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Dynamical Hamiltonian Systems on
Hamilton Spaces H*"
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Abstract. In this paper we study dynamical Hamiltonian systems on some
submanifolds of the dual bundle of a k-tangent bundle, Using the notions of
symmetry and pseudosymmetry we obtain a kind of conservation laws for the
higher order differentiable Hamiltonians, like in the case of classical Hamilto-
nians on T M (see [3], [13], [14], [16]). The particular case of Cartan spaces
of higher order is also treated. Finally, on presented the cases of generalized
Hamilton spaces and generalized Cartan spaces of order k& = 1, are discussed.
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1 Introduction

Let M be a smooth, n-dimensional manifold, C**(M) the ring of real-valued smooth
functions, A'(M) the Lie algebra of vector fields and AP(M) the O™ (M )-module of p-
differential forms, 1 = p < n. For X € A{M) with local expression X = X "'{:r,}g% we
consider the system of ordinary differential equations which give the flow {®,}; of X, locally,

*(t) = %(:} = XYz'(t),...,2™(t)), i=1L,...,n (1.1)

A dynamical system is a pair (M, X), where M is a smooth manifold and X € A (M),
A dynamical system is denoted by the flow of X, {#;}; or by the system of differential
equations (1.1).
A function f € C™(M) is called a conservation law for dynamical system (M, X} if f
is constant along the all integral curves of X (solutions of (1.1)), that is
Lxf=0, (1.2)
where Ly f means the Lie derivative of f with respect to X.

If Z & X(M) is fixed, then ¥ € X (M) is called Z-pseudosymmetry for (M, X) if
there exists f € C**[M) such that LxY = fZ. A X-pseudosymmetry for X is called
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pseudosymmetry for (M, X). ¥ € X(M) is called symmetry for (M, X) if Lx¥ =0.

w € AP(M) is called invariant form for (M, X) if Lyw =0

Now, if (M, w) is a symplectic manifold (dim M = n = 2m) then the dynamical system
(M, X) is said to be a dynamical Hamillonian system (or, shortly, Hamiltonian system) if
there exists a function H € C°°(M) (called the Hamilfonian) such that

{'xp_,l = —dH. {1. 3]

where iy denotes the interior product with respect to X,

It is known that the symplectic form w is an invariant 2-form for (M, X) and the
divergence of the Hamiltonian vector field X vanishes.

From (1.3) it results that the Hamiltonian H is a conservation law for (M, X).

The next result which gives the association between pseudosymmetries and conservation
laws is due to M. Crdgméareanu ([3]) and G.L. Jones ([5]).

Proposition 1.1. Let X € X (M) be a fived vector field and w € A*(M) be a invariant
p-form for X. If ¥ € A(M) is symmetry for X and S,, ..., 5,-1 € A (M) are (p—1)
Y -pseudosymmetry for X then
& =w(X, 51,...,5-1) (1.4)
is o conservation laws for (M, X).
Particularly, if Y, 51, ..., Sp-1 are symmetries for X then ® given by (1.4) is a
conservation law for (M, X).

2 The dual bundle of k-tangent bundle

Let M be a real C*-manifold, n-dimensional and (T%M, 7", M) its k-accelerations
bundle (k € N*), which s also called k-tangent bundle. It can be identified with k-osculator
bundle (Osc® M, 7", M). A point u € T*M has the coordinates (z,p'",... .y™), 2 e M
and ¥, ..., ¥'*® are the "higher order accelerations” [y':h]' - ﬁ%, h= m The local
coordinates of u are (z*,yMi, ... y(®)),

We define the dual of (T*M,7* M) as being (T**M, 7% M), where T**M is the
following fibered product

T*M =T "M xp T" M. (2.1)
Clearly, (T*- M, w*=1, M) is the (k — 1}-accelerations bundle and (T M,w* M) is the
cotangent bundle of the basic manifold M. So, T**M is a C™°-differentiable manifold and
dim T** M = dim T* M = (k+1)n. A pointu € T**M is of the form u = (z, 4™V, ... ,y* 1 p),
7**(u) = z and u has the local coordinates (z*,y'1, ... yt&=1¥ p.).

For k = 1, T"' M is identified with T*M. For more details, see the papers [10], [11]
and the books [7], [9), [L2] of Acad, Radu Miron, where all this mathematical objects were
introduced.

Let us introduce the following differential forms ([9], [12]):

[ =-'p,'d${,

. 22
w=df = dp; A da. 22)
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The forms § and w are globally defined on the manifold T** M and w Is a canonical
presymplectic structure of rank 2n on the manifold T*%M, k > 1.
On the manifold 7% M there exists at least a Poisson structure ({12]):

{ }eor: (7.9) € C(T™* M) x C*(T™* M) = {f. g}, € C°(T* M),  (2.3)
defined by

af a8g &f dg

(hhohr = 50553, ~ it - (2.4)

3 Dynamical Hamiltonian systems on Hamilton spaces of
order £ > 1

A mapping H : T"‘J.n}f__: R is called a differentiable Hamiltonian of erder k, k = 1, if
H is a C™-function on 7"*M = 7**M \ {0} and continuous on the null section of w*¥,
For a differentiable Hamiltonian H(z,y™),... 9%~ p) we consider its Hessian with
respect to p;. Jts matrix has the elements
y 1 8*H
if (1} i ERL J A q
g {mly 1"“1‘9I Pp} 25}?.1’3?}3 (3 l:'
and g is a d-tensor field on T**M, of type (2,0), symmetric and contravariant. We say
that H Is regular if

rank {jg¥|l=n on Tk M. (3.2)

Definition 3.1. (R. Miron, [10], [11], [12]) An Hamiltonian space of order k, k = 1, is
a pair H¥® = (M, H(z,yM), ... ,y* 1 p)) formed by a C°°-manifold M, n-dimensional
and a regular Hamﬂmnm_f order k, H with the property that the d-tensor field g* has a

constant signature on T M.

As usually, H is called the fundamental function and g fundamental tensor field of
the Hamilton space of order k.

Now, let us consider the bundle (T**M, 7 ,T* M), where 7*(z,yV,...,y* U, p) =
(z,p), and its canonical section

oo (z,p) €T'M — (3,0,...,0,p) € T" M.

If we denote by Ey = Tm op then it follows that Iy is an immersed submanifold of
the manifold T"*M with dim g = 2n (see [10]). We remark that Tp has the equations
{y{ﬂ* =0, ..., y"® W =0 (i=1,...,n) and (z*, p;) are the local coordinates of the points
(z,p) € Eq.

Let us denote the restrictions of w and H to the submanifold Ly by wy and Hy,
respectively. In a point w = (z,p) € Iy the tangent space T,y has the natural basis

{Ei'rlu! ﬂif"ilu} and natural cobasis {Iﬁﬁilu . dp;t“}. Then the pair (M, Hp) is a classical
Hamilton space of first order having the fundamental tensor field g*(z,0,...,0,p) = %ﬁ}n =
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(o, whp) is a symplectic manifold and { | },, defined by
ool E, . S50 (3.3)

is a Poisson structure on Eg .
Following the ideas from [9], [10], [14] we have:

Theorem 3.1. i) There exists an unique vector field Xy, on Eg with the property
'E;XHD“-’D = —dHp. {34}
ii) Xy, has the local form
&Hu g dHp 8
X . 3.5
Ha 5‘1) o Brt ﬂp (3.5)
The integral curves of vector field Xy, are given by the "Eg-canonical equalions” of the
space H*M (Hamilton-Jacobi equations):

d? 8Hy dpy 8Hy (1) (= 1)
—_— = —— T — i Paw — u .
Z " op' & o ¥ 0¥ (3.6)
i) The following formula holds:
{figto = wo(X;p, Xg), ¥, 9 C%(Xa). (3.7)

Corollary 3.1. The dynamical system (Lo, Xpg,) 19 a Hamiltonian system and the symplec-
tic form wy is an invariant form for Hamiltonian system (Ep, Xp,), with the Hamiltonian
Hyp.

Corollary 3.2. Hy is constand along the integral curves of Xy, , that is H is a conservalion
law for Hamiltondien system (Eo, X g, ).

For obtaining new conservation laws for the Hamiltonian system (Ip, Xpy,) one can
apply the Proposition 1.1 and it results:

Proposition 3.1. If ¥ € X(Zq) is a symmelry for Xg, and 2 € X(Lp) is a Y-
pseudosymmetry for Xy, then
& =wp(¥, 2) {(3.8)
is @ conservation law for (Zp, Xg,).
Particularly, if ¥ and £ are symmetries for Xy, then ® from (3.8) is a conservation
law for (Zo, Xm,).

IfY = ¥P2 + Vgl and Z = 2*;% + Zyzk then (3.8) becomes

~% (0 zZk " e
= (y*
o=(v* #) (1 D) (zk) Wz —Y*Z. (3.9)
Corollary 3.3. If ¥ € X(Zp) is ¢ Xy, -pseudosymmetry for Xy, then
P =wp(Xg,,Y)=—LyHy {3.].[]:]
or
3Hn & BH{V—-‘
= ——— —_ 3.11
@ =S5V + 32 (3.11)
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is a conservation law for (Do, Xg,).

The previous theory can be extended to the other Poisson structures {, }_, (o =
L., k=1},

So, for ¢ € {1,...,k — 1} and the point 23 € M, fixed, let's consider the subset of
T"EM,

=dy= (1) ih-1} k ¥ = T0,

e L e VP I §

Then Z, is an immersed submanifold pf the manifold T**M, with dim T, = 2n. The
local coordinates of a point u € £, are (y®) p;} and the tangent space T}, By has the natural
basis { Fy%‘ﬁ‘ . E’?-I } and natural cobasis { dy'™)|_, dpi|,}.

u Ylu =
If we consider the [ollowing geometrical object fields on the manifold £,
0 = pydy(@h,
Wo = di, = dp; A dylel,
then the pair (E,, wa) is a symplectic manifold.

Let us denote the restrictions of w and H to the submanifold £, by w, and H,,
respectively. Then the pair (M, H,) is a classical Hamilton space of first order having the
fundamental tensor field g*/(zp,0,...,0,4'*),0,...,0,p) = %%E%-;,

Following the ideas from [9], [10], [12], [14], [16] we have:

Theorem 3.2. i) There erists an unigue vector field Xy, on B, with the property

iXg, Wa = —0H, . (3.13)

(3.12)

i) Xy, has the local form

a8H, @& dH. &
T op By ayl=¥ap;
The integral curves of vector fleld Xy are given by the "B, -cononical equations® of the
space H'*M™ (Hamilton-Jacobi equations):

'Xn (3.14)

dt p; ' At ByleN

o . (a)i :
zt =z, ym}‘=ﬁ,ﬁ~_—.1,.__rk—-l,,3?éa,dy o S B oL (3.15)

Corollary 3.4. The dynamical system (B, Xy_) is a dynamical Hamiltonian system with
the Hamiltonian H, and the symplectic form wy és an invariant form for (Z., Xg, ).

Corollary 3.5. H,, is constant along the integral curves of Xy, , that is H is a conservation
law for the dynamical Hamillonian system (2., Xg. ).

For obtaining new conservation laws for the Hamiltonian system (Z,, Xg_) one can
apply again the Proposition 1.1 and we obtain:

Proposition 3.2. If Y € X(E.) is a symmetry for Xy, and Z € X(Z,) is a Y-

psendosymmetry for X g then
b =w,(Y, Z) (3.16)
is @ conservation law for (E,, Xu,) .
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Particularly, if ¥ and Z are symmelries for Xp_ then ® = w. (Y, Z) from (3.16) is
a conservation law for (Ta, Xg_).

HY =Y*sEr + YVig and Z = 24— + Z;.-2 then (3.16) becomes
By Bpw By Bpe

=3 (0 =1y (2% - =
I 27\ _ b _ vh
o=(v* %) (1 ﬂ) (zk) =Tz" ~Y*Z,. (3.17)
Corollary 3.6. If Y € X(E,) is a Xy -pseudosymmetry for Xg_ then
P =wo(Xpg,,Y)=-LyH, (3.18)
. 8H, aH,
_ o k -
S AR (3.19)

is a conservation law for (., Xy ).

4 The case of Cartan spaces of order k > 1

As we know from the books of Acad. Radu Miron (9], [12] the "dual" of the Lagrange
space of order k = 1, L™™™, via Legendre transformation, is a Hamilton space of order k > 1,
HU", Thus, the "dual" of the Finsler space of order k > 1, F(*)* is a Cartan space of
order k = 1, C'™)™ (see (8], [12]).

Definition 4.1. (R. Miron, [12]) A Cartan space of order k > 1 is a pair
cIm = (M, K(z,4,... 4™ 1 p)) for which the following azioms hold:

1% K is a real function on the manifold T** M, differentiable on T** M and continuous
on zero section of the projection w*% : T* 0 — M.

2°K >0 on T** M.

3% K is positively k-homogeneous on the fibres of the bundle T**M, i.e.

K(z,ay®,...,a* y*D abp) = b K (z,yM,...,y* D p), VaeR*.  (41)

4" The Hessian of K2, with respect to the momenta P, having the elements

i 1 & K?
(g gy k=1 5y 2

(4.2)

15 positively defined.

From (4.2) we deduce that g% is contravariant tensor of order two, symmetric and

nondegenerate, i.e. rank||gV|| =n on T+ M .

The function K is called fundamental (or metric) function of ™™ and g% is the fun-
darmental tensor of this space.

Obviously, if C™*I" = (M, K) is a Cartan space of order k, then H*)" = (M, K?) is a
Hamilton space of order k having the same fundamental tensor g* as the space C(FIn, fr(kin
will be called the Hamilton space associated to the Cartan space of order k , /%™, Al
geometrical properties of H*I" = (M, K?) are geometrical properties of (0" = (M, K),

So, using the canonical presymplectic structure w from (2.2) and the submanifolds
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Zoy Bay (@ = 1,...,k = 1) of T°*M, from the previous section, we will obtain again all
results from the previous section for the differentiable Hamiltonian H = K2, where K is the
fundamental function of a Cartan space of order k, C*™ = (M, K(z, 'V, ..., 1, p)).

5 The case of Generalized Hamilton and
Cartan spaces of order k£ > 1

The results from previous sections can be written for the cases of Generalized Hamil-
ton spaces and Generalized Cartan spaces of order & = 1, for which the Hamiltonian is
represented by the absolute energy of the space, £ = g™ pip; .

Definition 5.1. (R. Miron, [12]) 4 generalized Hamilton space of order k is a pair GHFI™ =
(M, g% (z,y,...,y%*),p), where
1° g% is a d-tensor field of type (2,0), symmetric and nondegenerate on the manifold

e ——

T M, )
rank ||g¥]| =n. (5.1}

——

2° The quadratic form g*/ X;X; has a constant signature on T"FM .

The tensor g¥ is called fundamental for the space GH'™™, The absolute energy
E(z,y™, ..., 4% Y p) is a differentiable Hamiltonian uniquely determined by the funda-
mental tensor g*/ of the space GH*)™, It allows to determine the Hamilton-Jacobi equations
of the space (for more details, see the book of Acad. Radu Miron [12]).

So, all results from section 3 are true for the differentiable Hamiltonian £,

Definition 5.2. (R. Miron, [12)) A generalized Cartan space of order k is a generalized
Hamilton space of order k, GH"™ = (M, g%}, for which the fundamental tensor g' satisfies
the azioms: B

1° g is positively defined on T"FM .

2° g is D-homogeneous on the fibres of the dual bundle (T M, 7% M).

We denote GCF™ = (M, g¥) a generalized Cartan space of order k.

Taking into asccount that the absolute energy £ = g¥p;p; is 2k-homogeneous on the
fibres of the bundle T** M (see [12]), we have that all results from Section 3 remain true for
the differentiable Hamiltonian £ associated to a generalized Cartan space of order k.
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