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Abstract. In this paper, our aim is to give an expression on T (T M)
of the Levi-Civita connection for the Hermitian metric in a complex Lagrange
space and to investigate its curvature tensor,
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1 Introduction

The study of the complex Lagrange geometry was recently developed by Gh. Munteanu
([6, 7, 8]). The holomorphic sectional curvature in a complex Finsler space was actually
studied only on the horizontal part of Riemannian curvature ([1, 2]). In this paper, we
begin a study of curvature tensors using the Sasaki lift on T (T M) of a general Lagrange
metric tensor.

Let M be a complex manifold, dimg M = n, and let (I/, 2°) be the complex coordinates
in a local chart. The complexification T-M of the tangent bundle T'M is decomposed in
each z € M as ToM = T'M @ T"M, where T'M is the holomorphic bundle in which, as
a complex manifold, a point is u = {zk,ﬂk} in a local chart. Let w : 7'M — M he the
canonical projection, V(T'M) = {£ € T{T'M)/m.(£) = 0} be the vertical subbundle, and
V(T'M) the module of its vertical sections ([1, 2, 6]), spanned by -[d = %}

A complex nonlinear connection, {(c.n.c.), is a supplementary subbundle to V(7'M in
T'{T'M), i.e.,

T(T'M)=H(T'M) @ V(T'M) (1.1)
and by M(T'M) we denote the horizontal distribution, in which an adapted base of the
(emc)is {8, = e = 54 — Ngg%}_

By conjugation we obtain a decomposition of whole T (T"M) :

Te(T'M)=H(IT'M)aV(T'M)a H{T'M) @ V(T'M) (1.2

and the corresponding conjugate bases will be denoted by {6; = 3%;,-}, {8 =: -5—‘:;}.
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2 The Levi-Civita connection on 7'M

Let (M,L) be a complex Lagrange space, ie, L : T'"M — R is a smooth function
for which the metric tensor g;; = azL,:’&q*aqf is umdegsnerate We shall use through the
Chern-Lagrange c.n.c., intmduced and studied by Gh, Munteanu ([8]):

oL B2

TFEE

Ny =g (2.1)

in respect to which the corresponding adapted frames satisfy the following interesting rela-
tions

oL | O . oL
[65,6] =0, JJEN‘}“EE{N‘} (GrN3)gir = (85 Nj)gir =0

CL CL

(ai_Ni}gtk + akNj}'?ﬂ = Z{ERQJ]Nj v {BIN }gtk — 53915 (22}
In particular, when L is positively and absolutely hﬂmog&nmus of degres two , L{z, A} =

|}|.| L{z,m), A € C, then (M, L) is a complex Finsler space and N‘ — gﬁ“—-ﬂm?} is just the
Chern-Finsler connection {[1, 2]},
We consider now the Hermitian metrical structure G on T(T'M), ([6]):
G= Q‘ijdzi ® dz + ﬂi_;&?]'{ ® o7’ (2.3)
where {dz*, dn*} is the adapted cobase of c.n.c..
First of all, we compule the coefficients of the Levi-Civita connection ¥ of in adapted
frame {4y, 3,5, & }, following similar path as Anastasiei-Shimada did in the real case {[3]}.
1 2 . 3 4
Viauby = Lygbi + Ay + "d‘}k's‘ + Agk& (24)
I I “
V.05 = By + L ka + B{kﬁ -+~B _:,3-
1 3 3 4
vju j = D}kai - .D;'ka'l + L;k[si' + D:ka!
. 1 2, 3 4
Vs, 05 = Eidi + Ef0i + Ejy8s + L0
l. 2 - 3 _ .
Vg, 05 = Chipdi + F;kai+Fk§1 Fips
. L a . 4
Vg, 85 = Gipdi + Cjp. 8 + G;kﬁr + Gy
L 2, 3 i
?3,‘ 55 = H;hﬁi + H_.;kai + C’?.&Ei -+ H_.;jnai
. 1 2, 3 4
Vs, 05 = My + M}, + Mjyb; + Cjp &
and their conjugates, since Wf? =Y.
Let T be the torsion of V, i.e. T(X,Y) = Vx ¥ = Vy X = [X, Y], where X, Y are vector
fields on T(T'M). The condition V is torsion-free is equivalent to

T(6;,05) = T(6;,65) = T(;, 0) = T(8y,8) = T(0;,8:) = T(8;,85) =0 (2.5)
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and their conjugates. Using the following formulas

(67, 6%) = Riydi, (85,65 = (55IN})8, — (85N1)8;, 85, 8e] = (8N,

[65, 8] = (8xV})E%, [95,0] =0, [8;,8] =0, (2.6)
where R}, = 63 N}—8; N} = 0 for the Chern-Lagrange c.n.c., and their conjugates, by direct
computation, requiring (2.5) and VG = 0, we obtain

Theorem 2.1. The local caﬂ_ﬁ‘icasnts of the Levi-Civita connection of the Hsmntmn rnetrical
structure G in the fra.mr {5.13, J,.,E;} are as follows:

x 2 3 L

"= 29‘ {51:!?31 + dig5) » Ay = Al = A}k =0 (2.7)

1 15 G'If; ) 1 a . 3 4

B;'k = EQ‘ 'fﬂjﬁJkNa + Bigyr) = C;cj 3 L‘_;'i: =g la!cgj!': B;k = B;'-h =0,
L1y L .
ik = 59 |:‘53E§r+ 5!!?7.:5;‘:' Zij' 1 Dg.'a: = EQ {ghi'aj'NJu —5r.fj‘k5]'

2 -] 4
D;k - g {E;Rék}'\r +algk}‘} ’ JRJ = FI = F;k =
Y _ .t
ik = "_“5“ (9n307 Nﬁ: J'giuf} C;:: v Eﬂ E.?k = L = 0

” TE 2 3 %
k=9‘3ﬁ.§J£Ni :G}k—g 5'.&5’311 grjk= Gir =10

L 1-51'-‘ :..F"ll—l

Iy c-'z;; 1 2 i z 4 i
H_{k = —g" SNy , Hjp = Hij = My, = My, = M3, = Cj, =0
and the confugates.

Remark 2.1. In pcart]culﬂr, 1f kg;r = 8595, ie. the metric tensor is strongly Kahler, ([1]),

2
then L‘ = L_-;m and Dﬂ = L}k 0.
3 The curvature tensor of the Levi-Civita connection on
T'M
As in real case, ([3]), we shall compute the components of the curvatures of ¥V using an

intermediate arbitrary d—connection, D on T(T'M) ([6]):

1 . 2, 3 . 4 _

Dﬁka.?- = L;'I:'Ei ¢ Dhaj = L;kai ' Dlﬁka_-?r = LE ds D"ka; = L}?uai {31}
L P 4

Dékﬁj = D';-kﬁi y 'Dé:-aj = ijﬁ Dﬂk{% — Cﬁ {5; i Da*ﬁ‘; Cghai

and their conjugates.
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Let us express the curvature components of D, which is not free torsion, in adapted
base,

R(8n, 61)8; = Ripndi , B, 04)85 = Ry, 0 , RU8n, 85)d5 = RSz, 8 (3.2)
R(6n, 6)8; = Wyun s , R(0n,60)8; = 05,8, R(dn, 85)85 = n s
R(6n, )6 = jkhlﬁ' , R(6y,0y)d; = ﬁ%k}aéi1 R(6y,8;)8; = ﬁjkha_
R(8y, 8)9; = Pypds , R(8y,0)8 = Pl , R(8y,85)8; = Piy,
R(8x, 85)6; = By di , R(6n,85)85 = Qb
R(&h, 04)8; = Ejonds , R(Dn, 04)55 = Efy6c , R{0h, 05)d5 = Efp, 6
R(0h, 0)9; = Sun0; , R(0h,00)0; = 55,00 , R(Dn, 05)0; = 535,0:

and their conjugates, because R{X,Y) = —R(¥, X).
The local components of curvature tensor £ can be obtained easily from (3.1) and [3.2).
Our interest is to compute the curvature tensor K of W by means of B First, let us
decompose the Riemannian curvature K in respect to the adapted base of Chern-Lagrange
C.Th .

. h v
K (y,00)8; = R, kh'5 + R} H;Bi + Rippde + Ry b (3.3)
: h
and similar for K{Eh,ﬁk}4§§ i H{Eh,ﬁﬂﬁj, and then for K (6, d,)d; with coefficients 15T

L i
ete., at last being K (8, 8g)3; with coefficients S;i.., and their conjugates,
Now, we can give directly an expression of Riemannian curvature & as a function of
curvature H.

Theorem 3.1. The local components of curvature of Lewi-Chivita connection of G metric
on T (T'M) in respect to the adapted base of Chern-Lagrange c.n.c. are:

h = vt h T
;u:n = :'f::m Rjk.& = R}m = R}kh =0
3 1 4 3 w b
R_kh - Ahk{‘r‘hgm * D“ G."m + Uf‘;'rac;;:'}r H:?fch = Ahk{Dﬂ}hlk}
h . @ i h L a a
B = By, By = Ane{ Djpp}s Rog = —{Lyz + LLELE}}
B 24 2 1 2 1 4
Rl = Ry, = LisLy, - c*r‘ n = Cirly
4 3 4 3_ OL 4
Riga = = Dy 45D} LL; D}y — (6 ND)H}
h 1 4
Dien = Ane{Cispn} » njkh = njhh —ﬂ;kh =
3 3 3

T
-z' i [ i i E ]
Lgon = fd‘hk{(’hﬂh + L. Gt ﬂj‘kh =y =y, =0
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h 3 - 1 o3 u 1z g 4
Wgn = —Chi — L Ol + CJE;LL: » Wigy, = Ci3 D}, = Ci3Di
E ‘1 1 3 a2 cr
g, = c" 2o + LinC — ChsLE, + J,.Nk}G"
f =i !' 41 ?E 2:
Wi = Wn + O3 D — O D
ki - ¥ k i u $ L2
n_;'kh = n}km n:ﬂch = H;'kh = ";'kh =0, H;iam - ;mu.: thD
h 3 1 3 4 3 a1
Gy == };;;[1: thL +H;,= o Dfahcfhr
R = E KL
Hr}ﬁ:h =Tjkh- H}kh = C‘ Dm Lmem {aka:'H‘;s
h a3 B 2 3 ‘3 4
Wezn = —Logme — D;,,L;J, Gin = = D3y, = Cha D3y th‘ 8
R - 1 @ 4 3 4 ) 4
Mg, = Mg, - D:rhG!kh’ s, = _D;hﬁk, - ciﬁﬂ‘?:‘z - {aENi}Hig.
h 1 1 11 v . R #
H;Ji:h == G;‘Hh - Gijuk - Ufmﬂ;h F"im = F:;":.:m P;kh = F?j.:h =0,
h 3 18
F?hh: G,:,“F,:; G! JJ‘P#h_P h““PIh_D
h :a 3 4
P =-C.x, Cfm il G%‘ELLH P, == Gfmf‘fh — Ch3Hz,
i 1 g ~ 4 1
E;!ih = Gr}klh: ‘D}tfph = Pgﬁh + Gz_D:h! E‘g;h = e;'i:re. + H;'ECEI'
¥ 4 1
e;h = H;i:rhl e;'h = e;‘ih =0,
I N L S S TRE g.
Qjﬁh = "C;jﬁﬁ; - Chﬁcij - {aﬁNh)Gjh Q:r'-Eh = _Qjﬁh — C"thI.E!
1] E h 1? -—'Eﬁ ﬁ
kR = jS;a =0, _:rkh = '-:rkh:- ‘-‘gkh = Sikh = wjam =10,
h v 7 - 5 h v
E}kh =5 =0, Ejp = s T = Ara{H, :-F=I|h}1 Zin = Ejin =0,
4 g h 4 h 1
Hj‘kn ma Hj‘kh H;, Gy Higy, = —Hyym, Sjin = Arn{G :.:nh}s
v A g h y k @ y
S:;kh = S}m = S;.-kh =0, 55:;}:. = 53‘1:}; = Sﬁkh = S:?ﬁ:h =0, S IER T S"Eh =0,
A

Siin = %um Siﬁh =5 kh"'G_Hfhl

and their conjugates, where by | k, || k, |k, ||.k: we denote h—,v—, h,T— covariant derivatives
with respect to D, and App{T},} = The — Thy
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Remark 3.1. If dpg,; = d;g7, then we shall obtain the particular form of Theorem 3.2.

Although the paper has some technical elements, this calculus is absolutely necessary
for a further study of holomorphic sectional curvature.
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