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. A QUADRATIC FREDHOLM INTEGRAL
EQUATION AND ITS SOLUTION FOR VARIOUS
: KERNELS

MOSTAFA GHANDEHARI and MERLYND NESTELL

Abstract. Consider the Fredholm integral equation

1
wlz) =1+ Ap(z) j k{z,y)e(y)dy, A areal parameter.
0

The solution of this equation is discussed for separable, difference and distribution
kernels. Existence, uniqueness, and bifurcation questions are explored for various
assumptions on the kernel.

1 Imtroduction

Consider the Fredholm quadratic integral equation
1
o(e) =1+ 2(e) [ Kz v)olydy )

where X is a parameter. Equation (1) is a generalization of the Chandrasekhar H-equation

1 [
H(w) = 1+ uil(a) | f‘TﬂHm’Jdn’. (2)

Chandrasekhar used the H-function in the theory of radiative transfer [1].
We rewrite (1) as

..‘FE-....}_._]; = A ! I - 3
o) fn (z, w)e(w)dy (3)

ng, Then (3) reduces to

and substitute y(z) = #(z)

1
Plx) = Jﬁ/ﬂ k(z,v) - dy. {4)

1
1-(y)

Equation (4) is a Hammerstein equation that has the general form

Wizx) + f k(z,u)f(y, ¥(¥))dy =0 (5)
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where v is the unknown and f i5 a nonlinear function. For a discussion of equations of
Hammerstein type see Tricomi |7] or Corduneanu [3]. Dolph |4) has a treatment of non-
linear equations of Hammerstein type. The results of Dolph’s paper are summarized by
Corduneanu [3].

In contrast with linear theory, equation (1) is a quadratic Fredholm equation of the
second kind, We also discuss the solution of a quadratic Fredholm equation of the first kind

1
o(z) = Mp(z) fﬂ Kz, )e(w)dy (6)

where g is a known function and  is unknown. The solution of the integral equation (1) is
treated under various assumptions on the kernel and a bifureation analysis discussing exis-
tence and uniqueness for the parameter A is presented in Section 2. In Section 3 solutions
of (1) are presented with various assumptions on the kernel, and in Section 4 various gen-
eralizations of equation (1) are given. A knowledge of standard material on linear integral
equations of Fredholm types with separable kernels is assumed as presented in Cochran [2].

2 Bifurcation

Consider the simple case of (1) where k{z,y) = 1, that is, assume
1
p(z)=1+20(a) [ty ©

1 .
First, we note that solutions exist provided A < rk For example, if we look for a constant

solution, then we obtain

The discriminant of Adg? — w4 1 = 0 is equal to 1 — 4. If we require 1 — 4\ > 0 in order to

obtain a real solution, then A < 1 In that case, we obtain

1+ J/TD ®
="
From (8) we solve for A to get
-1
e %. (10)

Figure 1 gives a graph of X in terms of y. Note that the bifurcation curve can be

1 1
interpreted as follows: There is no real solution of (8) for @ when A > rk and when A = 3

1
there is one solution ¢ = 2. For A = 0, we obtain the unique solution p = 1. For 0 < A < 3

and for A < 0 there are two solutions. Tricomi [6] gives a bifurcation analysis of the quadratic
integral equation

1
o@) -2 [ Py =1, (1)
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where the bifurcation curve is the same as the one we have for (7). If we let kiz,y) = §{y—=x)
in (1) we also obtain a quadratic equation where § denotes the delta distribution. A real

solution exists in this case if and only if A < i—

*
-1
g
[
Fig. 1.
Consider a generalization of (7) in the form
1
plz) =14 2%(@) [ wlw)d. W
i

In order to look for a constant solution of (12) let ¢ = K to obtain

K =1+ M3, (13)
Then K -1
A= (14)

d ;
The graph of A in terms of K is given in Figure 2. At the critical value A = o there is a
4
double solution for K. The discriminant of the cubic (13) yields the critical value A = 5

The results obtained by using Cardan’s method of solution, Turnbull (7], agrees with the
bifurcation curve given in Figure 2.
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A

Fig. 2.

More generally, consider a nonlinear integral equation

1
o(z) = 1+ A" (z) f plz)de, n32. (15)
L]
Then the constant solution satisfies

plz) =1+ A" (z). (16)

. Analyzing the bifurcation curve for (15) we have a behavior similar to that depicted in

Figure 1 for n even and similar to that in Figure 2 for n odd. If we solve for A in (16) we

obtain 1
-

A= .
wﬂ

(17)

n—1)-1

The critical value of A = ( behaves as follows: For n even, if A <

{n — 1)!1-'1

{1‘1 _ I}n-l
nn
there is a solution of (16). For 0 < A <

n
there is the unique solution ¢ = 1. For A < 0, there are two solutions. If n is odd, there is a
(n— 1)1 (n—1)~1
1l nﬂ

, there are two solutions. For A = 0,

unique solution for X > . There are three solutions for 0 < A < , and
a unique solution for A < 0.
In passing, it is interesting to consider the following result regarding the complex case.

Assurme = 1 + fws where ; and 2 are the real and imaginary parts of . Substituting
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w in [T} and equating real and imaginary parts, we obtain

1 1
~'P‘1=1+3’~[‘P1f ‘F1—9¢'2£ “F?j| (18)
0
1 1
?22}*[%2_[3 aﬂ1+¢1£ sz] (19)

From (18) and (19) we find

= (20)

1 1 ) ) g ay? o’
If we let @ = ~ ——, then we obtain the circle @] + ((pz - —) = — in the (©1.42)
A fu ¥z 2 4
plane. -

In the simple case of a constant solution given by (9), we can directly check that vatiphs =

i-. Thus, for complex solutions the real and imaginary parts of  are located on a circle.

3 Separable Kernels.

Next, we discuss the solution of (1) for a separable kernel

k(z,y) = ) A(z)Bi(y) (21)
im]
First consider a special case for n = 1.
k(z,y) = Alz)B(y). (22)
Substitute (22) in (1) to obtain
1 .
ola) =1+ (@) [ Alz)BG)olw)dy. (23)
Assume .
a= [] Bly)e(y)dy. (24)

Substitute (24) in (23), and solve for ¢(x) to obtain

i

w2 = T Ta i@ (25)

Substituting (25) in (24), we obtain

a={p, B)= <1—-_—-1-m,3>.
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That is, we get
1
B(z)
= dr.
“ ﬁ 1-AaA(z) (26)
In contrast with the linear theory, equation (26) is a nonlinear equation in a. Even in a
simple case we obtain a transcendental equation in a. For example, if B(z) =1, A(z) ==,
we can integrate to obtain Aa® + In(1 — Aa) = 0. If we assume A(z) =sinz, B(z) = cosz,
then we also obtain Aa? + In(1 — Aa) = 0.

Next we consider another special case of (21) with n = 2. If we let k(z,y) = sin{z — y),
then in (27) we let A;(z) = sinz, Aa(z) = cosz, Bly) = cosy, Ba(y) = —siny. Assume

oy = (B1,p) and az= {B2,). (27)

Let the limits of integration in (1) be 0 and % Using (27) in (1) we find that  has the

form 1

2 :
1= asAilz)

im]

wlz) = (28)

Substituting (28) in (27) we obtain

ay = f Blz) 4 i=12 (29)
0 1-24 E n;Ai{:c}

i=1

In the case that k(z,y) = sin{z — y), we obtain

1— Ao
2 2 2
Lee "|"'ﬂ'-2 —-]n(l ) 1). {3{]

—

The latter equation can be used with (29) to approximate a; and oz Saaty [5].
Assume A;(z)=1,i=1,---,n Let §; = fﬂl B;(y)dy. Then

B 1
N 1-2% oy

(gm) (1 - }.iai) - f:ﬁ,-, (32)

im] 1=1

Oy

Bi. (31)

Then

We can use the quadratic equation to solve for 3., @; and then use (31) to obtain a;. Note

1
that (32) has a solution if and only if A < s
In general, we obtain a system of nonlinear equations by sustituting (21) in (1) to obtain

o) =14 30(@) [ 3 AaBlwelu)dy =
i=]

= 14 0l@) 3 Aia) [ Bilw)etu)ds (33)

=1
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Define an inner product
1
o= [ Bilwelu)dy = (B (34)

Usipg {34) in (33) we find that y has the form

1
) =15 S mAT)

Substituting (35) in (34) we obtain

o = (g, Bi) = <-——1——B> (36)
1-— }.Zcr,-ﬂ.i

=]

that is, we get

1 A
o :f -E;‘(Ij : de, i=1,...,n {3'”
" 1-2Y aidi()
i=

In contrast with the linear theory, the system (37) is a nonlinear system of equations in
termsof o, i=1,...,n

4 Existence and Uniqueness of Solutions

x)—1

z) = & )
) o elz)
merstein type. Tricomi [6] uses successive approximations to give conditions under which
equations of Hammerstein type have solutions. We use equation (4) and a geometric series
to give a lower bound for A,

Assume |¢(y)| < 1, so that we can use a geometric series on the right hand side of (4).
Taking the absolute value of both sides we obtain

Now we discuss (1) by letting o . that reduces it to an equation of Ham-

a oo
i) = | [ (k0 3 ')y
o i=0
oa 1 .
<MY [ ke w)lvw)ldy (38)
im0 70
Let K(z) = ||k(z,y)|| with respect to y. Then, by the Cauchy-Schwartz inequality,
()] <A K(z) ], (39)
i=0

K(z) = ||k(z,v)| with respect to y. Since || < 1, we obtain ||¢] < 1. Then, we use a

geometric series to obtain y
P(z)] < [N ——.
Wl < Pl



48 MOSTAFA GHANDEHARI and MERLYND NESTELL

Thus, we conclude
11 < I\ T g (40)
where ||K(z)|| < K. Let 8= ||¢|| < 1, then from (33) we obtain the quadratic inequality
- B+ MK =0 (41)
In order for 32 — 3+ |A| K = 0, we obtain
1—4\K < 0. (42)

Thus, there is a solution 3 with the assumptions mentioned if

1
M=z % (43)

Our work could be extended by examining different kinds of kernels from the ones we
have investigated.
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