi-point

i=1
boundary value problems for second-order or higher-order differential or difference equations
we refer the reader to [1]-[7], [9], [11]-[14] and the references therein.

We shall suppose that the following conditions are satisfied

(A1) by, ¢y >0, forn =1,N—1;a; >0,fori =1,m—2, a0 > 15§ €N, ¢ =

m—2

Im=20<&4 <& <...<&a<N, N> a&;By>08+7>0d=

i=1

m—2 m—2

ﬁ(N— Zaié}) +7<1— Zal) > 0.
i=1 i=1

(A2) f, g :[0,00) — [0, 00) are continuous functions and the limits
9(@) 9(@)

fo= lim —= go= lim —=, fo = lim @, Joo = lim =——+
r—0t X z—0t X r—o0 I r—o0 I
exist and are positive numbers.

In Section 2 we shall present several auxiliary results which investigate a discrete bound-
ary value problem (the problem (1), (2) below). Some of these results are taken from [10].
In Section 3 we shall prove two existence theorems for the positive solutions with respect to
a cone for our problem (5), (BC), which generalize Theorems 3.1 and 3.2 from [8]. These
theorems are based on the Guo-Krasnoselskii fixed point theorem, presented below.

Theorem 1. Let X be a Banach space and let C C X be a cone in X. Assume Q1 and Q9
are open subsets of X with 0 € Qy C Qy C Qo and let A: CN(Q2\ Q1) — C be a completely
continuous operator such that, either

i) | Au| < |lu]l, we CNoN, and || Aul|| > |u|l, ue CNINg, or

i) || Aul| > JJul|, we C NIy, and || Au|| < ||u|l, ve CNONs.

Then A has a fived point in C N (Qa \ Q1).

Finally, in Section 4 we shall give an example, that illustrates the obtained results.
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2 Auxiliary Results

In this section we shall investigate the second-order difference system with the boundary
conditions

Azun—l + Yn = 07 n= 17N - la (1)
m—2
Bug — yAug =0, uy — Z a;ug;, = 0. (2)

=1

Lemma 1. If B+~7#0,0< & < ... <&n—2 < N and d # 0, then the solution of (1), (2)
is given by

N-1 -
v — nﬁJ‘V ;(N—i)yi—nﬁjv Zaiz(fi_j)yj_z(n_i)yi7 n=0,N. (3)

Proof. By system (1), for u; fixed, we obtain

n—1

un:nul—(n—l)uo—Z(n—i)yi, n=2,N. (4)
i=1

m—2

U
Yt and uy = Z a;ug,. From the above relations we obtain

By (2) we have ug =
y (2) we have ug 51

N-1 m—2 &i—1

Nug = (N = ug = P (N = i)yi = Y ai | & = (& — Duo = 3 (& — 1)y

or
5 N-1 m—2 5 m—2 &i—1
[N—( —1)M}ul—l_l N =3 [@—(&—mﬂﬂ}ul— > or| Lt
So we have
m—2
v v v
ul{N_(N_l)ﬂ_ gt . Kl_ /3+7>& 6+7]}
N-1 m—2 &i—1
= (N=i)yi— > ai Yy (& — i)y
i=1 i=1  j=1
or
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Therefore, because d # 0 we obtain

ﬂ . N—-1 m—2 §—1
up =" | D (N =iy = Y ai Y (&= s | - (5)
i=1 i=1  j=1
Then, by (4), (5) and uy = yu1 /(8 + ), we deduce
n—1
nB + .
Uy, = U — n—1)y;
e Z} )
N—-1 m—2 §—1 n—1
nB+~ .
=— (N=i)yi— > ai» (& —yi| — Y (=i
-1 i=1  j=1 i=1
N—-1 m—2 &—1 n—1
np + nB + .
= d (N_Z)yz_ d a; (gl_j)y]_Z(n_l)yw n:27N7
i=1 i=1  j=1 i=1
N—-1 m—2 §—1
B+ +v
uy :T (N_Z)yz_TZaz (SZ_J)yja
=1 i=1 j=1
- N-1 N m—2  &—1
wp == ) (N=i)yi== ) ai ) (&—j)y;
=1 i=1 j=1
0 -1
We consider that Z z; = 0 and Z z; = 0, and we obtain the relations (3). Q.E.D.

i=1 i=1
Lemma 2. Under the assumptions of Lemma 1, the Green function for the boundary value

problem (1), (2) is given by

m—2
AN i) = LN (i)~ (1), i G <i<E, 2
Gln,i) = =
j=2m=2,
m—2
nﬁJW(N—i)—nﬁjy ap(§e — 1), if {1 <i<§, n<i,
k=j
j:2am_27
nB+~

SN =)= (=), if na<i<n,
VN <), if i 2 o, <
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Proof. By using the relations (3) we obtain

nf + v = nBry | S =
U = = (N = i)y = ——— a1 Y (& =y +az Y (& — )y +
i=1 j=1 j=1
Em—2—1 n—1
+ am—2 Z (gm—2 - .])yj - Z(n - Z)yz
]:1 =1
N-1 &1—-1|m—-2 Ea—1|m—2
nB+vy nB+y .
T4 (N—i)y; — d Z Za](fj i) yz"‘z Za’](gj_l) Yi+ -
i=1 i=1 | j=1 =& | J=2
Em—2—1 n—1
+ Z m—2(Em—2 — )y p — (n—1)y;, n=0,N
i=Em—3 i=1
Therefore we have
nﬁ—l—’y £1—1 m—2 Ea—1 m—2
Un = — SN =i) = ai(& =)y + > |(N=i) =D aj(& —i)|yi+--
i=1 j=1 i=& =2
Em—2—1 N-1 n—1
+ Z (N—=1) = am—2(&m—2 — 1))y + Z (N—1i)y; fZ(n —i)y;, n=0,N.
i=Em s i=Em—2 i=1
(6)
N-1

By relations (6) we have u,, = Z G(n,i)y;, n=0,N. Q.E.D.
i=1
Lemma 3. Ifd >0, 3,v>0, B+~v>0,a; >0, foralli=1m—-2,0< & <--- <

m—2

Em—a < N, Z a;&; < N and y, > 0, for all n =1, N — 1, then the solution u,, n =0, N
i=1

of problem (1), (2) satisfies u, > 0, for alln =0, N.

Proof. In Lemma 2.2, from [10] there was studied the problem of positive solutions for
the general case of time scales. However we shall briefly present the proof in our discrete

1
case. Because up41 — 2uy + Up—1 = —yn < 0, we deduce that u,, > g(un+1 + up_1), for all

n=1,N—1,s0 (upn),,_g is concave. To prove that u, > 0, for all n = 0, N, it is sufficient
to show that ug, uy > 0.
For uy we have from (3)
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m—2

If Z a; > 1, then

=1

~ N-1 m—2 N-1
Uy > 7 (N —i)y; — a; (& — 7y
i=1 i=1 j=1
N—-1 m—2 m—2
:g N—Za]fj —+ CLj*]. ZyzZO
i=1 j=1 j=1

For uny we have after some computations

N—-1 m—2 £i—1 N-1
NB+~ NGB+~
un=——— Y (N =i)yi = == a; Y (& —d)yi = D (N i)y
i=1 i=1  j=1 i=1
ﬁ m—2 N-—1 &i—1
=5 ai |& Y (N =d)y; =N D (&= i)y
=1 j=1 Jj=1
o m—2 N—-1 &i—1
+5 a [ D (N =y = > (&= iy,
=1 Jj=1 j=1
6 m—2 &i—1 N-1
> 1 a; [fz(N_])_N(fz_])]yj+ Z£1<N_.7)yj
i=1 j=1 J=&i
v m—2 N-1 N-1
D S DNLET D S
i=1 j=1 j=1
B m—2 &i—1 N—-1 ~ m—2
=5 ai | (N=&) Dy +& Y (N =)y || +5 D ailV —&)
i=1 j=1 =€ i=1
Q.E.D.

ZijO-

Remark 1. Under the assumptions of Lemma 3, if y,, > 0, for n = 1, N — 1, then from the
strict concavity of u,, we deduce that u, > 0, for all n = 1, N. If in addition v > 0, then

also ug > 0.

Lemma 4. Ifd >0, 8,7v>0, 84+~7>0,0<& < -+ < &nao <N, a; >0, for all
m—2

i=1m—2, ap_o >1, N > Z ai&i, yn > 0, for allm = 1, N — 1, then the solution of

i=1
problem (1), (2) satisfies

N-1
BN+~
n < 7 7Z:;(N—z)yl, VYn=0,N,
N-1
B+ ,
> Jd (N —i)y;, Vji=1,m—2
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Proof. By relations (3) we deduce that

N—-1 N—-1
nB+ . BN + ‘ B
unST;(Nil)ylSTZ(Niz)yu Vn—(),

Then, by using (6) we have for j = 1,m — 2

11
ug,= Y {ﬂg]dﬂ (N

i=1

§2—1 ) w2
+Z{ﬂ€7+7 (N ) ak(fk—i)]_(gj_l)}yz‘f'
i 51 h=2
m—2
N Z {ﬁfg+7 (N —i) — Zak(fk—l) _(gj—z)}yz
i=&j 1 h=i
Ej+1— =
7/75.} k=
Em—2—1
i Z ﬂg%j—’y (N =) = am—2(&m—2 — )] yi
i=&m -3
N—-1
Y BNy @=1),

m—2
At BEJ(;_ Y (N - ) — ak(fk — z)] _ (§J _ Z)
k=1
m=2 m—2
- é {(ﬁfj + NN —i) = (B +7) Y arle + (B +7)i > ax
k=1 k=1
m—2 m—2
—(&—1) |8 <N— Z%fk) +7 (1— Zak> }
k=1 k=1

m—2

é Ny +i8) - & (7 +i8) - <v+w>2aksk+§j<v+w>]
7

N — Zakkarﬁj (Zak%

foralli=1,& — 1.
For the next coefficients we have for p =

i B&
Ap: jd

71
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m—2 m—2
= 23 (B8 + )N i) — (8 +7) Z%fzﬁ- (B +2)i > a
k=p k=p
m—2
e E m) (CE)
k=1 k=1
m— m—2
> L g =0 - 05+ S e+ 6+ S
k=p k=p

m—2 m—2
—&G =) B N=D & |+ (1= a
k=p k=p

. m—2 m—2
+ 0
:Vd N—E arér +§; E ap—1]| =0,
k=p k=

forall i =¢,-1, —1
For the last coefficients of y; we have for g =74+ 1,m — 2

m—2 m—2
qu&%ﬂ N — E apé +1 E ap — 1 >0,
k=q k=q

forall i =&;-1,& — 1
Therefore
N—1
u > 3 BN iy, v =T

1=Em—2

Q.E.D.

Lemma 5. We assume that 3,7v>0, 8+v>0,d>0,0<& <+ <&n2a<N,a; >0

foralli=1,m—-2, N > Z a;& and y, >0 for alln =1, N — 1. Then the unique solution

i=1
of problem (1), (2) verifies min wu, > r||u|, where
N

n=qgi,
m—2 s—1 m—
Z ai(N - E? Z a;&; Zazgz Z N gz
r= min 571 =1 =1 =35
2<s<m—2 N’ m—2 N ’ m—2
N — Z aifi Z a;&;
=1 i=s
and ||u|| = sup |ug].
n=0,N

For the proof of Lemma 5 see Lemma 2.4 from [10].
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3 Existence of positive solutions of (S), (BC)

Using the Green function given in Lemma 2, a pair ((un)n:(ﬁv, (Un)nzﬁ) is a solution of

the eigenvalue problem (5), (BC) if and only if

N-1
—)\Zanbf uZGzycjg(uj) , n=0,N
j=1
ﬂZG(n,iclg(ul) n=0N

A solution ((un)n:(ﬁ\,, (vn)n:oiN) of (), (BC) is called a positive solution if u; > 0,
v; >0, foralli=1N — 1.

We consider the Banach space X = RV*! with supremum norm || - || and define the cone
C CX by

n=§1,N

C—{u—(uo,...,uN)EX, u; >0, Vi=0,N and rninunzruﬂ},

where r is defined in Lemma 5.
We define the positive numbers L; and Ly by

—1 -1
L; = max 266 d2 i Z J)bj foo ) 265 d2 1 Z 7)€ oo )
] gm 2 J ‘Em 2
N— -1 N—-1 -t
) N + N +7 .
Ly = min b Z —Nbifo] 5 y 1 ;(N—J)ngo

Theorem 2. Assume the assumptions (A1), (A2) hold and Ly < Ly. Then for each X and
w that satisfy A, p € (L1, La), there exists a solution ((un)non\,, (”n)nzﬁ) for (S), (BC),
with w, >0, v, >0, for alln =1, N — 1.

Proof. In the proof we shall follows the same steps as those from Theorem 3.1 in [8]. Let
A and p such that A\, p € (L1, Ly) and we select a positive number e such that ¢ < foo,
€ < oo,

N-1
max 7"2%% Z (N —3)bj(foo —€)

-1

J=Em—2

m + .
L d2 i Z N = j)cj(9o — ) < min(A, p)

=&m—2
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and
N -t N-1 !
. N+ .
max(A, 1) < min Z e ) S et +e)
We now define the operator A : C' — X, by
N— N-1
Z (n,i)b; f ,uZGzyc]g(uj) , u:(un)nzowea
=1 5=l n=0,N
We have A(C) C C. Indeed, ifu = (un),_gx € C, thenv = (vn), g, With v, = A(u),

N-1
is the solution of (1) — (2) with y, = Ab, f (u Z G(mi)cl-g(ui)) >0, foralln=1N—1.
i=1
So by Lemma 3 we have v, > 0, for all n = 0, N and by Lemma 5 we deduce that min v, >
n=§,N
r||v||. Therefore v = A(u) € C. Then it is easy to verify that A is completely continuous
(compact and continuous). By definitions of fy and g, there exists K; > 0 such that

flx) < (fo+e)z and g(z) < (go+e)z, 0 <z < K;.
By (A2) we have f(0) = g(0) = 0 and the above inequalities are also valid for x = 0.
Let v € C with ||ju]] = K;. Because v; = /Ljvz_:lG(i,j)ng(Uj), i = 0,N verify the
problem (1), (2) with y, = pcng(uy), n = mf?ﬁen by (7) and the above property of
g, we deduce for all i =0, N

N-1 N—
BN+
=p Z G(i,j)ejg(uy) < Z 7)ejgu;)
Jj=1 J=1

BN 47 v
< u— L Y (N = e (g0 +
=1
1

N—
ON + ~ .
Sp—y > (N = )ei(go +)llull < lull = K.
=1

By using once again Lemma 4 (relations (7)) and the properties of function f we have

N-1 N-1
A(w)y =AY G, ibif | 1Y Gli, j)e;g(uy)
i=1 j=1
<)\ﬂN+’YZ N —d)b;f /LZGZJCJQ(UJ)
Jj=1
N-1

5N+’Y Z bi(fo+¢)p G(i,j)cig(uy)

j=1
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N—
N
5 + Z (fo+e)K1 < Ky = ||ul|, Vn=0,N.

Then || A(u)|| < ||ul|, for all u € C with |ju|| = K;. We denote by Q1 = {u € C, |ju| <
Ki}. So [|A(u)|| < |lull, for all u € CN O,
By definition of f, and g, there exists Ky > 0 such that

f(@) = (foo =€)z and g(2) > (goo — €)7, = > Ko
. Ky . : .
We consider now Ky = max < 2K;, — ». For u € C with |lu|| = K2, we obtain by using
r
Lemma 5, that

Up, > min_u, >r|ul| =rKy > Ky, foralln=¢&,N
n==E§1,

Then, by using (7), Lemma 5 and the above considerations, we obtain for ¢ > &;

N—-1 N—
vi=p Y Gi,j)eig(u;) = rlof| = rog,,_, = Z (Em—2.7)cig(uy)
Jj=1 Jj=1
oz +
> Pm-2 T3 Z N — j)ejg(u;)
j £m 2
Sz +
> pym=2 7 Z N = j)ej(goo — €)uy
.7 &'m 2
ﬂ m— +’Y
> 22 N (e ol 2 = K
J fm 2
and
Bbm—2+7 Ry
m—2
A)g, = A Z = (N = ibif | i) Gl d)ejg(ug)
i=Em—2 J=1
N—-1
Bm—2 + -
> \Hm2 il oo — ) 3 Gl esgl)
i= Em, 2 j=1
m +
>/\5§ d2 Y (foo* )
= ém 2

Bém2+7 \-
> w% | > (N —i)bi(foo — &) Ka > Ko = ||ull.
1=Em—2
Therefore [|A(u)|| > A(u)e,, , > |lul, for all w € C with |lu|| = K5. We denote by
Qo ={u e C, |Ju| < K3}. Then ||A(uw)| > ||ull, for all u € C'N Q. B
Now we can apply Theorem 1, i) and we deduce that A has a fixed point u € CN(Q3\ ).
Because ||u]| > 0 and u is concave (A2u,_; <0 for all n = 1, N — 1) we deduce that u,, > 0
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N-1
for all n = 1, N — 1. This element u together with v, = pu Z G(n,i)cig(u;), n = 0, N
i=1
represent a solution of (S), (BC). In addition ||v]| > 0 and by concavity of v we have v, > 0
for all n =1, N — 1. Indeed if v,, = 0 for all n = 0, N, then by (S), (BC) and Lemma 1 we
obtain u,, = 0 for all n = 0, N, which is false. So (u,v) is a positive solution for our problem

(S) — (BC). Q.E.D.

Remark 2. The condition L; < Ly from Theorem 2 is equivalent to

-1

d N-1 N-1
——————— | min N — )b foo, N —j)¢igoo
r2(BEm—2 + ) ._Z ( 9bif 4_2 ( 2

J=Em—2 J=Em—2
-1

d N-1 N-1

AN T4 max ;(N—j)bjfm ;(N—J)ngo
or

N-1 N-1

xS > (N =)bjfo, Y (N = 4)ejgo

j=1 j=1 < 7"2(/85771—2 + ’Y)
N_1 N-1 BN+~

min Z (N —j)bjfs, Z (N = j)cjgoo
J=Em—2 J=Em—2

Remark 3. From the above proof we see that the assumption (A2) in Theorem 2 can be
replace by the weaker one
(A2) f, g:]0,00) — [0,00) are continuous functions and the supremum/infimum limits
f(z) g(x) flx) (z)

r i T =1 ra lim inf — lim inf g
fo =limsup —%, go = limsup =, fo = liminf —=, G, = limin
x—0+ X r—0+ X T—00 X T—00 x

exist and are positive numbers.

In what follows we shall present another existence result, that generalizes Theorem 3.2
from [8]. Let us consider the positive numbers

1 -1
L3 = max 66 dQ 2 Z N —j)b; fo ; ﬁ{ 277 Z J)eigo )
J=Em—2 J=&m—2
—1 -1
5N+7 BN 49~
L4 = min Z J)bjfeo ) p ;(N*])ngoo

Theorem 3. Assume the assumptions (A1)-(A2) hold and Ly < Ly. Then for each A and
p that satisfy A, p € (L3, La), there exists a solution ((un),_g 7 (Un),—gx) for (S), (BC),
with uy, >0, v, >0, foralln=1,N — 1.
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Proof. Let A and p with A, u € (Ls, L4). We select a positive number € such that £ < fj,

€ < go and
-1

max ﬂﬁm 2+7 Z (fo—ﬁ) )
Jj=&m—2
-1
m—2 .
pHm2 S W delw-e)| b <minm
J=Em—2
and
N— - -
N N
max (A, 1) < min s + Z bi(fo +¢) , p +'y Z 7)¢i(goo + €)

We also consider the operator A defined in the proof of Theorem 2. From the definitions
of fo and gg, we deduce that there exists K3 > 0 such that

f(z) > (fo—¢)z and g(x) > (g0 — &)z, 0 <z < K3.

By (A2) we have f(0) = g(0) = 0 and the above inequalities are also valid for 2 = 0.
In addition, because g is a continuous function with go > 0, then g(0) = 0 and there
exists K3 € (0, K3) such that

, 0< o< Ks.

For u € C with |Ju|| = K3, by (7) and the above inequality, we deduce that for all
N—
Z (i )es(us) <

i=0.N
N
Z 7)ejg(uy)
j=1 j=1

ﬁN N R K
Z:: ’ ﬁN—FvN

2

By using (7), Lemma 5, the choice of A, p, the facts that v, u € C and v;, u; < K5 for
=0, N, we then obtain

= Ks.

W]

N—-1 I@é_ + N—-1
AW, o 24 Y P2 (N —ibf | 1Y Gli,d)esg(y)
i=Em 2 j=1
N-1 N-1
> A2 BTN (v o) (1Y Gl g ()

d ;
1=Em—2 j=1
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N—-1
> AEm2 TS (N iy el
i= Em 2
>)\ﬁ§’”2+7 E: )bi(fo —€)rve,,
= Em 2
é‘m 2+'y gm 2+’Y
> Z bifo—e) |- Z N =Jlesg “7))
= fm 5 Jj= gm 2
> ﬁ§m2+7 Z Voi(fo —e) | - ﬂ§m2+7 Z N —j)ecj(go — €)u )
= §m 2 = §m 2
> (Bt S v ngy— ) [ty S v 03(90—€)> Jul
i=Em—2 J=Em—z
2 [lufl-

Hence || A(u)| > A(u)e,,_, > |Jul|, for u € C with |ju|| = K35. We denote by Q3 = {u €
C, ||lull < K3}, and then we have || A(w)|| > |jul| for all uw € C' N INs.
We now consider the functions f*, g* : [0,00) — [0,00), defined by f*(x) = sup f(y),

0<y<z
g*(x) = sup g¢g(y). By (A2) we obtain for f* and g* the relations
0<y<z
lim (@) = foo, lim g"(z) = Goo-
xr—00 €T T—00 X

We also have f(x) < f*(z), g(x) < g*(z), for all x > 0. Then there exists K4 > 0 such that
[ (2) € (foo +0)2, g*(2) < (goo +€)z, forall x> K.

Let K4 > max{2K3, K4}. Then for u with |Ju|| = K, we obtain

Alu)n < ﬂN; Y 1(N — D)birf (uNzlG ¥ Cyg(u»)
i=1 j=1
< AﬂNdﬂ NZ_:l(N — )b f* MN_IG(%J)CJQ(“J))
i=1 Jj=1
< )\ﬂNdJr Y sz(N )b f* ﬂNdJr vujfll(]v ])cjg(u]))
1= J=
< AﬁNdH Ni(N—z)bzf* BNdﬂuN_l(N—J)cjg (uy))
i=1 j=1
1= Jj=
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N—-1 N—-1
N+ N ELE
ﬁ 2 E - L ﬁ fYIuE —]C] goo+5)K
Jj=1

N +
< ﬁ ’YZ —)bi(foo +6)Ks < Ky = |lul], Vn=0,N.

So ||A(w)]| < |lu|l, for all w € C with ||u|| = Ky4. If we denote by 4 = {u € C, |Ju| <
K4}, then we obtain || A(u)|| < |lul|, for all u € C' N Oy. B
By Theorem 1 ii) we deduce that A has a fixed point u € C' N (Qy4 \ 23), which together
N-1
with v, = Z G(n,i)cig(u;), n=0,N, give us a positive solution for (S), (BC). Q.E.D.
i=1

Remark 4. The condition L3 < Ly4 is equivalent to

d N—1 N—-1
———— | min N — j)b; fo, N —j)c,
(BEm—2 +7) ‘72 ( 3)b; fo .72 ( J)eigo

]—gm—2 J—‘Em—2
-1
d N—-1 N—-1
< AN 14 max ) )b foos Z(N—j)cjgoo
J_l j=1
or
N—-1 N—1
Z _J b foo Z(N_j)cjgoo
j=1 j=1 < r(Bsm—2 +7)
N-1 N—1 BN +~
min¢ > (N =j5)bifo, Y. (N—j)cigo
J=Em—2 J=&m—2

Remark 5. The assumption (A2) in Theorem 3 can be replace by
(A2)” f, g:]0,00) — [0,00) are continuous functions and the infimum/supremum limits

= I~ T) = . T
fo= liminfM, go = liminf gl ), f = lim sup M, Joo = limsup M
z—0t T z—0t T—00 T T—00 X
exist and are positive numbers.
The last two relations imply lim sup M = foo and lim sup g'() = 5’00.
Tr— 00 X T— 00 X

4 An example

As in Example 4.1 in [8], let us consider the functions

f(x) = pa| sinz| +przeVr ze [0, c0),
9(z) = gl sinz| + e 1/*, 2 € [0, 00),
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with D1, D2, q1, g2 > 0.

We have lim @:p% lim Lz):pl, lim M:qg, lim M:(]1.
r—0t+ X r—oo I r—0+ X r—o0 I
b
Let b,, ¢, defined by b, = NE , Cp = NCE foralln =1, N — 1, with by > 0, ¢o > 0,

and f=2,7v=1/3,m=26=5,&=5, (N=6M,MeN), a1 =ay=1.
We consider the system with second- order differences

bo P
A2u,_1 + A [p2| sin vy, | —i—plvne_l/““} =0, n=1,N-1
(So) N —n

AQUn—l + M

NCO [q2| sin w, | + qlu”e_l/“"} =0, n=1,N—-1, N >6,
—n

with the boundary conditions

Uil i
Up = =, UN = UN/3 + UN/2,

BC v
(BCo) { vo = %, UN = Uny3 + Un/2-
In this case the number d is
N -1
d=2(N — (a1 &1 + a22)) + 5(1 —a; —ap) = 3~ 0.

Also the condition N > a1&1 + a2&s is verified, because it is equivalent to N > %, and

r:min{& ar(N — &) +ax(N — &) a1éy + a6 a1&y +a2(N—§2)} _1

N’ N — (a1&1 + az&s) 7 N ' N — a8 3

The numbers L1 and L, from Section 3 are of the form

1 1
Ly = max 2ﬁ€2+7 Z )b,p1 ’ 25524'7 Z Pesar
7= Jj=&2
N-1 -1 N_1 -1
3N BN+1 1 3N +1
= max Z b(]pl ) m Z Coq1
N/2 N/2
18(N — 1) L L 1B(N-=1) . .
NGN +1) max{(bop1) ", (coq1)” } = NGBN+1) (min{bop1,coq1})” ",
1 1
N-1 N-1
Ls = min B - v (ij)bij , ﬂfdv (N*])leh
Jj=1 j=1
N-1 -1 N1 -1
- 6N +1 6N + 1 —
= min N —1 : b0p2 ) N _1 Z CoQq2
j=1 j=1
1

TGN+ 1 min{(bop2) ", (cog2) '} = N1 (max{bopz,co(b})_l
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and the condition L; < Ly becomes

pos

max{bops, cog2} - N(3N +1)
min{bop1,coq1}  18(N —1)(6N +1)

Therefore, if the above condition is verified, then by Theorem 2 we deduce that for all
itive numbers A, u € (L1, L2) the problem (Sp), (BCy) has positive solutions.
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