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GENERATION OF NEW EXACT SOLUTIONS FOR
A CHARGED RADIATIVE FLUID SPHERE IN
GENERAL RELATIVITY

GHEORGHE PROCOPIUC

Abstract. In this paper solutions of the equations of the relativistic charged perfect
fluids are analyzed as relativistic models of a radiating balanced sphere. Using a
generation technique given in [4], we reduce the field equations for a spherically
symmetric distribution of a radiating or charged perfect fluid to a first order nonlinear
differential equation of Riccati type.

1 Introduction

The search of new solutions for the field equations is an important aspect of the general
relativity theory. The problem of finding exact solutions for Einstein’s equations for a statie
distribution of a fluid sphere in the presence of the radiation or electromagnetic field is one
of distinct interest. It is suggested that the collapse of a spherically symmetric distribution
of matter to a point singularity can be avoided if the matter is accompanied by such fields.
Solutions of the Einstein field equations for a perfect fluid with or without a radiation or
electromagnetic field have been studied by several authors [1]-[9].

In this paper, the difficulty owing to the nonlinearity of the field equations has been
overcome by using a generation technique given in [4]. This method reduces the field equa-
tions in the case of spherically symmetric distributions of a radiating or charged perfect
fluid to a first order nonlinear differential equation of Riccati type. If a particular solution
is known, this equation can be reduced to a linear first order differential equation.

2 Field equations for a charged radiative fluid

In comoving coordinates in which we choose the units so that ¢ = 1, the line element of the
space-time will be taken in the form

ds® = *¥dt® — *Vdr® — r*d*, (2.1)

where © = @ (r), ¥ = 1 (r), and d2? = d6* + sin’ @ dx?, # and y labelling points on the
unit sphere. The functions  and 4 satisfy the Einstein equations

GS = »Tg, (2.2)
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and the conservation identities
TS =0, (2.3)

where the energy-momentum tensor T§ of the relativistic thermodynamical perfect fiuid [10]-
[11] is the sum of the fluid energy-momentum tensor, the energy-momentum tensor of the
radiation field and the energy-momentum tensor of the electromagnetic field

J_-ﬂ
ngwuaﬂﬂ'f"g,a +QE+E§1 ﬂ'llﬂ-__':".:":2'.3:! {24]
.L“
where §5= g§ — uug is the spatial projector, up = (%,0,0,0) is the fluid velocity, with

L]

1_ 1
QF = Quiug +ugs +¢%us ~ 3Q 9, (2.5)

where @ is the density of radiation energy and g, = (0, —ge¥, 0,0) is the radiative flux and
verifies the equations of radiation field

QY +F* =0,
with F* = o (¢* + (@ — aT*) u”), and
Ef = FuyF1 = 102F P (2.6)
where, the tensor F, g satisfies the Maxwell equations
Fagn+ Fya+ Fpap =0, F3F =J°.
The fluid will be assumed to have null conductivity, so that

J2 = o,

.3 Generation of new solutions for spherically distribution

3.1 The case of a radiative fluid sphere

In this case, the Einstein equations and the conservation identities with E§ = (), become:

1=(1=2r¢") e™ ¥ = sr?w”, (3.1)
1=(1+2re") e ¥ = —sr?p®, (3.2)

(0 + @)+ 2 9 - ) e =, (3.3
Q =aT*, ¢=0, (3.4)

(p*) + (" +uw)e' =0, (3.9)



NEW EXACT SOLUTIONS FOR RADIATIVE FLUID SFHERE 149

where the prime denotes differentiation with respect to r. The other equations being identi-
cally satisfied. Here, w” = w+Q, p* = p+ %Q. From (3.4) it results that the static solutions
can be found only in the case of a fluid in local thermodynamic equilibrium.

A first integral of the equation (3.1) is [1]

o—20ir) = _ 2mr)
.

. 2m(r) = z[rzw‘ (r) dr. (3.6)
Inserting this into (3.2), one obtains
2r (r — 2m) ¢’ = 3r’p" 4+ 2m.
Eliminating @, by means of (3.5), one gets
2r (2m —r) (p*) = 2 (p*)° + (2m + sriw’) p* + 2muw”, (3.7)

which is a Riccati equation in p*, whose coefficients depend on w*.
If a solution (w*,p3) is known, a new solution (w*,p") can be generated by

-

p*=pp+

1

| -

where y is the solution of linear equation
2r(2m—r)y' + [2m+ sr® (2p5 + w)| y+ »r? =10,

Once a solution (w*,p*) is known, y and 1 can be computed from (3.5) and (3.6).
A different form of the field equations can be obtained eliminating p* from (3.2) and (3.3).
One gets
m " r, 1 e 1 r g 1 1 s
_ - e = = = 3.8
@ + (') (¢J+T)w T‘(=:P+1,)+r2i: 0, (3.8)

The equation (3.8) is a Riccati equation in @ = ', whose coefficients depend on 4,
1 i 1 1
T _ oy = —Z | — — eV = . 3.9
&+ (u+r)f£- T(w+r)+r2e 0 ~(3.9)

If (Pg, ) is a solution of the equation (3.9), then a new solution (#,1) can be generated
by

1
¢ = #‘g =+ E, {31{]]
where z satisfies the linear equation
IJ+(1§[?'+:—‘—2§|])I—1={). (3.11)

Because $; = o, the solution of the equation (3.11) is

z(r) = le“"’”""“ (C + fre“:":""’“dr) .

P
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Putting
F(r,C)=C+ fre~*-2~°udr,

from (3.10) one obtains
i

,_F
(o =) = %

such that
e?(") = Cue?™) . P (r,C), (3.12)

where  and )y are arbitrary constants. '
If a solution (i, 1) is known, using (3.12) a new solution (i, 1) can be generated.
Once the metric functions i, 1 are known, w* and p* can be computed from (3.1)
and (3.2).

3.2 The case of a charged radiative fluid sphere

In this case, the Einstein equations and the conservation identities become:

1-(1-2r')e ¥ = ser® (w* + k), (3.13)
1= (1+2rp") e = —sr? (p* ~ k), (3.14)
L ! 1 ] r (] - =
[w +{:ﬂ}2+;{w—w}—w’w)e“‘*=x{p +k), (3.15)
where 1
k= ﬁFu]IFﬂl.
We assume an equation of state of the form
pr=(-1u. (3.16)
From the equations (3.14) and (3.15) we find:
2 — 1Y gp 1 .
(wﬂ_"__ma+{w;]2+u_¢f¢:+_z)eEv__2=2x?‘ (3.17)
r r r y
! r 1
(4;;” + (') - ik ' — ;1—2-) e ¥ 4 == 2xk. (3.18)

Equations (3.13) and (3.14) lead to
z"’_}ie—w = x(p" +u),

or, with (3.16) '
21’9,—-?"!’-3_2‘* = seyw”. (3.19)
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Using (3.16) and (3.19), equation (3.17) can be written

-4 _ — )
'5;5‘" + {,;;.'}2 — (1__ -+ w') ,;P' - Mﬁ,‘ + l? (1 _ e?u] =0,
T T r

which i4 a Riccati equation in ¢ = ', whose coefficients depend on 1,
- -4
&+ % — ('T__‘? + t_e':') -4y lu-ev =0 (3.20)
. ar T r

If (®g, ) is a solution of the equation (3.20), then a new solution (&, ¢') can be generated
by

1
$=30+-, (3.21)

where z satisfies the linear equation
z‘+[¢’+(1-i)1—2%]3-1=u. (3.22)
"‘If' F
whose general solution is
N )

If we now set
G(r,C)=C+ fr%-"eﬂf*wﬂdr,

one obtains
eI = Cpe™) . G (r,0), {3.23)

where C and Cy are arbitrary constants.
If a solution (g, ) is known, using (3.23), a new solution (@, ) can be generated,

Once the metric functions , ¥ are known, w*, p* and k can be computed from (3.16),
(3.17) and (3.18).

References

1. Kramer, D., Stephani, H., MacCallum, M., Herlt, E., Eract Solutions of Einstein Field Equa-
tions Cambridge University Press, Cambridge, London, 1980,

2. Procopiue, Gh., Spherically Symmetric Similarify Solutions of the Equations of Radiative Rel-
aiitr:'sm_: Fluids, Rev. Roum. Sc. Techn., Série de Mécanique Appliquée, t. 27, nr. 6, 725-736
(1982).

3. Procopiuc, Gh., Eract Solutions to the Equations of Radiative Relativistic Perfect Fluids with
Cylindrical Symmetry, Bul. Inst. Polit. Tasi, t. X330 (XXXIV), . 1-4, 5. 1, 79-83 (1984).

4. Hajj-Boutros, J., A Method for Generating Fzact Solutions of Binstein Field Equations, Lecture

MNotes in FPhysics, Gravitation, Geometry and Relativistic Physics, No. 212, Springer, Berlin,

1984,

Hajj-Boutros, J., Sfeila, J., New Ezact Solutions for a Charged Fluid Sphere in General Rela-

tivity, General Relativity and Gravitation, 18, 4, 395-410 (1984).

o



152 GHEORGHE PROCOPIUC

6. Singh, P. R., An ezact solution of Binstein's vacuum eguations, J. Nat. Acad. Math., 4, 127-134
{1986).

7. Khater, A H., Mourad, M. F., Rotating perfect fluids in general relativity, Astrophysics and
Space Science, 163, 247-253 (1990).

8. Pant, D. N., Tewari, B.C., Conformally-flat metric representing o redisting fluid ball, Astro-
physics and Space Science, 163, 223-227 (1990).

9. de Felice, F., Siming, L., Yunqgiang, Y., Relativistic charged spheres: II. Regularily and stabality,
Clags. Quantum Grav., 16, 26692680 (1999).

10. Procopiue, Gh., Theorem of eristence and uniqueness in relativisiic radiative hydrodynamics,
Bul. Inst. Polit. Tagi, t. XXVI (XXX), £ 1-2, & I, 103-111 (1980).

11. Procopiue, Gh., Fluide radiative: clasice i relativiste, Editura Tehnica-Info, Chlgmiu 2001.



