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NONPERIODIC WAVES IN PIEZOELECTRICITY

SILVIA G. CIUMASU and DUMITRU VIERU

Abstract. In this paper we consider the dynamic ally coupled electromechanical re-
sponses of a linear, homogeneous and isotropic piezoelectric material which occupied
a half-space. Here we consider a particular problem in which the boundary and ini-
tial conditions are such that the mechanical problem is one dimensional. The studied
problem is based on Mindlin's model. The obtained results cleary emphasize the in-
teraction between the electrical and mechanical fields, and the “softening” effect for
these materials.

1 Introduction

Piezoelectricity describes the phenomen of the generation of an electric charge in a ma-
terial when subjected to a mechanical stress, the so-called direct effect, and conversely, a
mechanical strain with response to an applied electric field, the converse effect.

We apply in this contribution, Mindlin’s linear model [4], in the quasielectrostatic ap-
proximation for the electromagifield. This model, by incorporating — besides strain and
electric polarization — the gradient of the electric polarization into the internal energy den-
sity, takes into account more precisely the microscopic aspects of structure and interatomic
interactions.

This article obtains solutions for displacement, polarization and electric field generated
bv a mechanical stress shock on the boundary of the centrosymmetric, isotropic, elastic
dielectric half-space. In this paper the Laplace transform on time of the governing equations
of one-dimensional piezoelectricity are considered together with the zero initial conditions.

It is of interest to note that, depending on the sequence in which the solutions to the final
equations governing either the transformed displacement or the polarization are substituted
in the governing field equations, two different forms of the solution are obtained. It is shown
here that these two forms are equivalent.

We obtain the inverse Laplace transforms for the transformed displacement, the po-
larization and the electric potential. The obtained ordinary differential equation in the
transformed displacement or polarization have the differential operator identical with the
differential obtained by using the Helmholtz's decomposition [1].

It is shown that the displacement, polarizaticn and electric potential are discontinuous
functions.

2 Governing Equations

We refer the motion of continuum to a fixed system of rectangular Cartesian axes. For
a homogeneous, isotropic and centrosymmetric body occupying the region D, with the
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boundary 4D, the basic equations in the linear theory of quasielectrostatic piezoelectricity,
in the absence of an external body force and an external electric field, are in [1], [4].
The equations of motion and electric field are

cas V2 + (c12 + €44)VV - u + dys VP + (dyg + dys)VV - P = pi,

d“"'?Eu -+ [dlg - d“}"ﬁv ‘u+ (byg + b7 )WV + {bqq -+ h}}?i P+

+ (bg + by = b7 )WV P —aP = Vip =10, a2
—-5Vip+V-P=0, in D.
Vip =0, in vacuum. (1)
The constitutive equations are given by
tij = cratg kbij + caalugj + u55) + dia Pe 3835 + daq (P i Py 5),
mij = dioug kdi; + daa(wiy + ujzi) + b2 Py xdij + baa (P + Pij)+ ,
+br7(Pj i — P j) + 0%, ®
m; = —aF;.
The geometrical equations are
€ij = %{u:,j + uji) (3)

In the preceding formulas, u denotes the displacement vector field, P is the polarization
vector field, y is the electric potential, t;; — the components of the stress tensor, m; — the
components of the effective local electric force, m; - the components of electric tensor, p,
€12, Cq4, 0132, dag, D12, Dyg, by7, @, b° are the material constants and gg is the permitivity of
the vacuum.

. Let the piezoelectric half-space be defined by 0 < z; < 00, —o0 < 2, 23 < o with the
boundary z; = 0.
The boundary and the initial conditions for the considered problem are

t11(0,t) = foH(t),

ot 0.1 0,1 [IN3 (4}
ii;"}=f;113=ﬂa t:-]'z‘j:t;a'j:m =23

m(0,t) =0, i,7=12.3, (5)

ui(x,0) =0, (x,0) =0, (6)

where H(t) is the Heaviside's function.
Since the problem is essentially one-dimensional, only u,(z;,t), Pi(z;,t) and @(z;,t)
are nonvanishing.
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The basic equations (1) and (2) are reduced to
(2c44 + c12)ty 11 + (2dgq + di2) Py a1 = pily,
(2d4q + drz)uran + (2bag + bia) Py —aP — 1 =0,
—gap 11 + Py =0,
th=oqui+abP, bhy=th=0, =223

tos = t3g3 = a1 +d1aPra, taa=ta =0

T11 = agtyy +as Py + b7, my=mn=0 7=2,3
Maa = Myg = dl‘l“],l = E"12-!:"‘.1,1 +HD1 Tag = w3z = (.

where
ay = 2c44 + 12, Gz = 2d4s + dya, a3 = 2byq + by,

From (7)s we get

1
= P,
11 %o 1.1

and the system (7) can be rewritten as

giuy,11 +aa P = piiy
asuy 111 +63F a1 —aaF =0

where ag = a+E.;1.

3 The Development of the Method

135

(11)

A convenient method for solving the problem is to take the Laplace transform on time of
the reduced equations and boundary conditions, where the Laplace transform is defined as

F(z,,8) = [ F(z;,t)e *dt.
/

Performing the Laplace transform in (11), we obtain
a\T 11 + a2 Py 1 = pstin,

aaly 1 + @z P —agPry = 0.

(12)
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From (12) we get, that in the domain of the transforms, the fields %, (x;, s) and Py (z;. )
are the solutions of the following equation

[{“3 a103) 75 B‘.; + (pags® +¢11ﬂ4} 2 = pays } (@mP,) =0. (13)

The characteristic equation corresponding to Eq. {13} is given by
(a3 = ayag)k* + (pass® + aya)k® — pass® =0, (14)

with the roots

k2 2= [ (pass® + araq) £ \/pzaﬁs" + 2pay(2a3 — aja3)s? +a ai] {15)

2(a§ — a103)
The solutions of Eq. (13), bounded at infinity, are
T (21, 8) = Ae™M1¥1  Be~him, (16)

Pi(z1,8) = Ce~F1%1 4 De~*om1 (17)

where only two of the constants of integration A, B, €, D that depend on the transform
parameter s are independent.

Two distinct but equivalent forms of the solution are derived alternatively by substituting
Eq. (16) and (17) for either Eq. (12); or Eq. (12)s.

4 The First Form of the Solution in the Domain of the Transforms

Substituting Egs. (16) and (17) into Eq. (12),, we have

a. - agk aq = ﬂakz

The values given by Ens.(18) are now inserted into Eq.{lﬁ] to obtain

P — 2
Et(ml,.ﬂ} = ﬂ"‘! :’; -klzl + %De—klxl_ . {lg}

The two constants of integration in Eqs.(17) and (19) can now determined from the
Laplace transform of the boundary conditions. Firstly we consider the following general
conditions

rll{{:h t} = f{t}: Nlltﬂ:t} =0. {2[]}
From (8), (17), (19) and (20) we get the first form of the solution as

oy — ﬂgkz i?[ ] _ b0 [{'ﬂl'a'S - ﬂ%}k% _'ﬂla“} ﬁ_h:]-i-
(a1a3 — a3)(k} — k2) skyasay

Uz, 8) =

(21)

aq — agk} 1 b [(aras — ad)ki —araa] | 4.,
+{a1u3 —ad)(ki — k) {H_‘_I{g}_’- skoaoay ‘ ’
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— kl —_ bﬂ ['l:ﬂ.]_ﬂ-;] = ﬂ-g}kg e |‘.'I113-4]
F £ = N 2 -y x
1{#18) (a1as - “'3}':"5? - kﬁ?} {az.ﬂﬂ 504 <
(22)
ka - b [(a1a3 — ad)k} - a1aq) | _y..
@as - K -8 {vaiﬂs] T 504 o
5 The Second Form of the Solution in the Domain of the
Transforms
Substituting Eqs. (16) and (17) into Eq. (12), we have
_ _mki - ps __mkj - ps
C=-—4, D= S B. (23)
From (17) and (23) it follows
_ B _a;k‘f —ps?  _pe, mki—pst
Pl{.rl,.?} = —ﬂikln Ae = "—ua'i:g"'—ﬁﬂ . {24}
By using Eqs. (8), (16), (20) and (24), we get the second form of the solution as
_ . ky b’ | (@103 — ad)kd — azps’ =k 7
o) = G | T
(25)
ks agt" a0z — af)k} — azps® - —
T {aras — ) (K — D) [ 8 ps? Jepf e,
- a ki — ps’ [h“ (aias — ai)ki — azps’ ] —kar
Py(x1,8) = = s)[e” ™ 4+
#09) = e - DR =R |k azpky s 1) -

L a1 k3 — ps’ [_E (a1a3 — a3)ki — agps®
slajas — ad)(ki — k3) | ks agpkas

fo] .

6 The Equivalence of the Two Forms of the Solution

The characteristic equation given by expression in Eq. (14) shows that the sum of the squares
of the roots is

a
2, g2 _past e r
Y iy a3 — ayaz @)
and that their product is
2
B2 = —P0eE 98
172 a% - aya3 (28)

The equivalence of these two different forms of the solutions is established by using the
relations (23)-(28) and a straightforward calculation.
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7 The Solution of the Problem
The roots of the characteristic equation (14) can be written in the following form:

ki,k: = +my [-.,.«";:12 +mi = /(p=2m)? + :m%] ’

bk = 2mo [V +mi + /p—2m ) + )

where

|| a

I|' ama— _ 0344
g = — =5+ m;. 30
ﬂ]ﬂa—az ﬂﬂa » P 1 (30)

From (29) we get

K - K = —dmd\[p? + md - \/(p — 2m1)? + m3. (31)

Using (29)-(31), the expressions of the Laplace transforms of ths solutions can be written
in equivalent forms, for which the inverse Laplace transforms can be obtained. We have:

wlzy,t) =P (1) [e‘“‘“Ju(mg-.,.-"t’ +2mq.1:1!.}] % [e"‘"Jn{mgﬁ,.-"t? — Imgzt| e FemIE

(32)
P1(t)s [e""”'H{t — moz1 )Ja(ma/T — m;"_n:]’}] i [e'""HI[t — moz1)Jo(ma /& — mng}] ,
where
&, (t) = ;—;ﬂ sh(m (t — 1)) Jo(ma(t — 1)) — 2mych(myt)Jo(mat)+
+(m? +m3}fsh m;r}Ja[mgr}dr] + Ef: [chl:mlt]l.fg{m-;t}-— (33)
1m
' t
—Emlfshl[m:r:l.}’n{mgr}df+ (m} +m3) f{t - r}lf:h{m;ﬂ.la{mgﬂdﬂ" 5
] i
(1) = _H [ch{m; (t = 1))Ja(ma(t — 1)) — 2m;sh (ryt)Jo(mat)+
t
+|{mf+m§]u/¢h[m1r}.fn{m:r}d7:| - g;?;g [ﬂh[meTJJDI[mQT}— (34)

i (1
—2m, fﬁh{m]T}Jﬂ{sz]dT + (md + m%}f{tu T}Chl:mj?'}l.lufmg'?}lﬁfjl ’
[ 0
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+ agh?
" S I (35)
@143 — ﬂ‘.? Q143 = EI2

P{Iht} == -{ﬂ;"]l[t}* [E_mlaurﬂ{mzft§+2mant}] *[em]'.ful:mﬂ m}]-}-

4—*&-2*-'3- [c""l{"”ufn[mnf[t = 1)+ 2oz (t — 1:}}] * [e’“"in{mz Vi — zmuﬂuﬂ] } gmimemiTl,
By mg
Ay ()4 {e“"‘"H[t - moz1)Wa(ma /P = mf}ﬂ}] . [e’““H{t = a2y ) Jo (g /T — mﬁxi’}]-i-
W% [e“"“ CH(t — mo:)Ja(ma /1% - mgzg] . [e’”"H{t — oz )Jo(mar/P — mﬁxf}] . (36)

where

9 (t) = Ef:_m [sh{m; (¢ = 1)) Jo(ma(t — 1)) — 2mach(mat)Jo(mat)+

! (37)
+(m3 + m3) ﬂf ﬂh{ml"'}«rn{mzﬂd’r:| + Emifnﬁ : E:Ech{ml t)J1 (mat),
Py (t) = —2%0 chim, (t — 1)} Jo(ma(t — 1)) — 2mysh{m,t)Jo{mat)+
1 (38)
+{m¥+m3}fd1':mrr]-’u{mzr}df] —ﬁﬂ;g-i?s]ﬂmlt}-iﬂmgt},
and D _
b= %, = EITE:]!}EE (39)

In the (32)-(39), Jo and J; are the Bessel's functions and u # v is the convolution of u
and v defined by
I
(u*v)(z.t) = ful[;r:ht — 7)u(zy, 7)dr (40)
D

From (10) and (36) we obtain the electric potential , and from (2) we find the stress
tensar.

The term that contains the Heaviside’s function H(t — mgz;) has the character of an

: i .
electroacoustic wave. The value x; = — characterizes the wavefront.
g
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Let be an arbitrary point of the considered medium, having the coordinates x;. Before
the moment t* = mgz] the displacement have the expression

wizi t) =St} e [e*"‘"..i"n[ma VIR + 2ﬂw:;t}] . [:"‘“Jatrn:“"tg + Qmo::;ﬁ] L VT

After the moment 1* we have

uy (], ) = By (1) » [e"“".-'g{mnﬂi+2mnz;l}] . [e“‘"Ju[m:an+2mum- ;r}] e~ Imamiz]
+Pa(t) = {ﬁ‘"“*}o{mj 12— mﬁ[.t{]ﬂ] . [e'"".fn{'m“,fl'-‘ —-mE{x{}“}] (42)

i.e. the displacement is discontinuous.
We obtain the analogous conclusion for the functions P,  and the stress tensor.
The study of this prablem, on the basis of Voigt's theory for a centrosymmetric izotropic
piezolelectric medium shows that the wave propagation velocity is

ay
v =,/—, 43
1 . (43)

which is the same with that of a longitudinal wave in a pure elastic medium. This theory
does not emphasizes the electromechanical coupling effect. In the case of Mindlin's model
considered in this paper, the propagation velocity has the expression

1 ay ﬂ-}
e SES 44
Vi g 3 ot (44)

which clearly emphasizes the electromechanical coupling effect.
The decrease of the phase velocity of the longitudinal wave, therefore a “softening effect”
appears for these materials.
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