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Apriori Error Bounds in Linear Elasticity
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Abstract. The present paper presents some a priori error bounds for
linear elasticity. It presents the equations of the linear elasticity, and the
main features of error analysis. The present paper introduces Cea’s lemma
in & perturbed case for a weak approximate form of the first fundamental
problem of linear elasticity.
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1 Introduction

In this paper we will present the equations of linear elasticity and a discussion
over some a priori error bounds in linear elasticity. The main result behind the theory
presented here is Cea's lemma, the novelty of this paper consisting in its implementation
in & perturbed case. The flowchart of this paper is the following: in section 2 the basic
equations of linear elastostatics are presented following the idess from [1] (M.E.Gurtin).
Section 3 presents the weak formulation of the equations presented in section 2 and the
main result of this paper: Cea's lemma in a perturbed case. The a priori bound obtained
is given by the formula (3.24).

2 Basic equations

Let D = (0,1) % (0, 1) be a bounded domain in the bi-dimensional Euclidian space.
Suppose that the domain D is occupied by an isotropic and homogenous medinm. As in
[4] (P.P.Teodorescu), the basic equations of equilibrium of the linear elasticity are:

- the equilibrinum equations:

tgapg +pofa=0 on D (2.1)
- the constitutive equations:
tag = 2HEqs + Aerbag on D (2.2)

- the strain-displacement equations:

1
£ap = 5 (Uap+upe) on D (2.3)
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where, u, are the components of the displacement vector, t,s are the components of the
stress tensor, £,g are the components of the strain tensor, f, are the components of the
specific body force, A, 4 are Lame constants, characteristic of the material. We'll attach
the following boundary conditions: ,

U =Ty on T (2.4)

where %, are continuous given functions on I' = 80}, Thus the first fundamental bound-
ary value problem of linear elasticity consists in finding u,, which satisfy (2.1)-(2.3) and
the boundary conditions (2.4).

After some elementary computations, we can state the problem:

ptg gg + (A + p)ugga +fa=0 on D (2.5)
Uy =8y on I', =12 A=12 (2.6)
Considering the formula: '
Au = Vdiv u—rot rot u (2.7)
the equations (2.5) become:
(A+2p) Adiv u = —div f (2.8)
If we apply the operators div and rot then to the equation (2.8) we obtain:
(A+ 2u) Adiv u = —div f (2.9)
and
pdrot u= —rot { (2.10)
Let's make the following notation:
v=pu+%{h+#]pdﬂw u, where p(x)=x-0. {2.11)
Applying the Laplace operator to (2.11), we can write:
Av = pAu+ (A+ ) {Véiv u+ p (Adiv u)) (2.12)
In this way ([1]), from (2.8), (2.9) and (2.12) we obtain:
A+ p ;
Avef - ———pdivi 2.13
v 20 +2p)° (213)

Thus, by changing accordingly the variables, the first fundamental problem of linear
elasticity becomes:

=Av=f on D (2.14)
v=0 on T (2.15)

The boundary condition is also obtained using a mnﬁponﬂing variable transformation.
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3 Weak formulation. The finite element method

In order to obtain the weak form of our problem we will define the following solutions

gpace S
S={v|veH'(D), v=0 on T} (3.1)

Let's suppose that the solution is continuous on D and thus we'll have: S = H(D). In
this case the existence and uniqueness of the weak solution is an immediate consequence
of the Lax- Milgram theorem applied on the space S.

Let’s consider a weight function w € Hj(D). Multiplying the equation (2.14) by
w and integrating the resulting equation on [}, we can state the weak form of the first
fundamental problem of linear elasticity:let’s determine u € 5 so that:

Lwﬁudﬂ=j;wfdﬂ, vw € H} (D) (3.2)

Let's define the following functionals on H (D) x H} (D), and respectively on H} (D):
B(w,u) = L (Wm0 W,y 0,y ) dady (3.3)

Uw) = f w I iy (3.4)

s}
In this way, the weak form of the problem (2.14), (2.15) can be stated: let's determine
u € 5 such that:
B(w,u) = l(w), ¥Yw e HM}D) (3.5)
In order to implement the finite element method, let’s consider the finite dimensional
subspace Sk = § and the approximation u® € S . In order to generate the mesh on D,
let's consider the nodes: x; =th,i=1,... Nseiy, =ih,i=1,... N whereh = % Let's
denote: Tj; the triangle with the verices (z;,%;), (Zi,¥j+1), (Zit1,¥5), Tiz the triangle
with the verices (z;,¥;), (Z:,¥541), (Ti1,¥541), Tis the triangle with the verices (mi,v5),
(Tie1,43); (Lit1,¥5+1)s Tia the triangle with the verices (x;,3;), (=i, 95-1), (Zi-1,25), Tis
the triangle with the verices (zi,v;), (Ti,¥5-1), (ZTis1,¥j-1), Tis the triangle with the
verices (24, 45), (Tit1,¥5): (Tiz1,¥j-1). In this notations we can consider the following
base of shape functions in S
¢ T—=Ti Y=y
h  h

1_%&r {I1y]ETﬂ
i — X
1- h ] {ZJFJET;-E
@yj(z,9) = 4 1-5'_;_’3 _E.f_;_Er (x,y) € T (3.6)
Vi—¥
h

o
=, (z,) € (z.y) € Tia

0, in all other cases

3 Eﬂ:;y} = Tli

) [mhy:l E TEE

T
1~
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The approximative weak form of the problem can be stated: given £, and & , let's
determine u® such that:

B(whu") =1(w"), vw"e Hj(D) (3.7)
MNext we recall a famous result in the elliptical equations theory: Céa’s lemma ([3]):

Céa’s lemma. If u € § and u* € 5" then we have:
llu =~ u*llus(p) < € min |ju— VMl ), C >0, const. (3.8)

The demonstration of the lemma is immediate and we'll discuss it only in a self-
adjoint case in the following., Another classic result in the error analysis of the finite
element theory is:

Jin, |lu— g it [ [PPEV (3.9)

where k i= the order of the polynomials from the finite element basis space.
The equation (3.5) is self-adjoint because the elasticity tensor C is positive definite.
In addition, we have:

B(v,v) 2 k |Vl oy, v € H3(D) (3.10)
Let's define on H3 (D) x H}(D) the following bilinear symmetric form:
[u,v]g = B(u,v), u,veHj(D) {(3.11)

One can notice immediately that [, |5 is a scalar product on H}(D). Let's consider
the energetic associate norm ||ul|g:
l[ullz = (B(u, w)}. (3.12)
More details about the energetic norm associated with a positive definite bilinear
form can be found in [2] (8.G.Mihlin).We have S" C H}(D), if we take w = w" € §* in
{3.5) we obtain:

B(w", u) = l(w"), wwh"e st (3.13)
On the other hand, the approximative weak form of the problem (3.5) is:
B(w" u") = I(wh), wwhe st (3.14)
From (3.13) and (3.14) we obtain the notorious Galerkin ortogonality relation:
B{u-u"wh) =0, vwhes" (3.15)
which can be written:
[u— 1.1.",'.-11.?"‘15l =0, Ywhesh (3.16)

Let's prove Céa lemma in a self-adjoint case: if u € § and u® € 5* then we have
the formula:

— mi h
ha—utls = min jja—v"is. (3.17)
From (3.15) we have:
lu—u?% = (u—u*u-u")_=(a~uvhu), ~ (u—u" v,
=(u—vtu), =(u-v’u), - (u-u"v"),

=(u-utu-v",, whes (3.18)
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On the other hand, from (3.18) and the Cauchy-Schwarz inequality we have:

llu—wt)} = (u—u*u=v*), < lu—ullgllu-v¥s, Whes*  (3.19)
We have:
e —u?|s < [lu-v"|p, v"es" (3.20)
or, .
—_— — . —\"h r3.21
llu~w*llp = min |ju—v"|z (3.21)

In the following we'll comit a “variational crime”, considering the following weak
form of the problem:
B (wh ut) =i* (wh), wwhesh (3.22)
where | (w") is numerically approximated by I* (w"). In this case Galerkin's orthogo-
nality relation doesn't hold:

B(u—u",wh) =1(wh) —1* (wh) 0, vwhesh (3.23)

and Céa's lemma becomes: if u € § and u" € " then:

A W2 A V2 JH{w™) — 1 (w?)|
u—nu <L —— min {la—v b sup
I oy < —5— min, || lerrimy + =5 whear  |IWP||ai(o)

(3.24)
From (3.10), we have:
Kl - 0oy < B (u — b, u - )
=B (u-u"u-v"+ B (u-u v"—uh)
5B[u—uh,u~—v1‘]+f{vh-—uh) + 1 (vh = uh]
< kyllu = u| gy lla = v*|E oy

J“:"."h} ! {“‘h}l '3 h
-+ up Vo — | |HY(D 3.25
-jesh [Iw? |l eroy I e o) (3.2)

Let's denote:

Hwh) — 1% (wh)
e Py = sup L=
whean  |[WP|[a1p)
From the triangular inequality and (3.26), the formula (3.25) we have:

(3.26)

kllu = w3 o) < Fallu — 0Mlgs oy llo = v oy
1= ")) n (la = 0® e oy + |2 = v [z o))
= |Ju— M| g1 oy (kafla = ||y + )1 = 1*l|-1,0)
+ |12 = |-y a0 = ut|| gy (3.27)

More, if we'll consider the inequality:

1 o kg
afl < —af 4 =3 o, 8 > 3.28
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we obtain:
e — u"|| g goy (s fla— v oy + (8= 1] -1,8)
< o= (Rl = VMllasgoy + 1= P1|-10) + Sl = 0o, (3.29)
In this way, from (3.27) and (3.29) we have:

2
2w — u* |y < (Ralfu— v gy + 0= 1% -1,)

+ 2kl = |- 1 a0 — )|z oy (3.30)

or, ,
K2 lja = |3 py £ 2 (kallu = || oy + 1= 1%)|-1,n) (3.31)

In other words, we have :
k1v/2 V2
kllu = u®lars(py < ==l = V¥l oy + 10— ll-nn (3.32)
or
k2 V2 H(wh) — M (wh)|

o <k in Il — vh e 3.33
[l —u*||gpy < % oo, [lu=v*|gemy + v e " Tlmcor (3.33)

which is the desired result.
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