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Statement of the Problem

1. As is well-known (7], the necessary and sufficient condition for a first or second order
dynamical system to be Lagrangian, respectively Hamiltonian (to admit the principle of
minimal action} is that it has to be self-adjoint. A necessary condition for a second order
system (1], respectively a first order system (3], to be self-adjoint, is that the system has to
be written in the main form.

A dynamical system admits the variational principle if there is a Lagrange function
such that the equations of the system are the Euler-Lagrange equations or equivalent with
them. Generally, a second order system, written in the main form, is neither self-adjoint
nor equivalent with a self-adjoint one, in the classical way, because there does not exist a
Lagrange function for it L : J' M — R. There always exist Lagrange functions L : J2M — R
linear with respect to the accelerations, L = L(t %, £) = Ai(t, z, )& + B(t, z, ), such
that the corresponding Euler-Lagrange equations (of the third order) are combinations of
the equations of the given system and those of its derived system.

2. A first order system admits Lagrange functions to deseribe it: L(t, z, &) = A,(¢, z)2'+
E(t,z), if and only if the number of its parameters is even. If the number of the state
parameters of the system is odd, the method can be extended by adding an equation with
a new state parameter [4]. So, the problem can be solved by the classical method,

3. If we consider a first order system (in the main or kinematical form) and its derived
system, then the solutions of the first one are also solutions for the second one (they are
among the solutions of the last one), as well as for any linear combination of them. Thus,
in order to study a first order system we will consider a special second order system.

It was proved, locally in [3] and globally in [6], that Lagrange functions depending only
on t, z and #, quadratic in the components @*, can be found for such combinations as the
above mentioned system, no matter the number of state parameters is,

For the proof of this result, it has been made the hypothesis that the confizuration
menifold has a Riemannian strueture. This structure does not depend on the given system.
The Lagrange function that results is depending, obviously, on the given system, but also
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on the Riemannian structure.

4. In what follows, we will show that to some implicit first order systems (which are
not and cannot be made self-adjoint, or equivalent with self-adjoint ones) it = possible
to associate a Lagrange function, with the property that the FEuler-Lagrange equations,
corresponding to it, are linear combinations of the equations of the given system and of
its derived one. These equations are, obviously, of the second order written in main form.
The Lagrange functions obtained in this way have special properties (they are conservation
laws). In fact, the following theorem will be proved: Any holonomic dynamical system is
Lagrangian.

1. Preliminaries

1.1. Notations

Let M be a smooth manifold of dimension m, defined by a coordinate chart A4 =
{{U,%)} and the bundle spaces TM, T*M, J"M (J°M = R x M, 7'M = R x TM),
61 = (EL,ps, J"M), (n € M), where the last ones have, respectively, as bases the jet spaces
J"M and as total spaces EL = J*M x5 Q' M, (where ' M is the space of 1-forms); and
endowed with the corresponding vectorial coordinate charts.

1.2. Systems of implicit n-order differential equations.
Let F™ be a section in &5

F™: (t,z,%,...,2™) e "M — F*t,z,%,..., 2™ e T:M (1.1)
with which we highlight the set:
Ker F™ = {(t,2,,...,2™) € J"M | F"(t,3,3,...,™) ={I} .

We will say that Ker F™ defines an implicit n-order differential equation.
In local coordinates (in a vectorial chart (7, ®)) the function F™ is given by:

F™ = FP(t,ah &b, a™™de', Yeel, (taz,#,...,2™) e M. (1.2)
The condition F™ = 0 is expressed by the relations:
Ptz b, 2™ =0, (i,h=T,m), (1.3)

which is called system of ordinary {mn-d@enﬂm!ed} implicit n-order differential equations,

oFy ) # 0, for any x € U (in what follows, we will
=

if they satisfy the condition: det o

T
write det %

The set Ker F™ (smooth submanifold in J"M, of codimension m) leads us to the total
space Ker F™ x s J" M of the bundle space F = (Ker F™ x g J" M, mp, J* M), subbundle of
5L = (J"M % T* M, py, J*M),

Under a change of coordinates on M: #* = #(z"), the transformation rule for the local
components EP(t,zm &", ..., 2t™") of F™ is:

L

# 0), and singular if not,

A"
= =1 T, (1.4)
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hence they are the components of a distinet covector on the manifold M

1.3. Solutions of n-order differential equations.
Let c:te ICR — x =¢ft) € U C M be a dilferentiable curve on M. This is lifted to

J™M by: .
gitel — Q,q{z), d‘j:}',.,,,d c{t}) € J"M.

atn
We will consider the reciprocal image of F™ by &

ZF™=F".z=F" |t,et), deft) d"elt)

dt Ut din

Definition 1.1. 4 function e:te I CR —xz=c(t) € U C M, which has the property:
de(t) drelt)
ad
F; {t,c{t}, o g
is called local solution for the differential systern (1.3).
In the case of ordinary differential equations, the implicit system (1.3) is eguivalent
(they have the same solutions) with the system:
a™ = fi(t,z,4,...,sY), (i=T,m), (15)
which is written in kinematic form.
The system (1.5) defines a section f in the vectorial bundle (J"M,#«2_,, J*1M),
where 7®_, : (t, =, &,..., 2D z0")) = (t,z,2,..., 2" 1),

=0, ¥tel, (i=1,m),

2. Non-holonomic manifolds

2.1. Let w be a Pfaff form, defined om J'A{, locally written as:

w = Fdi* + ®ydx’ + fdt. (2.1)

In general, the Pfaff equation w = 0 is not integrable, it does not admit as solutions
submanifolds of maximal dimension 2m (hypermanifolds). But, it always admits as solu-
tions, curves of the form (z = c(t), £ = (t)). The set of these curves (together with all
submanifolds, solutions of w = 0) is called non-helonomic manifold (on JLM).

To the form w {and to the equation w = 0) it is associated, in canonical way, the
equation: . ;
FE+da' + =0 (2.2)

delt
A curve on M: z = c(t), (t € I), for which its lift & to J'M: £ — (t, c{t},%) isa

solution for w = 0, is, obviously, a solution for (2.2):

o0, 2] £00 10, 1,0, 200 4200

for any ¢ € J, and reciprocally.

2.2. We consider a transformation of local coordinates on M: #* = #'(z") and the
PR . 8%
corresponding transformation on TM: & = #(z"), & = = hmi",
iz

+f {t,c(n},%{t}] =0,
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The local expressions of the form w in two charts leads to:
Fidz' + B;dz* + fdt = Fydg* + ®;ds’ + fat.
Thus, we obtain the following transformation rules for the coefficients of the form w:

—_ amh
i = "ETE.'.',{FM
— @b aih (2.3)
E‘; 277 Th+ Sz P,
f=r

By these transformation rules it results that the set of functions (Fj, ®;) are the com-
ponents of a (non-autonomens) covector on TN,
The first formula of (2.3), allows us to say that the functions F are the components of

an application: _
F:(tz ) € I'M — Flt,x, ) ;= Fi(t, z,2)dz' € T; M,

(d-covector on M) and, as a result, its kernel Ker F defines a submanifold in J'Af and, in
the same time, a system of implicit differential equations:

Fi(t,z,2) =0. (2.4)
The application w — F; is not injective.
2.3. Let ¢ be a section in the vectorial bundle J} = (J'M, 7}, J°M), where w} :
(t,z,%) — (t,x). The local expression of the section i is given by the formula:
it = it ) (2.5)

and defines a first order system of ordinary differential equations, written in kinematic form.

3. Holonomic manifolds

3.1. We will consider a non-constant function F : J'M — R, which defines on J'M a
family of hypersurfaces, by the formula:

F(t,z,2) = A(eonst.), (3.1}
family which is called holonemic manifold and we dencte it by V. If, in particular, the
form tw, considered in section 2, is integrable (w = dF’), then the manifold, solution for the
equation w = 0, is holonemic and it is expressed by (3.1).

delt
Let ¢c: 1 € T — z = c(t) € M be a differentiable curve and & : ¢ € T — (t,c{t], 1}) €

JYM its lift to J' M. The curve £ is on the holonomic manifold 17 if:
F [t, c(f;,%}l =) Wel (3.2)

To the function F it is associated, in canonical way, the equation:
— A" (3.3)

FTIR:  T
having the form (2.2), where:
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aF aF aF

_— Py = — = — .
pre 7 =5 (3.4)

A curve = = c(t), with the property that its lift € is in V', is a solution for the equation (3.3)
and reciprocally, any solution of the equation (3.3) is the lift of a curve = = ¢(t).

F, =

3.2. We consider the restriction of the function F to any fiber of Jj, by:
F{.E1‘T=i:;| = F':ﬁﬁ:ll:xl} {3'5}
and we suppose that in the critical points of Fy; o, those in which:
() _
dat '
the Hessian of Fyy -y has the eigenvalues real positive numbers. These hypotheses are neces-
sary and sufficient conditions for the solutions of the system (3.6} to define an optimal point

for the function (3.5). We will say that such a function is optimal.
Ech.s}{i] _ EF'{I,_,:E:,.'E:J

(3.6)

By using the notations (3.4): Ft,z,2) = , we obtain the

o i it
implicit first order system of differential equations:
Fi(t,z &) =0, (3.7)
with the properties: 53R BF -
S5 _Zdop, detf-—)0 Re
il B : (ﬁs’:ﬂ) * 57
With the notations 4;(t, z,z) = %, the propertiss (3.7') can be rewrilten as:
aA‘-h A r
det-{Aij;jl # 0, _.4;_.; = A_T-t-, B2 == T:i-m'?_‘ {.FI._?" }

Remark. If there is a function F which implies the existence of the system (3.7), then there
is a whole family of such functions, which imply the same system.

a
3.3. By a transformation of local coordinates on M, the functions F; = -£ change,

according to (2.31), by the rule: o
gF  azh ar
3% = B3 oph 8
Hence F; are the components of a d-covector on AJ:
f= Fids' = —r':'ll-inaid::"r
it

which defines a function (section in (J'M x5 T° M, p, JIM)):
P JUM — JUM g T' M,

whose kernel is expressed by the equations (3.7).

Theoretically, we can develop the system (3.7} in kinematic form (2.5), which has the
property of defining a section ¢,
iz Buch an development cannot be always achieved, therefore there are to be studied first

order syslems written in the implicit form (3.7), for which the properties (3.4) and (3.6)
held.
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3.4. Given a function F : JIM — E, in the above mentioned conditions, we can
associate to it an implicit first order system of differential equations (3.7} which verifies the
relations (3.7;). Reciprocally, we have:

Proposition 3.1. [f a system (3.7) verifies the conditions (3.7,), then there is o function

ar
h that: Fy = —.
F such that B

Indeed, the system: -g;-{. = F, being completely integrable, it admits a solution. If
apn(t) =a = Fidit is a 1-form (parameterized by t and x), the condition for o to be
closed is expressed by the relations (3.7]) and, with respect to the Poincare's Lemma, we
have the function: 1
F= :ir"‘f Fi(t,z, v%)dr. (3.9)

0
The function F' is one of the functions which imply the existence of the system (3.7).

3.5. Let us consider the function F = F(t,z,%) as a Lagrange function, we associate
to it the Fuler-Lagrange equations:
d [8F ar
— == === =0. 3.10
di (3:::‘) (310}
We consider the special case in which the solutions of the system (3.7) are solutions for
the system {3.10). In this case they are also solutions for the system:

®,(t,z,z) = gi: ={ {(3.11)
From here, as a consequence, we have:
Fes %ﬁf f =0 (3.12)
By the integrability of the form dF = Fidt* + ®;dz’ + fdt, we have the relations:
m o -2 =0,
(i 2o,
(1) -‘:% - =g,
(v) o %,
(V) % - %% =0,

Definitlon 3.2, An implicit dynamical system, given by the equations {3.7), is called holo-
nomie if there is a holonomic manifold V, in JIM (defined by a function F such thet

P = %jj which has the property that the lifts to J'M of the solutions of the system,
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nemely the curves £ € T — E(t) = ( elt}, “), are on the fibers of the manifold V,
(vieI)

Such a system satisfies the relations (I)-(V).

The function F, which defines the holonomic manifold V', is a conservation law for the
given system (3.7}

In general, the system (3.7) is not self-adjoint.

Definition 3.3. We will say that a system (5.7) is semi-holonomic if the functions F;
sotisfy the relations (7).

4. Self-adjoint systems

4.1. We consider the system (3.7) and we assume that it is not sell-adjoint but satisfies

the conditions (3.7"). We associate to it its derived system:

a‘.F aF; aF; ar;

=gl gt 5 =0, (4.1)
which is not, in general, self-adjoint, The system (4.1) is a system of second-order differential
equations, written in main form, which has, as said before, the property that any solution of
the system (3.7) is also solution for (4.1). Obviously, the same property holds for any linear
combination of them, as: dF;

-+ CiF; =0, (4.2)

where C = (C}(t,z,%)) is an arbitrary matrix.
We look for the components C} of the matrix ' so that the system (4.2) to become
a self-adjoint one. The system (4.2) is of the main form: 4;;(t,z,2)3 + B(t, =, %) = 0,

where:
. ar; _ ar; § ar; g
A‘J_a"‘ B = aﬂ:r, +—=+C{F;. (4.3)

Asking for (4.2) to be self-adjoint, the coefficients 4;; have to satisfy the properties
(3.7} and, by a change of coordinates, the transformation rule for them is:
- _ ozh ozt
4T BE Azl
From here we can see that the functions A;; are the components of a non-degenerated
symmetric twice covariant d-tensor.
The second group of self-adjointness conditions for the system (4.2):

8B, OB 8 ., 8
el W ciens N s, " )
55 Ba (am o h)‘qf’ (44)
leads us to the system:
E:FF aF
1 h
_.[;_: F}_,__CF;,} +a$‘_u

ar
By (3.7{), there exits a function F so that F; = s and then the above system

becomes:
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a8 [aF " 8 (aF K
o (5 4P) + 55 (5 + G*Fh) - “5)
A solution of this system is generated by the functions © 'f' satisfying the relations:
ar ar ar
ChR+-==0, |[Cleeg+=—= 4.6
VIRt G T ( it Bt ) (.0

which is a linear system of m equations with m? unknown functions.
By (4.6), the last group of self-adjointness conditions:

8B; 0B; 1[0 o\ (8B; 0B,
el e = B ahe B ol et
B Brt 2 (51: 4 Bm") (aaaa' aﬂ) (4.7)

is identically satisfied.
By (4.6), the equations (4.2) become now:

ad (8F aF
%(5) -2 =0 s

which are the Euler-Lagrange equations corresponding to the Lagrangian F. We have:

Proposition 4.1. Semi-holonomic implicit dynamical systems are Lograngian (admit the
variational principle).

4.2. A more general solution to the equations (4.5) is:

aF
CrF, + 5 T eiltm) =0. (4.6")
- R _
The conditions (4.7) lead to the relations T B 0, from where, locally, i, = e
where ¢ is an arbitrary function. Then, (4.2} becomes:
d [fOF ar 8y
LS. AT .. Y 47
dt (Eﬁ‘m’*‘) ozt 8zt (47)
which, by the substitution F, = F'+ i, leads to:
d [ 8F, BF
— == = . 4.8
dt (ﬁ‘d.“ ) Bz !

Then we have a family of Lagrange functions F.

4.3. We consider now the case of a system (3.7), for which the conditions (3.7)) are
not verified, and, together with it, the set of the equivalent systems:

Gi=DiF; =0, det(D])#0. (4.9)

It holds:
Proposition 4.2, If there is @ conservation law G for the system (5.7), then, in the set of
equivalent systems of implicit first order equatﬁ'ﬂm (4.9) to (3.7), there is a system G; =0
fwith &; = E—) for which the property: ET_ - 5'.'1: —L = 0 holds.

Proof, We consider the system (3.7) and we assume that the conditions (3.7]) are not
verified, Let 7 = A be a non-constant conservation law for the system (3.7) (G is a function
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on J'M, which has the property that — e =i,
Eﬂ fl’aal
aG ; .
We denote by G; = = and we look for a matrix (D) so that the funetions DY to

verify D! F; = G;. For any index i fixed, from the m functions DY (j =T, m) we can choose
m — 1 of them arbitrary: D},... ,f’f oo DT and the last one will be given by the relation:

1 ——
DY = — [Gi~ (DIFy + -+ DEFy -+ DI F)]
Fo

The system of functions DY, established in this way, satisfies the request conditions (3.7)).
If det(DY) = 0, we choose two such solutions Df, _D'j and we consider the linear combi-

nation A' JID{ + sz,g,!:f which has the property that: ().’ ,rljif + A2 EJ:_"') F; = (Al 4+ 23)a,
Obviously, these combinations verify the conditions (3.7}) for any A! and A? such that
det (A’ pi+Xp ) # 0.

4.4. As already specified in 4.1, in general, a dynamical system (3.7) is Lagrangian if
there is a gelf-adjoint linear combination;
AR )
Df-ﬁ‘ +EF; =0 (4.10)
Proposition 4.3. The condition that the system ({.10) to be self-adjoint is equivalent with
the ezistence of a matriz (DY), with det{D!) # 0, so that the equivalent system G; = DI Fj =
0 to the systern F; = 0, satisfies the relation:

9G; 86,

o5 o
Indeed, the system (4.10) can be written as:
d(D]F; dD}\ =i
SR (- ?) D} (DS Fy) =0, (4.11)

which has the form (4.2}, in the functions G;.
The self-adjointness conditions for (4.11) ask that:

B(DPF) _ O(DIF,)

£ it
These relations, written in full form as:
apr a8y o OF, 8F,
e — P _pE__E 12
(3:1':-?' T | T+ Diggs —Diger =0 (412)
m{m— 1) ; . 2 . - . .
form a system of ———— equations with m* unknown funetions [}, for which a solution

. 2
D! =0 with det(D]) # 0 was given in 4.3,

Proposition 4.4. A necessary and sufficient condition that the system (3.7) to be equivalent
with a semi-holonomic system is that the system to admit a solution (D7) with det(D]) # 0.
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5. Lagrange functions

5.1. By the above judgments, it follows that any semi-holonomic first order dynamical
system (3.7), with meaning of (3.4, ), satisfies the properties (3.7]). We will prove that the
properties (3.7]) are characteristie.

Proposition 5.1. Any implicit first order dynamical systern (3.7):

Fit,z,2) =0, (5.1)
satisfying the conditions (3.7'):
aF; aF; aF;
_— = == - i
55~ oE O d“‘(aﬂ)?&nl (5.2)

is locally Lagrangion.

We will prove that there exists a function L{f, z, ) such that on the holonomic manifold
V', defined by the equation L = A, there are all the solutions of the given system (3.7), lifted
on J'M, the function L being a Lagrangian of the system (4.9).

To the system (5.1) we associate a Pfaff form (2.1):

w = Fidi® + ®;dz* + fdt, (5.3)
where the functions F; are the left hand sides of the equations (5.1), satisfying the relations
(5.2), and the functions ®; and f are, for moment, arbitrary.

We look for the coefficients @; and f so that the form w to be closed (dw = 0). This
condition is the same as the relations (I)-(V) from 3.5,
The following properties hold:
1. The relations (I) are satisfied by the assumptions (5.2).
2. The system of m® equations with partial derivative (II) can be decomposed in m
systems (if the index i is fixed), each of them being completely integrable.
Indeed, by (I), we have:
e _ m*.:i(ﬁﬁ-fﬂ)éo_
axigch  ozhaxd Azt \ 8zd  Hih
3. We will also see that the relations (I1T) are satisfied,
4. The equations (IV) and (V) form a completely integrable system. Indeed,
21 L 0(% M),
aided aefait 8t \ 8t a%d
bi Br_2(%. miu,
Aridzd - Axifxt Bt \ Bzt Bad
0% f #f _ B8 (8% 9K\u 0
detdci  orioct ~ ot \ 8r' O30 )
Consequently, the form w, {where the functions F; are given by (5.1) and the functions
@, and f are solutions of the system (II)-(111), respectively (IV)-(V)), being closed, it is
locally exact (exact on any contractible domain). Hence there is a function F, with w = dF,
satisfying all the previous conditions. This proves the proposition.

5.2. In order to integrate the system (I1)-(V), we will make the following statements:
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The system (II), with ¢ fixed, being integrable, there are closed 1-forms:
aF;
iy = Bmh
where ¢ and x are considered as parameters.
By Poincare's Lemma, the funetions ®; (for any 1) are given by:

1
aF
&y :ihL H?[t,z:;r;i:]d’r, (5.5)

These functions, solutions of the system (1), verify the relations (111}, hence the claim
in 5.2,

A similar statement for the completely integrable system (IV)-(V), leads us to a closed
I-form (parameterized by t):

di® = dgy 2y, (5.4)

aF, b
o= -.-é?idxt ﬁlﬁ dz’ = dy f. (5.6)
By Poincare's Lemma, we have:
L ak,
f=a" ST (t, 7z, 7Z)dr -+ z* f {t 7%, TE)dT. (5.7
0

By (5.5} and (5.7), the form w, given by (5.3}, is closed and hence locally it is the
derivative of a function L defined, by Poincare’s Lemina, as:

1 1 1
L=a‘:i"/'; %[Tt,m,fi]df +Eh./u %{ﬂ‘, TE, r:t':}d‘r+t£ flrt, vz, mi)dr.  (5.8)

The relation (5.8) let us to construct effectively the Lagrange function L.

The Lagrange function L, obtained in this way, is a conservation law for the system
(3.7},
Theorem 5.2, The necessary and sufficient condition for an tmplicit first order dynamical

system [8.1) to be holonomic-Lagrengian (to admit o function L{t, ¢, ) which is al the same
time conservation low and Lagrange function), is that the relotions {5.2) to be satisfied.

6. Lagrange spaces
. 8°L
Let L : TM — R be a non-degenerated autonomous Lagrange function (det 3505 #
2
0). The functions Ay(z,E) = af‘ ; are the covariant components of a two times covariant
and non-degenerated d-tensor, satisfying the properties (3.7"):

ddin Ay
et(Aij) #0, Ay = Ay, = E:% (6.1)

We say that the function L defines on the manifold M a Lagrange space structure,
We call generalized Lagrange space, a set (M, A), where A = (A;;) is a twice covariant,
symmetric and non-degenerated d-tensor (it satisfies the first and second conditions from

(6.1)).

The tensor A,; is called fundamental tensor of the space.



a8 VIRGIL OBADEANU

Remark. By the above definitions, it follows that any Lagrange space is an example of
generalized Lagrange space. It holds:

Theorem 6.1. A generalized Lagrange space is a Lagrange space if and only if its funda-
mental tensor satisfies the relations (6.1s).
Proof. By the remark, the necessity of the condition is immediate. We have to prove that
any generalized Lagrange space is a Lagrange space if its fundamental tensor satisfies the
relations (6.1z).

If in the system: oF,
=57 = Ais» (6.2)
the index i is fixed, an integrable system follows (by the condition (6.13)), which admits the
solution: 1

F, = ::-.’*f Ain(t, =, 7E)dr. (6.3)
o
These functions Fi, satisfy the relations (5.2). Hence according to 3, they define a
halgmmicuLagrangian manifold and therefore a Lagrange function L which has the property
&L .
W = Aij{f-,,:ﬂ,:ﬂ}.
Interpretation. We may view the functions F;, obtained from L by F; = %, as general-

ized impulses. The condition F; = 0 defines the evolution of a dynamical system.

In the geometrical structure associated to the system, its evolution can be considered
as being “inertial® because the impulse vanishes.

The funetion —g = V' is viewed as potential energy and L can be considered as kinetic
ENErgy.
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