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NON-STEADY SHEARING FLOWS OF A
MAXWELL FLUID

G. FETECAU and C. FETECAU

Abstract. The velacity fields and the associated tangential tensions corresponding
to a Maxwell fluid subject to a shearing flow between two infinite parallel plates are
determined in two different cases. The similar solutions corresponding to a Navier-
Stﬂltuﬂ-u.'idmwdlasthmnfthemdysuuappnaruﬁminmgmafuur
solutions.

1 Introduction

Maxwell models are quite useful in the study of dilute palymeric fluids. They are especially
computable for small dimensionless relaxation times [1]. However, there are situations when
such a model is applied to viscoelastic problems where the dimensionless relaxation time is
large, as would be the case of more concentrated polymeric fluids [2].

The Cauchy stress T in an incompressible Maxwell fluid is related to the fluid motion
by [1] (see also (4.3) of [3] with Az = 0)

T=-pl+8, S+MS-LS-SLT)=2D; trD = 0, (1.1)

velocity gradient, D is the rate of the strain tensor, A is the relaxation time, u the dynamic
viscosity and the superposed dot denotes the material time derivative.

The aim of this note is to present the velocity fields and the associated tangential ten-
sions corresponding to two shearing flows of an incompressible Maxell fluid. These solutions
satisfy all imposed initial and boundary conditions and for A — 0 they are going to those
corresponding to a Navier-Stokes fluid. The steady state solutions appear also as limiting
the cases for ¢ — oo,

2 Statement of the problem

Consider an incompressible Maxwel fluid, at rest, lying between two infinite parallel plates.
At time ¢ = 0 the lower plate begins to move with the constant velocity V' in a direction
parallel to the upper one which is stationary. In a suitable Cartesian co-ordinate system the
velocity field has the form

v = (v(y,1),0,0). (2.1)
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For such a flow, which is named the rectilinear shearing flow, the constraint of incom-
pressibility is automatically satisfied and the stress field is independent of z and z. Equa-
tion {1.1); together with the natural initial condition S(y, @) = 0 imply Sy, = 5,: = 5.: =
S.2=0and

(14 A8y, t) = udyV(y,t),  (1+Ad)oly,t) = 2r(y, t)Gyv(y.t), (2.2}

where 7 = S, is the tangential tension and ¢ = S;;.
The equations of motion, in the absence of the pressure gradient in the z-direction,
reduce to

8,m(z,t) = pbiv(y, ), ' (2.3)

where p is the constant density of the fluid.
Eliminating 7 between (2.2); and (2.3) we attain to the linear partial differential equation

AB2u(y,t) + Buly,t) = Hﬂiv{yTt]; O<y<h t>0, (2.4)

where v = u/p is the kinematic viscosity of the fluid and h the distance between the two
plates. Assuming that the fluid adheres to the walls, we have the boundary conditions

v(0,t)=V, v(ht)=0; t>0, {2.5)
as well as, the initial conditions (cf. [4])

v(y,0) = Bu(y, 0) = 0; -—sysh (2.6)

3 Solution of the problem

3.1. The velocity field. Multiplving both sides of equation (2.4) by sin(Any), integrating
between the limits y = 0 and y = h and taking into account (2.5) and (2.6), we find that

Min (8) 4 0n(2) + A2 0, (1) = an; 1 (0) = i (0) = 0, {3.1)
where a, = ¥V A, Ay = nw/h and v, (-) is the finite Fourier sine transform of the function

vly, ).

Equation (3.1);, solved under the initial conditions (3.1)2 3 gives

for n < m,
Tin = TFin

TR () F)) o

-1 = ]
where ry,, ron = =V2 4VM"-. B = J4rdd2 —1land m = { o ] is the integer
2 2mie
part of h/{2xvrA).

v [1 _ rinexp(rant) — Tan EKP{’-"mt}]
(3.2)
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Inverting this result by means of Fourier’s sine formula [5) we have

y,t) = V(] — E) - ?E i Tin €XP(rant) — Fan EXP{rJ"ﬂ sin(Ant) o

h h e fin — TIn An
Fold) ) e oo

3.2. The tangential tension. The solution of the ordinary differential equation (2.2},
with the initial condition 7(y,0 = 0 is of the form

Ty, t) =

>|E

t
f Exp(z—;j)aytr{y, £)dr. (3.4)
]

Introducing (3.3) in (3.4) we attain to

i) - 1] L 26V <~ explrant) — exp(rint)

V
T{y t} - h [Q‘KD( 3 A = m Os{j‘ny} -
_iﬁ.‘l_v_r exp( ) z R m(ﬁ“ )cos{,\ny]. (3.5)

n=m+1

Finally, the normal stress o(y, t} can be also determined from (2.2)2, (3.3), (3.5) and the
initial condition e(y, 0) = 0.

4 Flow due to a constant pressure gradient

Let us now consider a constant pressure gradient applied at time t = 0% to a Maxwell
fluid contained between two infinite parallel plates at rest. In this case the linear partial
differential equation (2.4) and the boundary conditions (2.5) become (see also [4] where
Op/8z = - Ap)

22u(y,t) + By, t) = A + pﬁf,vl[y, t); O<y<h t>0, (4.1)

respectively
v(0,t) = v(h,t) = 0; t>0 (4.2)

Following the same way as before we get (see [5], the entries 1 and 8 of Table IX) for
v(y,t) and 7(y,t) the expressions:

Ayth—y) 44 i Tin @XP(rant) = Tan(rint) sin(Any)
2v vh Tin — Tin A

() +men(a)| P @

viy.t) =

n=1

44 t =
Hien(5) £

n=m+1
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respectively,

4pA < exp(rant) — exp(rint) cos(Any)

pA i
Al=—(h-12 = e
riwt) = 5’}[1 E"p( A)]+ h & A-dan X
dpA  ( t\ o= 1 _ ffat) cos(hny)
T E}Lp(—ﬂ) E A sm(n) o {4.4)

n=m-+1
where the sums are taken only for odd values of n.
Direct computations show that v(y, t) and 7(y, t) satisfy, in each case, both the associate
partial differential equations and all imposed initial and boundary conditions, the differen-
tiation term by term in y and { being clearly permissible,

5 Limiting cases

Taking the limits of Egs. (3.3), (3.5}, (4.3} and (4.4) as A = 0, we obtain the similar solutions
corresponding to a Navier-Stokes fluid (see [6], eq. (9.5) where the method of separation of
variables was used)

vy, t) = V(l - %) - % E %lexpkukit}, {5.1)
Ty, t) = HEI:—f - % ans{hﬂ!}exp{—vl'f,t}, (5.2)

Ayth—y) 44 < sin{Aon-1y)

= __ld "
”{y1 ﬂ - o vh e '}"gn—l ﬂp{ l"'}lﬁﬂ—l t] {03‘]

and (eq. (5.3) is in accordance with the last relation of [7], §4)

A 4pA v cos{Azn_
tau(y, t) = %{h —2) - “’T ) %ﬂ'} exp(—vA2, 1), (5.4)
n=1 2n—1

‘Remark. The expressions of the velocity and tension fields corresponding to a Maxwell
fluid, contains sine and cosine terms in £, while such terms does not appear in the case of
Mavier-Stokes fluid. This indicates that in non-steady shearing flows of such liquids oscil-
lations are set up in the fluid. The amplitudes of these oscillations decay exponentially in
time, the damping being proportional to exp(—t/2A) or exp(=1/A).

By letting now t — oo in anyone of the above expressions, we get the corresponding
solutions for the steady state flow

v(y) = V{(1-y/fh), r=—uVih (5.5)

and
v(y) = Ay(h —y)/(2v), 7= pA(h-2y)/2. (5.6)

Consequently, the velocity fields and the associated tangential tensions corresponding to
the steady state are the same for both types of fluid, Newtonian or not.
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