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1 Introduction

In this paper we are concerned with the stability of the following delay equation,
considered in [1] by R. Datko.

di ~ i

S [u{t} - ‘i Bju(t — nj]‘ = Auft) + iﬁju{t ~hi), t=0 (1.1)

where A is the infinitesimal generator of a Cy—semigroup on a Banach space X, A; and
B; are linear bounded operators on X and h; are fixed positive constants,

Using semigroup methods under some h}'p-uthe.ses on the operators {A;}7%, and
{B;}™;, R. Datko has proved the existence and the uniqueness of the solution for prob-
lem (11 1). In [2] he also studied the exponential stability of a similar delay equation on
X =E"

% [u{t) - i Bju(t — ::r:hj}] == iﬂ.ju[t —~ah;), az=0 (1.2)

i=1 =1
The problem raisen by R. Datko is in what extent do the stability properties of (1.2)
depend on a change of .

We are going, now, to investigate the stability of problem (1.1) in a quite different
manner, regarding A; and By as a perturbation of an appropriate Cauchy problem with-
out delays and under some additional hypotheses for 4, 4; and BEj;, establish sufficient
conditions for the exponential stability of the solution.

This technique is already practiced for some time and provides an elegant tool for the
study of delay equations (see, for instance, Yan van Neerven [4], whose work generously
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influenced our present paper, and also S. Nakagiri [3]) but we are interested in extending
it to neutral functional differential equations,

2 Preliminaries

Let X be a Banach space with the norm ||- || and C the complex plane.
Let € = Clj_p,0,x] = {#| ¢ :[=h,0] = X is a continuous function} with the usual

SUp—TOorm
il = sup{ll(®)ll, ¢e€[-h0]}, ¢eC.
If X is a Banach space then £(X) denotes the Banach space of linear bounded operators
from X into itself with the sup—norm || -|| 2.y
Let A : D{A) € X — X be the generator of a Cy—semigroup of operators on X,

T = (T(t))ezo-
Let {A;}7%, and {B;}].; be constant operators from L(X) such that:

Range B; C D(A), AB; € L(X) for every j=1,m
and h; € RY with 0 < h; < hz <+ < b = h. Consider the equations:

% [u{t] - iﬁju(: - hj}] = Auft) + i Ajult—hg), t=0 (2.1a)
j=1 F=1

u(t) = ¢(t), te[-h0), ¢eC. (2.1b)
The problem (2.1a)~(2.1b) can be written in the integral form:

u(t,0,¢) = ZB(tah_.,,ﬂ ¢}+Tt}]: $(0) — 234:{ hj}]

= o (2.20)
+f Tt —7) Z{Aj+AB‘;}u{rvhj,D,¢} dr, t=20
0 ge=1
u(t,0,¢) = ¢(t), te[-h,0], ¢EC. (2.28)

Every continuous solution of problem (2.2a)—(2.2b} is called a "mild" solution for
the problem (2.1a)-(2.1b),

In [1] the author estabhshed that for each ¢ € C? there E.:lusts a unique solution for
(2.2a)~(2.2b), which is continuous on [0, +00).

Let u(t,0, ) be this solution.

In order to study the asymptotic behavior of u(t,0,¢) by semigroup methods we
introduce the application:

ug(¢,0) = {u(t +7,0,¢), 7€ [-h,0}}
and the map:
SRy — L£[C)
defined by:
S(t)p = ue(,0) = {ult +7,0,¢), 7 € [-h,0]} (2.3)
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Propaosition 2.1. ([1]) The map defined by (2.3) is a Cy—semigroup on C. [tz generator
A i given by

D(A) = {qﬁ eC|3¢ €€, ¢(0) € D(A) and

. T e (2_4}
8'(0) =D By#'(=hy) + ) Asd(—hy) + Ap(0) }
Je=1 =1
and
¢/(r) for 7 € [=h,0)
A — ™ L " 25
@ =9 49(0)+ > Agp(=hy) + 3 Byt (=hy) (2:)
i=1 =1
In the following, let us consider two constants [5]:
w the abscissa of uniform boundedness so(A) of the resolvent of A
sg(A) = inf{w e R | {Re A > w} C p(A) and sup [|R(), A} < cc}
Re A»w
o the growth bound w,(A)
wi(A) = inf{w € R} there exists M > 1 such that
IT(t)z)| < Me“*||z|lp 4y for all =€ D(A) and t = 0}.
The relation between them is given in [5]
—oo = wq(d) = sld) < oo (2.6)

T = (T'(t)))i>o0 is said to be expenentially stable if wy(4) < 0.

3 The stability theorem

Let us, first, remind the following result:
Lemma 3.1. ([5]) If A is a closed operator on o Banach space X and 0 € p(A) such
that sup IR(A, A)| < M and if Q5 = {) € C | dist(}, Q) < 8}, where 6 = E;Tf then
{1z € p(A) and sup ||R(A, A)|| < 2M.
AR
Theorem 3.2. Let T = (T'(t))sz0 be a Co-semigroup of linear operators on X and

A D(A) € X — X its infinitesimal generator; suppose sp(A) < 0 and consider the
delay equation

d: m m - .
p (u[t}l - ;Bju{t - hJ}) = Au(t) + ; Aju(t — hj) (3.1)

u(t) = ¢(t), te[-h0], ¢l
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where A;, B; € L£{X), RangeB; © D(A) and AB; € L(X) for every 7 = 1,m and
hjemfl- wtﬁhﬂ{h‘ {fbg‘::“' ‘:hvn'-:h'- _.rf,

m
sup ||R (dw,ﬂz e~k (A +t'wBJ-:|) <1, (3.2)
wER ;
i=1
then the solulions of (3.1) are exponentially slable.
Proof. First we prove that under the above hypotheses,
e
{\eC|ReA>0}Cp| A+ e M(4;+28;) |- "
=1

As sp(A) < 0 we have that {A € C |Re A >0} C p(A) and sup ||R(A A)| < co. Fix
Re A>0
A e p(A), with Re A > 0 and define:

V(A): X — X, V(A) = R()\, 4) ig-“i[fij + AB;)

=1
Let us chserve that the funetion:
V:{AeCT|Re >0} — L(X)

is & bounded analytic function because:

V(A) = R()A)D e ™Mid;+d e MR(M A)AB; =

Jml FL!

=R(M\A)Y e MA; 43 e M (R(A, A)AB; + By) =
j=1 J=1

= 3" e MR(, A)(A; + AB;) + B

J=1

™
VOO < SR, AIAS ]+ LAB 1)+ 1B;1)
i=1
Since 4;,B;, and AB; € L{X) for every j = 1,m and for A € p(A) with Re X > 0 also
R{x, A) is bounded, it follows that V(}) is also bounded,
As the suprema along vertical lines Re A = a of bounded analytic functions decreases
as a increases, for all A € C with Re A > 0, and using {3.2) we have:

V() < sup ||V(iw)|| <1 -4, forde (0,1) (3.3)
welR "
It follows that I — V' (A) is invertible and by Newmann series we obtain:

l-ven < -dr =< (3.4)

ez}
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Let us denote by A(A) : D{A) C X — X the operator:

AN =AM — A= e Mi(4; + AB;) with A € p(4) and Re A > 0.
J=1
If we use the identity:

AN = (= AT = V(\), (3.5)
it follows that A{A) iz a closed, invertible operator, being the composition of a bounded,
invertible operator and a closed, invertible one. Therefore, for A € p{A) with Re A > 0,
it exists A™1(A) : X — X and by the closed graph theorem it is a closed operator,

“1(\)=R (}'\,A + i e (A, + Aaj-})

jml

and taking into account {3.5) and (3.4} we have:

=1

H(). A+Z ~Mhi( 4, +:a3j}) (I = V()" R(), A) and
(3.6)

< IR, 4)
je=1

(,x A+Z 3 (A; + AB; })

The following step s to prove that
{AET|Re =0} p(A) -

where A is defined as in Section 2.
Let A€ C, Re A > 0 and let o € C. We construct g € D(4) so that:

(AT = A)g = (3.7)

where:

fJ{A:r:{gemqec. 9(0) € D(A), '(0) = Zjﬁjg{ ~hy) +Zﬂig{v +Agm}}

and
g'(s); s € [-h,0)
0= 0 ag(0)+ 3 gol—hy) + 3" Bya'(hy) -
By (3.7) and (3.8) we have: - -
9'(s) — Ag(s) = —p(s) for s € [~h,0) (3.9)
and

— Ag(0) — Zﬂjy{ h}—ZBJg —hy) = p{0) (3.10)



170 SANZIANA CARAMAN

Solving (3.9}, we obtain:
o
g(s) = e**g(0) +f eMe=Oi(¢)de, 5 € [-h,0) (3.11)
And by (3.10), (3.11):

Ag(0) - Ag(0) - iﬁj (ﬂ‘”‘*gm} + /4] N
—ZE [Jke""‘ig +:«fa

And finally:
A(M)g(0) = Z: +~"~B1fﬂ e Np(C)dC - Y Byp(—hs) + p(0)

= J=1

- ’*:'-ﬂaamdfi) .

MR~ p(C)ag — w(—hf}] = ¢(0)

i

L
AsAep (A + 3 e (A + J\_Ej]) it follows that:

i=1
g(0) =R (}.,A + 3 e (4 + Aﬂj}) (Sxie+ (D)) (3.12)
j=1
and
g=ER (A, A4 Z e (A + }'.Bj]) (Sae+ w(0)) + Thye (3.13)
=1
where:

E,:X=C(C, E;,.'r:=c"'.-1.‘
8y :C— X, Sgtp‘-ZB Abs (A +13}ﬁ e~ p(¢)d¢ — ZB:,@( hs)

jual a=1

Ty:C—C, Ty =f M =p(()ag
Observe first that:
IEszlle < I Ballex e 1=l

e A As As —
IBsalle = le*zlo = sup [le¥al|= sup [e*|ell = Jiz)

Thus
lEallex,ey =1
ITaelle = 1Tl ey llelle

li]
ITelle = =up U‘] M-8 *f]fI{H'{“W”c sup f eRe Ms—Ogg =
s€[-h 2&|—h,0]
| e Al
— Bl [ MREP T -
lelle, o0 ) {RE AJ el
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Therefore ||T;,“£{C] < h.
It remains to study the boundedness of

R (l,A +y e M4 + w,,-}) Sxip. ok

jml
By (3.6) and the identity
R()\ A)AB; = R(\, A)AB; + B;
we obtain:

R (/"'-.A +) e (A + ABj]l) Saip =

J=1

= (- vm}—rﬂu,mie-waj f_ Dh e~ M p(C)dC+

i=1

HI =V Y e (R(A, A)AB; + B;) f' e (O

i=1

Feml F=1

~R (A, A+ ie‘ Ma(Ay + Aﬂj}) i Byip(—hy)

Therefore, if A € p{A} with Re A > 0 we have:

lolle < (%HREA AN 4511+ D (RO, AIAZ+ |55 1)A+

=1
. ;ﬁnw,AJﬂgsssﬂi +h) el

As A;, B; and AB; € L(X) for j = 1,m and R(A, A) is bounded, it follows that there
exists k € R}, not depending on A, such that:

h .. 1
EHR(A’A}H; (l[ﬁjll + | AB;|| + (1 + E) Hﬂjﬂ) +h<k<co

or |lglle < klglle, thus {A € T | Re A > 0} € p(A) and as ||gll. = [|R(} Ag|; =
RO A ey elle it follows that

NR(A Al gy <k and S N1 &(A Al oy < 00
Using now Lemma 3.1, it results that s3(.4) < 0 and, by (2.6) w;(A)} < 0, which means
that there exists M > 0 and w > 0, such that for all ¢ € D{A) we have:

llult, 0, @)|| < Me™*||gll g4y
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