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1 Introduction

Semi-open sets, preopen sets, a-open sets, b-open sets and [-open sets play an important
role in the research of generalizations of continuity in topological spaces. By using these
sets, many authors introduced and investigated various types of non-continuous functions
and multifunctions. In 1978, Kohli [9] defined a function f : X — Y to be s-continuous
if for each point € X and each open set V of Y containing f(z) and having connected
complement, there exists an open set U of X containing z such that f(U) C V. In 1989,
Lipski [13] extended this notion to the setting of multifunctions. By replacing open sets
of X with semi-open (resp. preopen, (S-open) sets, Ewert and Lipski [8] (resp. Popa and
Noiri [21], [22]) defined and investigated upper/lower s-quasi-continuous (resp. upper/lower
s-precontinuous, upper/lower s-(3-continuous) multifunctions. In [18], [23] and [25], the
present authors introduced the notions of m-structures, m-spaces, m-continuous functions
and multifunctions. By using these notions, a unified theory for S-continuity of multi-
functions was formulated in [24]. On the other hand, in 1961 Levine [11] introduced the
concept of weakly continuous functions which was extended to the setting of multifunctions
in [20] and [26]. Recently, the present authors [19] introduced and studied the notions of
upper/lower weakly m-continuous multifunctions. As a generalization of weakly continuous
multifunctions and s-precontinuous multifunctions, Ekici and Park [6] introduced and stud-
ied weakly s-precontinuous multifunctions.

In this paper, we introduce the notions of upper/lower weakly s-m-continuous multi-
functions as a generalization of upper /lower s-m-continuous multifunctions and upper/lower
weakly m-continuous multifunctions. We obtain some characterizations and several proper-
ties of such multifunctions.
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2 Preliminaries

Let (X,7) be a topological space and A a subset of X. The closure of A and the interior
of A are denoted by Cl(A) and Int(A), respectively. A subset A is said to be regular open
(vesp. regular closed) if Int(C1(A)) = A (resp. Cl(Int(A4)) = A).

Definition 2.1 Let (X, 7) be a topological space. A subset A of X is said to be

(1) a-open [17] if A C Int(Cl(Int(A))),

(2) semi-open [12] if A C Cl(Int(A)),

(3) preopen [15] if A C Int(Cl(A)),

(4) B-open [1] it A C Cl(Int(Cl(A))),

(5) b-open [3] if A C Int(Cl(A)) U Cl(Int(A)).

The family of all a-open (resp. semi-open, preopen, $-open, b-open) sets in (X, 7) is
denoted by a(X) (resp. SO(X), PO(X), 5(X), BO(X)).

Definition 2.2 Let (X, 7) be a topological space. A subset A of X is said to be a-closed
[16] (resp. semi-closed [5], preclosed [15], B-closed [1], b-closed [3]) if the complement of A is
a-open (resp. semi-open, preopen, -open, b-open).

Definition 2.3 Let (X, 7) be a topological space and A a subset of X. The intersection of
all a-closed (resp. semi-closed, preclosed, 5-closed, b-closed) sets of X containing A is called

the a-closure [16] (resp. semi-closure [5], preclosure [7], B-closure [2], b-closure [3]) of A and
is denoted by aCl(A) (resp. sCl(A), pCl(A), gCl(A), bCI(A)).

Definition 2.4 Let (X, 7) be a topological space and A a subset of X. The union of all
a-open (resp. semi-open, preopen, (-open, b-open) sets of X contained in A is called the
a-interior [16] (resp. semi-interior [5], preinterior [7], B-interior [2], b-interior [3]) of A and
is denoted by aInt(A) (resp. sInt(A), pInt(A), gInt(A), bInt(A)).

A point x € X is called a 6-cluster point of a subset A of X [27] if CI(V) N A # () for
every open set V' containing x. The set of all #-cluster points of A is called the 6-closure
of A and is denoted by Clg(A). If A = Clp(A), then A is said to be @-closed [27]. The
complement of a #-closed set is said to be #-open. The union of all -open sets contained in
A is called the #-interior of A and is denoted by Inty(A). It is shown in [27] that Clp(V) =
CI(V) for every open set V of X and Clg(A) is closed in X for each subset A of X.

Throughout the present paper, (X,7) and (Y,0) (or simply X and Y') always denote
topological spaces and F' : (X,7) — (Y,0) (or simply F' : X — Y') presents a multivalued
function. For a multifunction F': X — Y, we shall denote the upper and lower inverse of a
subset B of a space Y by F'T(B) and F'~(B), respectively, that is,

Ft(By={zeX:F@xz)CcB}land F-(B)={ze X : Flx)yNB#0 }.
Definition 2.5 A multifunction F': X — Y is said to be

(1) upper s-continuous [13] (resp. wupper s-quasi-continuous [8], upper s-precontinuous
[21], upper s-B-continuous [22]) at a point © € X if for each open set V containing F(z) and
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having connected complement, there exists an open (resp. semi-open, preopen, (3-open) set
U C X containing = such that F(U) C V,

(2) lower s-continuous [13] (resp. lower s-quasi-continuous [8], lower s-precontinuous [21],
lower s-f-continuous [22]) at a point z € X if for each open set V of ¥ meeting F(x) and
having connected complement , there exists an open (resp. semi-open, preopen, S-open) set
U C X containing = such that F(u) NV # ) for each u € U,

(3) upper (lower) s-continuous (resp. upper (lower) s-quasi-continuous, upper (lower)
s-precontinuous, upper (lower) s-f-continuous) in X if it has this property at every point
of X.

Definition 2.6 A multifunction F: X — Y is said to be

(1) upper weakly s-precontinuous [6] if for each point z € X and each open set V contain-
ing F(z) and having connected complement, there exists a preopen set U C X containing x
such that F(U) c ClI(V),

(2) lower weakly s-precontinuous [6] if for each point z € X and each open set V of
Y meeting F(x) and having connected complement , there exists a preopen set U C X
containing z such that F(u) N Cl(V) # () for each v € U.

3 Weakly s-m-continuous multifunctions

Definition 3.1 A subfamily mx of the power set P(X) of a nonempty set X is called a
minimal structure (briefly m-structure) on X if ) € mx and X € mx. Each member of mx
is said to be mx-open and the complement of a mx-open set is said to be mx -closed.

Remark 3.1 Let (X, 7) be a topological space. Then the families 7, SO(X), PO(X), a(X),
BO(X) and 3(X) are all m-structures on X.

Definition 3.2 Let X be a nonempty set and mx an m-structure on X. For a subset A of
X, the mx-closure of A and the mx-interior of A are defined in [14] as follows:

(1) mCl(A) =n{F:AC F,X\F e€mx},

(2) mInt(A) = U{U : U C A,U € mx}.

Remark 3.2 Let (X, 7) be a topological space and A a subset of X. If mx = 7 (resp.
SO(X), PO(X), a(X), BO(X), 8(X)), then we have

(1) mCI(A) = CI(A) (resp. sCIl(A), pCl(4), aCl(A), bCl(A), 3CI(A)),

(2) mInt(A) = Int(A) (resp. sInt(A), pInt(A), alnt(A), bInt(A), gInt(A)).

Lemma 3.1 (Maki et al. [14]). Let X be a nonempty set and mx a minimal structure on
X. For subsets A and B of X, the following properties hold:

(1) mCl(X — A) = X — mInt(A) and mInt(X — A) = X — mClI(A),

(2) If (X — A) € mx, then mCl(A) = A and if A € mx, then mInt(A4) = A,

(3) mCL(0) = 0, mCl(X) = X, mInt(})) = @ and mInt(X) = X,

(4) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),

(5) A C mCl(A) and mInt(A) C A,

(6) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).
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Lemma 3.2 (Popa and Noiri [23]) Let X be a nonempty set with a minimal structure mx
and A a subset of X. Then x € mCl(A) if and only if UN A # O for every U € mx
containing .

Definition 3.3 An m-structure myx on a nonempty set X is said to have property B [14] if
the union of any family of subsets belong to mx belongs to mx.

Remark 3.3 Let (X, 7) be a topological space. Then 7, SO(X), PO(X), a(X), BO(X)
and B(X) all satisfy property B.

Lemma 3.3 (Popa and Noiri [18]). Let X be a nonempty set and mx an m-structure on X
satisfying B. For a subset A of X, the following properties hold:

(1) A € mx if and only if mInt(A) = A,

(2) A is mx-closed if and only if mCl(A) = A,

(3) mInt(A) € mx and mCI(A) is mx-closed.

Definition 3.4 Let (X, mx) be an m-space and (Y, o) a topological space. A multifunction
F:(X,mx)— (Y,0) is said to be

(1) upper s-m-continuous [24] (resp. upper weakly s-m-continuous) at x € X if for each
V € o containing F'(x) and having connected complement, there exists U € mx containing
x such that F(U) C V (resp. F(U) C CI(V)),

(2) lower s-m-continuous [24] (resp. lower weakly s-m-continuous) at x € X if for each
V € o meeting F(z) and having connected complement, there exists U € mx containing x
such that F'(u) NV # 0 (vesp. F(u) N CYV) # () for each u € U,

(3) upper/lower s-m-continuous (resp. upper/lower weakly s-m-continuous) if it has this
property at each point z of X.

Remark 3.4 Every upper/lower s-m-continuous multifunction is upper/lower weakly s-m-
continuous. Example 6 of [6] shows that this implication is not reversible.

Remark 3.5 Let F : (X,7) — (Y,0) be a multifunction and mx = PO(X). Then by the
definition of upper/lower weakly s-m-continuous multifunctions, we obtain the definition
of upper/lower weakly s-precontinuous multifunctions due to Ekici and Park [6] stated in
Definition 2.6.

Theorem 3.1 (Popa and Noiri [24]). For a multifunction F : (X,mx) — (Y, o), the fol-
lowing properties are equivalent:

(1) F is upper s-m-continuous;

(2) FH(V) = mInt(F(V)) for each open set V of Y having connected complement;

(8) F~(K) = mCl(F~(K)) for every connected closed set K of Y;

(4) mCl(F~(B)) C F~(CI(B)) for every subset B of Y having the connected closure;

(5) F™(Int(B)) C mInt(F*(B)) for every subset B of Y such that Y — Int(B) is con-
nected.

Theorem 3.2 (Popa and Noiri [24]). For a multifunction F : (X,mx) — (Y, o), the fol-
lowing are equivalent:
(1) F is lower s-m-continuous;
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(2) F~ (V) = mlnt(F~(V)) for each open set V of Y having connected complement;

(3) FY(K) =mCI(F*(K)) for every connected closed set K of Y;

(4) mCl(FT(B)) C FT(CI(B)) for every subset B of Y having the connected closure;

(5) F~(Int(B)) C mInt(F~(B)) for every subset B of Y such that Y — Int(B) is con-
nected.

Theorem 3.3 For a multifunction F : (X,mx) — (Y,0), the following properties are
equivalent:

(1) F is upper weakly s-m-continuous;

(2) FY(Q) C mInt(F*(CI(Q))) for each open set G of Y having connected complement;

(8) mCl(F~(Int(K))) C F~(K) for every connected closed set K of Y;

(4) mCl(F~(Int(Cl(B)))) C F~(CI(B)) for every subset B of Y having the connected
closure;

(5) F*(Int(B)) C mInt(F*(Cl(Int(B)))) for every subset B of Y such that Y — Int(B)
is connected;

(6) mCl(F~ (Int(Cl(G)))) C F~(CUQG)) for every open set G of Y having the connected
closure;

(7) mCl(F~(G))) C F~(CI(Q)) for every open set G of Y having the connected closure;
(8) mCl(F~(Int(K))) C F~(K) for every connected regular closed set K of Y.

Proof. (1) = (2): Let G be any open set of Y having connected complement and z € F(G).
Then F(x) C G. There exists U € myx containing « such that F(U) C CI(G). Therefore,
we have © € U C FT(CI(GQ)). Since U € mx, we have x € mInt(F*(Cl(G))) and hence
FH(G) C mInt(F*(CI(QG))).

(2) = (3): Let K be a connected closed set of Y. Then Y — K is an open set in Y having
connected complement. By (2) and Lemma 3.1, we have

X—-F (K)=F"(Y - K) CmInt(F"(Cl(Y — K))) = mInt(F" (Y — Int(K))) =
mlnt(X — F~ (Int(K))) = X — mCl(F~ (Int(K))).

Therefore, we obtain mCl(F~ (Int(K))) C F~(K).

(3) = (4): Let B be any subset of Y having the connected closure. Then Cl(B) is closed
connected in Y and by (3) we have mCl(F~ (Int(Cl(B)))) C F~(CI(B)).

(4) = (5): Let B be any subset of ¥ such that Y — Int(B) is connected. Then by (4)
and Lemma 3.1, we have

X — mInt(F+(Cl(Int(B)))) = mCl(X — F+(Cl(Int(B)))) = mCl(F~ (Y — Cl(Int(B)))) =
mCl(F~ (Int(CL(Y — B)))) € F~(CY — B)) = X — F*+(Int(B)).

Therefore, we obtain F*(Int(B)) C mInt(F T (Cl(Int(B)))).

(5) = (1): Let € X and G be any open set of Y having connected complement such
that F(z) C G. Then z € FT(G) = F™(Int(G)) C mInt(F+(CI(G))). Then, there exists
U € mx containing = such that x € U C F*(CI(G)). Therefore, we obtain F(U) C CI(G)
and hence F' is upper weakly s-m-continuous.

(4) = (6) and (6) = (7): They are obvious.

(7) = (8): Let K be any connected regular closed set of Y. Then K = Cl(Int(K)) is
connected and by (7) we have mCI(F~ (Int(K))) C F~(Cl(Int(K))) = F~ (K).
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(8) = (3): Let K be any connected closed set of Y. Since K is connected, Int(K)
is connected and hence Cl(Int(K)) is connected. Let H = Cl(Int(K)), then H is a regu-
lar closed connected set of Y and Int(H) = Int(Cl(Int(K))) = Int(K). By (8), we have
mCl(F~(Int(K))) = mCl(F~(Int(H))) C F~(H) C F~ (K).

Theorem 3.4 For a multifunction F : (X,mx) — (Y,0), the following properties are
equivalent:

(1) F is lower weakly s-m-continuous;

(2) F~(G) C mInt(F~(CI(Q))) for each open set G of Y having connected complement;

(3) mClIF*(Int(K))) C FT(K) for every connected closed set K of Y;

(4) mClF+(Int(ClY(B)))) C FT(CIB)) for every subset B of Y having the connected
closure;

(5) F~(Int(B)) C mInt(F~(Cl(Int(B)))) for every subset B of Y such that Y — Int(B)
s connected;

(6) mCl(F*(Int(Cl(G)))) € F(CUQ)) for every open set G of Y having the connected
closure;

(7) mCl(F*(Q))) C FT(CIQ)) for every open set G of Y having the connected closure;

(8) mCl(F*(Int(K))) C FT(K) for every connected regular closed set K of Y.

Proof. The proof is similar to that of Theorem 3.3.

Remark 3.6 Let F' : (X,7) — (Y,0) be a multifunction and mx = PO(X). Then, by
Theorems 3.3 and 3.4, we obtain the results established in Theorems 4 and 7 of [6].

Theorem 3.5 For a multifunction F : (X,mx) — (Y, 0), the following properties are equiv-
alent:

(1) F is upper weakly s-m-continuous;

(2) mCl(F~ (Int(CI(G)))) C F~(CUG)) for every B-open set G of Y having the connected
closure;

(3) mCl(F~ (Int(Cl(G)))) € F~(CUG)) for every semi-open set G of Y having the con-
nected closure.

Proof. (1) = (2): This follows from Theorem 3.3(4).
(2) = (3): The proof is obvious since SO(Y') C B(Y).
(3) = (1): Since o C SO(Y), the proof follows from Theorem 3.3(7).
Theorem 3.6 For a multifunction F : (X,mx) — (Y, o), the following properties are equiv-
alent:

(1) F is lower weakly s-m-continuous;

(2) mCl(F*(Int(CI(Q@)))) € F*(CIQ)) for every B-open set G of Y having the connected
closure;

(8) mCl(F*(Int(Cl(G)))) € FT(CIQ)) for every semi-open set G of Y having the con-

nected closure.

Proof. The proof is similar to that of Theorem 3.5.
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Theorem 3.7 For a multifunction F' : (X,mx) — (Y,0), the following properties are
equivalent:

(1) F is upper weakly s-m-continuous;

(2) mCl(F~ (Int(Cl,(B)))) C F~(Clg(B)) for every subset B of Y having the connected
0-closure;

(3) mCl(F~ (Int(C1(B)))) C F~(Cly(B)) for every subset B of Y having the connected
0-closure.

Proof. (1) = (2): Let B be any subset of Y having the connected 6-closure. Then Cly(B)
is connected closed and by Theorem 3.3 we obtain mCI(F~ (Int(Cl,(B)))) C F~(Cls(B)).
(2) = (3): The proof is obvious since C1(B) C Cly(B) for every subset B of Y.
(3) = (1): Let K be a regular closed connected set of Y. Then we have

Clp(Int(K)) = Cl(Int(K)) = K and mCl(F~ (Int(K))) = mCl(F~ (Int(Cl(Int(K))))) C
F~(Clp(Int(K))) = F~(Cl(Int(K))) = F~ (K).

Therefore, we have mCl(F~ (Int(K))) C F~(K) and by Theorem 3.3(8) f is upper weakly
s-m-continuous.

Theorem 3.8 For a multifunction F : (X,mx) — (Y,0), the following properties are
equivalent:

(1) F is lower weakly s-m-continuous;

(2) mCl(F* (Int(Cl,(B)))) C F*(Clg(B)) for every subset B of Y having the connected
0-closure;

(3) mCl(F*(Int(Cl(B)))) C F*(Clg(B)) for every subset B of Y having the connected
0-closure.

Proof. The proof is similar to that of Theorem 3.7.

Definition 3.5 A subset A of a topological space (X, 7) is said to be

(1) a-paracompact [28] if every cover of A by open sets of X is refined by a cover of A which
consists of open sets of X and is locally finite in X,

(2) a-regular [10] if for each a € A and each open set U of X containing a, there exists an
open set G of X such that a € G C CI(G) C U.

For a multifunction F : (X,mx) — (Y, o), a multifunction C1F : (X,mx) — (Y,0) is
defined in [4] as follows: (ClF')(z) = C1(F(z)) for each point z € X. Similarly, we can define
aClF, sCIF, pClF, bCIF, gCI(F).

Lemma 3.4 (Noiri and Popa [19]). If F : (X,mx) — (Y,0) is a multifunction such that
F(z) is a-paracompact and a-regular for each x € X, then

(1) FY(V) = GT(V) for each open set V of Y,

(2) F~(K) = G~ (K) for each closed set K of Y,
where G denotes C1F, aClF, sC1F, pCLF, bClF or gCIF.

Lemma 3.5 (Noiri and Popa [19]). For a multifunction F : (X, mx) — (Y, ), the following
properties hold:
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(1) F~(V) = G=(V) for each open set V of Y,
(2) FY(K) = GT(K) for each closed set K of Y,
where G denotes C1F, aClF, sCLF, pClF, bClF or gCIF.

Theorem 3.9 Let F : (X,mx) — (Y,0) be a multifunction such that F(x) is a-regular
and a-paracompact for each x € X. Then F is upper weakly s-m-continuous if and only if
G: (X,mx)— (Y,0) is upper weakly s-m-continuous, where G denotes C1F, aClF, sCIF,
pCLF, bCLF or gCIF.

Proof. We set G = CIF', aClF, sClF, pCIF, bCLF, gCIF.

Necessity. Suppose that F' is upper weakly s-m-continuous. Let V be any open set
of Y having connected complement. By Theorem 3.3 and Lemmas 3.4 and 3.5, we have
GH(V) = FH(V) C mInt(FT(CI(V))) = mInt(GT(CL(V))). Therefore, by Theorem 3.3 G
is upper weakly s-m-continuous.

Sufficiency. Suppose that G is upper weakly s-m-continuous. Let V' be any open set
of Y having connected complement. By Theorem 3.3 and Lemmas 3.4 and 3.5, we have
FH(V)=G"(V) =C mInt(GT(CL(V))) = mInt(F*(CL(V))). Therefore, by Theorem 3.3 F

is upper weakly s-m-continuous.

Theorem 3.10 Let F : (X,mx) — (Y,0) be a multifunction such that F(x) is a-regular
and a-paracompact for each x € X. Then F is lower weakly s-m-continuous if and only if
G: (X,mx)— (Y,0) is lower weakly s-m-continuous, where G denotes C1F, aClF, sCIF,
pCLF, bCLF or gCIF.

Proof. The proof is similar to that of Theorem 3.9.

Remark 3.7 Let F : (X,7) — (Y,0) be a multifunction and myxy = PO(X). Then by
Theorems 3.9 and 3.10, we obtain the results established in Theorems 18 and 19 of [6].

4 Weak s-m-continuity and s-m-continuity

Theorem 4.1 Let F': (X, mx) — (Y,0) be a multifunction such that F(z) is open in Y for
each x € X, then F is lower s-m-continuous if and only if F is lower weakly s-m-continuous.

Proof. Suppose that F' is lower weakly s-m-continuous. Let x € X and V be any open
set of Y having connected complement. There exists U € mx containing x such that
F(u) N CLV) # () for each u € U. Since F(u) is open, F(u) NV # @ for each v € U and
hence F' is lower s-m-continuous. The converse is obvious by Remark 3.4.

Remark 4.1 Let F' : (X,7) — (Y,0) be a multifunction and myxy = PO(X). Then by
Theorems 4.1 , we obtain the result established in Theorem 9 of [6].

Theorem 4.2 If F: (X, mx) — (Y,0) is lower weakly s-m-continuous and there exists an
open basis {Vy : a € A} of o such that Vi, has connected complement and F~(Cl(V,,)) C
F~ (V) for each o € A, then F is lower s-m-continuous.
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Proof. Let {V,, : @ € A} be an open basis of o such that V, has connected complement and
F~(CY(V,)) C F~(V,) for each @ € A. For any open set V' having connected complement,
there exists a subset Ay of A such that V' = U{V,, : @ € Ag}. Therefore, by Theorem 3.4 we
obtain

F_(V) = F_(UaerVa) = UaGAoF_(Va) c UaEAomInt(F_ (Cl(Va))) -
Uaea,mInt(F~(V4,)) € mInt(Upea, F~ (V) C mInt(F~ (Ugen, Vo)) = mInt(F~ (V)

Therefore, we obtain F'~ (V) C mInt(F~(V)). By Lemma 3.1, F~ (V) = mInt(F~(V)) and
by Theorem 3.2 F' is lower s-m-continuous.

Remark 4.2 Let F' : (X,7) — (Y,0) be a multifunction and mx = PO(X). Then by
Theorems 4.2 , we obtain the result established in Theorem 9 of [6].

Theorem 4.3 If F : (X,mx) — (Y,0) is upper weakly s-m-continuous and satisfies
FH(CYV)) c FY(V) for every open set V of Y having connected complement, then F is
upper s-m-continuous.

Proof. Let V be any open set of Y having connected complement. Since F' is upper weakly
s-m~continuous, by Theorem 3.3 we have F™ (V) C mInt(F*(CL(V))) C mInt(F+(V)). By
Lemma 3.1, F*(V) = mInt(F*(V)) and by Theorem 3.1 F is upper s-m-continuous.

Remark 4.3 Let F' : (X,7) — (Y,0) be a multifunction and mx = PO(X). Then by
Theorems 4.3 , we obtain the result established in Theorem 10 of [6].

Definition 4.1 A topological space (X, 7) is said to be s-normal [6] if for each disjoint
closed sets K and F' of X, there exist open sets U and V having connected complements
suchthat K CU, FCVand UNV = 0.

Theorem 4.4 Let F : (X, mx) — (Y,0) be a multifunction such that F(z) is closed in Y
for each x € X and Y is s-normal. Then F is upper weakly s-m-continuous if and only if F
1S upper S-m-continuous.

Proof. Suppose that F' is upper weakly s-m-continuous. Let € X and G be an open set
of Y containing F(x) and having connected complement. Since F'(x) is closed in Y, by the
s-normality of Y there exist open sets V' and W having connected complements such that
Fz)cV,Y-GCcWand VNW =0. We haveF(z) CV CcCI(V) CcCl(Y - W)=Y —-W.
Since F' is upper weakly s-m-continuous, there exists U € mx containing x such that
F(U) c CI(V) C G. This shows that F' is upper s-m-continuous.

Remark 4.4 Let F : (X,7) — (Y,0) be a multifunction and mx = PO(X). Then by
Theorems 4.4, we obtain the result established in Theorem 12 of [6].

Definition 4.2 A multifunction F : (X, mx) — (Y,0) is said to be weakly* m-continuous
[19] if X — F~(Fr(V)) € mx for each open set V of Y.

Theorem 4.5 Let X be a nonempty set with two minimal structures mY and m3; such that
UNV e mk% whenever U € my and V. € m%. If a multifunction F : (X,m%) — (Y,0)
is upper weakly s-m-continuous and F : (X,mY) — (Y,0) is weakly* m-continuous, then
F:(X,m%) — (Y,0) is upper s-m-continuous.
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Proof. Let z € X and V be any open set of Y containing F'(z) having connected comple-
ment. There exists G € m% containing x such that F(G) C CI(V). Put U = GN (X —
F~(Fr(V))). Then U € m%. Moreover, we have F(z)NFr(V) C VNCYV)N(Y —V) = 0 and
hence x € X — F~ (Fr(V)). Therefore, x € U and F(U) C V since F(U) C F(G) C CI(V)
and F(u) NFr(V) = 0 for each u € U. Therefore, F : (X,m%) — (Y,o) is upper s-m-
continuous.

Theorem 4.6 Let X be a nonempty set with two minimal structures m and m3% such that
UNV e mk whenever U € my and V € m%. If a multifunction F : (X,m%) — (Y,0)
is upper weakly s-m-continuous and F : (X,m%) — (Y,0) is weakly* m-continuous, then
F:(X,m%) — (Y,0) is upper s-m-continuous.

Proof. The proof is similar to that of Theorem 4.5.

5 Some properties of weakly s-m-continuity

Definition 5.1 A topological space (X, 7) is said to be strongly s-normal [6] if for every dis-
joint closed sets K and F' of X, there exist open sets U and V having connected complements
such that K C U, F C V and Cl(U) N Cl(V) = 0.

Definition 5.2 An m-space (X, mx) is said to be m-Ty [25] if for every distinct points x
and y of X, there exist mx-open sets U and V such that x € U,y € V and UNV = ().

Definition 5.3 A multifunction F : (X, mx) — (Y, o) is said to be injective if  # y implies
that F(z) N F(y) = 0.

Theorem 5.1 If F: (X, mx) — (Y,0) is an injective upper weakly s-m-continuous multi-
function into a strongly s-normal space (Y,0) and F(z) is closed for each x € X, then X is
m—Tg,

Proof. For any distinct points z, y of X, we have F(z)NF(y) = 0 since F is injective. Since
F(z) is closed for each z € X and Y is strongly s-normal, there exist open sets V7, V5 having
connected complements such that F(x) C V4, F(y) C V2 and Cl(V;) N Cl(Vz) = 0. Since F
is upper weakly s-m-continuous, there exist Uy, Us; € mx containing x,y, respectively, such
that F(Uy) € CI(V1) and F(Us) C Cl(Vz). Therefore, we have Uy N Uz = () and hence X is
m—Tg.

Remark 5.1 Let F' : (X,7) — (Y,0) be a multifunction and myxy = PO(X). Then by
Theorem 5.1, we obtain the result established in Theorem 31 of [6].

Definition 5.4 A subset A of an m-space (X,mx) is said to be m-dense in X [19] if
mCl(A) = X.

Definition 5.5 A multifunction F : (X,mx) — (Y,0) is said to be upper weakly m-
continuous [19] if for each point x € X and each open set V containing F(x), there exists
U € mx containing x such that F'(U) C CI(V).
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Theorem 5.2 Let X be a nonempty set with two m-structures m% and m% such that UNV €
m3 whenever U € mY, and V € m% and (Y, o) be a strongly s-normal space.
If the following four conditions are satisfied,

(1) a multifunction F : (X,mY) — (Y,0) is upper weakly s-m-continuous,

(2) a multifunction G : (X, m3%) — (Y, o) is upper weakly m-continuous,

(3) F(x) and G(z) are closed sets of (Y, o) for each x € X,

(4) A={z e X : F(z)NG(z) # 0},
then A = m3 C1(A). Furthermore, if F(x) N G(z) # 0 for each point z in an m-dense set D
of (X,m%), then F(z) N G(z) # 0 for each point z in X.

Proof. Suppose that z € X — A. Then we have F(z) N G(z) = (. Since (Y, 0) is strongly
s-normal, there exist open sets V and W with connected complements such that F(xz) C
V,G(z) ¢ W and Cl({U) N CL(W) = 0. Since F is upper weakly s-m-continuous, there exists
Ui € m% containing = such that F(U;) C ClI(V). Since G is upper weakly m-continuous,
there exists Us € m% containing x such that G(Uz) C CI(W). Now set U = Uy N Us, then
we have z € U € m% and UN A = (). By Lemma 3.2, we have z € X —m?3 Cl(A4) and hence
A = m%CI(A). On the other hand, F(z) N G(x) # 0 on D and hence D C A. Since D is
m-dense on (X, m%), we have X = m3Cl(D) C m% Cl(A) = A. Therefore, we obtain that
F(z) NG(x) # 0 for each point x € X.

Corollary 5.1 (Ekici and Park [6]). Let (Y,0) be a strongly s-normal space and F,G :
(X,7) — (Y,0) upper weakly s-precontinuous and upper weakly continuous, respectively,
and point closed multifunctions. Then the set {x € X : F(x) N G(x) # 0} is preclosed in X.

Definition 5.6 A topological space (X, 7) is said to be s-connected if X cannot be written
as the union of two nonempty disjoint open sets having connected complements.

Definition 5.7 An m-space (X, mx) is said to be m-connected [18] if X cannot be written
as the union of two nonempty disjoint m x-open sets.

Theorem 5.3 Let (X, mx) be an m-space and mx have property B. If F : (X,mx) —
(Y, o) is an upper weakly s-m-continuous (or lower weakly s-m-continuous) surjective mul-
tifunction such that F(z) is connected for each x € X and (X, mx) is m-connnected, then
(Y, 0) is s-connected.

Proof. Suppose that (Y, o) is not s-connected. Then, there exist nonempty open sets U, V
having connected complements such that Y = UUV and UNV = (. Since F'(x) is connected
for each = € X, either F(z) CU or F(z) C V. If z € FH(UUYV), then F(z) CUUV and
hence x € F*(U) U FT (V). Moreover, since F is surjective, there exist z and y in X such
that F(x) C U and F(y) C V; hence x € FT(U) and y € F*(V). Therefore, we obtain the
following:

(1) FR(O)UFH(V)=FtUUV) =X,

2) Fr(O)NFH(V)=Ft(UNV) =0,

(3) FH(U) # 0 and F+(V) # 0.
Next, we shall show that F+(U) and F* (V) are mx-open.

(i) Let F be upper weakly s-m-continuous. By Theorem 3.3, we obtain FT (V) C
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mInt(F*(CL(V))) = mInt(F*(V)) since V is clopen. Therefore, by Lemmas 3.1 and 3.3, we
obtain F*(V) € mx. Similarly, we obtain F*(U) € mx. This shows that (X, mx) is not
m-connected.

(ii) Let F be lower weakly s-m-continuous. Since V' is a clopen set with connected
complement, by Theorem 3.4 we obtain mCl(F*(V)) Cc F*(CI(V)) = F*(V). Therefore,
by Lemma 3.1, we obtain F* (V) = mCI(F*(V)) and by Lemma 3.3 F*(V) is m-closed.
Thus F*(U) € mx. Similarly, we obtain F*(V) € mx. This shows that (X, mx) is not
m-connected.

(i) and (ii) complete the proof.

Definition 5.8 Let (X, mx) be an m-space and A be a subset of X. The m-frontier of A,
denoted by mFr(A), is defined by mFr(A4) = mCl(A) N mCl(X — A) = mCl(A)-mInt(A).

Theorem 5.4 Let (X,mx) be an m-space and (Y,0) a topological space. The set of all
points © of X at which a multifunction F : (X,mx) — (Y,0) is not upper weakly s-m-
continuous (resp. lower weakly s-m-continuous) is identical with the union of the m-frontiers
of the upper (resp. lower) inverse images of the closure of open sets containing (resp.
meeting) F(x) and having connected complement.

Proof. Let x be a point of X at which F' is not upper weakly s-m-continuous. Then,
there exists an open set V of Y containing F'(z) and having connected complement such
that U N (X — FY(CL(V))) # 0 for every U € mx containing z. By Lemma 3.2, we have
x € mCl(X — F*(V)) and hence x € mFr(F*(V)) since x € F(V) Cc mCl(F*(V)).

Conversely, if F' is upper weakly s-m-continuous at z, then for every open set V of Y con-
taining F'(x) and having connected complement, there exists U € myx containing x such that
F(U) c CI(V); hence U C F*(CI(V)). Therefore, we obtain z € U C mInt(F*(CL(V))).
This contradicts that * € mFr(FT(CI(V))). In case F is lower weakly s-m-continuous the
proof is similar.

Remark 5.2 Let F' : (X,7) — (Y,0) be a multifunction and myxy = PO(X). Then by
Theorem 5.4, we obtain the result established in Theorem 21 of [6].

6 New forms of upper/lower weak s-m-continuity

In Remark 3.5, we point out that if F': (X,7) — (Y, 0) is a multifunction, mx = PO(X)
and F : (X,mx) — (Y,0) is upper/lower weakly s-m-continuous, then F is said to be
upper/lower weakly s-precontinuous [6]. Analogously, we can define new multifunctions as
follows:

Definition 6.1 A multifunction F' : (X,7) — (Y,0) is said to be upper/lower weakly s-
continuous (resp. upper/lower weakly s-a-continuous, upper/lower weakly quasi s-continuous,
upper/lower weakly s-b-continuous, upper/lower weakly s-3-continuous) if mx = 7 (resp.
a(X), SO(X), BO(X), B(X)) and F : (X,mx) — (Y,0) is upper/lower weakly s-m-
continuous.
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All results concerning upper/lower weakly s-m-continuous multifunctions obtained in
Sections 3-5 are applied to the multifunctions in Definition 6.1. For example, in case mx =7
we obtain the characterizations of upper/lower weakly s-continuous multifunctions from
Theorems 3.3 and 3.4:

Theorem 6.1 For a multifunction F : (X,7) — (Y, 0), the following properties are equiva-
lent:

(1) F is upper weakly s-continuous;

(2) FY(G) Cc Int(F™(CI(Q))) for each open set G of Y having connected complement;

(3) CI(F~(Int(K))) C F~(K) for every connected closed set K of Y;

(4) CI(F~(Int(CL(B)))) C F~(CI(B)) for every subset B of Y having the connected clo-
sure;

(5) F*(Int(B)) C Int(F*(Cl(Int(B)))) for every subset B of Y such that Y — Int(B) is
connected;

(6) CI(F~(Int(CI(@)))) € F~(CI(Q)) for every open set G of Y having the connected
closure;

(7) C{F~(@))) C F~(CUQ)) for every open set G of Y having the connected closure;
(8) Cl{(F~(Int(K))) C F~(K) for every connected reqular closed set K of Y.

Theorem 6.2 For a multifunction F : (X,mx) — (Y,0), the following properties are
equivalent:

(1) Fis lower weakly s-continuous;

(2) F~(G) C Int(F~(CU(Q@))) for each open set G of Y having connected complement;

(8) CI{FT(Int(K))) C FT(K) for every connected closed set K of Y;

(4) CI(F*(Int(Cl(B)))) C F*(CI(B)) for every subset B of Y having the connected
closure;

(5) F~(Int(B)) C Int(F~(Cl(Int(B)))) for every subset B of Y such that Y — Int(B) is
connected;

(6) CI(F+*(Int(Cl(@)))) € FY(CIQG)) for every open set G of Y having the connected
closure;

(7) CI(FT(G))) C FT(CIQG)) for every open set G of Y having the connected closure;

(8) Cl(FT(Int(K))) C FT(K) for every connected reqular closed set K of Y.
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