LIBERTAS MATHEMATICA, VOL XXII (2002)

CONTROLLABILITY FOR SEMILINEAR FUZZY
INTEGRODIFFERENTIAL EQUATIONS WITH
NONLOCAL CONDITIONS

P. BALASUBRAMANIAM and J.F. DAUER

Abstract. In this paper, the controllability for the semilinear fuzzy integrodifferen-
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1 Introduction

In real life models, many systems are related to ‘uncertainty’ and/or 'inexactness’. The
problem of ‘inexactness’ is considered in general exact science, whereas that of ‘uncertainty’
is vagueness or fuzzy and accidental. Ding and Kandel [10] developed a way to combine
differential equations with fuzzy sets to form a fuzzy logic system called fuzzy dynamical
systems, which can be utilized to form a fuzzy semilinear integrodifferential equation.

For fuzzy concepts recently Diamond and Kloeden [9] and Subrahmanyam and Su-
darsanam [23] established a metric space theory for fuzzy sets and fuzzy Volterra integral
equations, respectively. In particular, Kaleva [14] studied fuzzy differential equations, the
Cauchy problem for continuous fuzzy differential equations was studied by Nieto [18], and
Song et al [22] obtained results for global solutions of such systeins.

Seikkala [21] proved the existence and uniqueness of a fuzzy solution for the following
systems

#(t) = f(t,z(t)),  2(0) = 2o,

where f is a continuous mapping from IR* x IR into IR and zp is a fuzzy number. Recently,
the above concept has been extended to integrodifferential equations by Balasubramaniam
and Muralisankar [4]. Nonlocal boundary conditions yield better results than the classical
condition z(0) = g, and applications of this are well documented (for details see [3], [5].
[6], [19] and the references therein).

The problem of controllability of linear and nonlinear systems represented by ordinary
differential equations in finite and infinite dimensional spaces has been extensively stud-
ied (e.g., see [1], [7], [8]). Quinn and Carmichael [20] have shown that the controllability
problem in Banach spaces can be converted into a fixed point problem for a single-valued
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mapping. Using the fixed point technique, the nonlocal controllability of nonlinear integrod-
ifferential systems has been studied by Balasubramaniam and Loganathan [2]. Recently, the
performance of the fuzzy logic system (for example optimal control, observability) from the
aspect of fuzzy differential equations has attracted several researchers. In particular, Kwun
et. al. [15] studied the existence of fuzzy optimal controls for nonlinear fuzzy differential
systems with a nonlocal condition. Further, Ding ef. al. [11] analyzed a way to combine
differential equations with fuzzy sets to form a fuzzy logic system called a fuzzy dynamical
system and studied the observability of such linear systems.

In the Section 3, instead of using a fuzzy logic approach with a fixed point, the controlla-
bility of the following semilinear fuzzy integrodifferential equation with nonlocal boundary
condition is studied

i(t) = Alz(t) + j:G{! — &)z(s)ds] + f(t,z(t)), teJ, . (1)

I{E]} + 9“‘11 ta,... :tp:zl:'” =IpE EN:

where J = [0,T], A : J — Ex is a fuzzy coefficient, and Ep is the set of all upper
semicontinuous convex normal fuzzy numbers with bounded a-level intervals. Here it is
assumed that f : J x Ey — En is a nonlinear continuous function and G(t) isan n x n
continuous matrix function such that it's derivative G'(t)z is continuous for r € Ep and
t € J with norm ||G(t)|| < k, k > 0. The function g : J® x Ey — Ep, is a nonlinear and
continuous. The elements of the set {1, t2,....8p}, 0 <ty <tg <--- <t <T, pe N are
represented by the placeholder ** in the function z(-).
MNow, consider the linearly perturbed system

(t) = Alz(t) + -/:Gl[i — s)x(s)ds] + f(t,z(t)) + Bt)ult), ted, (2)

"E{{}]I +.g[£1&t21--'1tp11-{'}} =Ip e EN,

where z(t) is the state, w : J = Ey is a control function, and B : J — Ey is a fuzzy
coefficient.

This class of equations arises, for example, in problems such as heat conduction in ma-
terials with memory or population dynamics for spatially distributed populations (see [12],
[13], [16]). For such reasons, there has been an increasing interest in the study of systems
that can be deseribed by integrodifferential equations.

2 Preliminaries

A fuzzy subset of IR” is defined in terms of a membership function which assigns to each
point = € IR" a grade of membership in the fuzzy set. Such a membership function is
denoted by

v:R" = [0,1).

Throughout this paper it is assumed that v maps IR"™ onto [0, 1], [v]° is a bounded subset of
IR™, v is upper semicontinuous and v is fuzzy convex. Denote by E™ the space of all fuzzy
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subsets v of IR" that are normal, fuzzy convex, and upper semicontinuous fuzzy sets with
bounded supports. In particular, E' denote the space of all fuzzy subsets v of R.
A fuzzy number a in real line IR is a fuzzy set characterized by a membership function
g a8
. pe : IR = [0,1].

Such a fuzzy number a is expressed as

.= f el

with the understanding that p,(z) € [0, 1] represents the grade of membership of z in a and
[ denotes the union of p,(z)/z over z € R.

Definition 2.1. A fuzzy number a in IR is said to be convex if for any real numbers z, y,
zinRwither<y<e,
Ha(y) = min{pa(z), pa(2)}.

Definition 2.2. The height of a fuzzy set is the largest membership value attained by any
point.

Definition 2.3. If the height of a fuzzy set equals one, then the fuzzy set is called a normal
fuzzy set. Thus, a fuzzy number a in IR is called normal if the following holds

max galx) =1.

Result 2.4. Let Ey be the set of all upper semicontinuous convex normal fuzzy numbers
with bounded a-level intervals (see [17]). This means that if a € Ew, then the a-level set

[a*={zeR:a(z)>a, 0<a<l)
is a closed bounded interval, that is denoted by
[a]* = [ag, o],
and there exists a tp € IR such that a(ty) = 1.

Result 2.5. Two fuzzy numbers a and b are called equal a = b, if po(z) = pplz) for all
z € . It follows that
a="b+ [a]® =[b]" for all & € (0,1].

Result 2.6. A fuzzy number a may be decomposed into its level sets through the resolution

identity
1
a= f afa]®,
0

where ala]® is the product of a scalar o with the set [a]* and [ is the union of [a]*s with
the number a ranging from 0 to 1.
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Definition 2.7. The support of a fuzzy set A in the universal set UV is a crisp set that
contains all the elements of U that have nonzero membership values in 4, that is,

supp(A) = {z € U : po(z) > 0},

where supp(A) denotes the support of fuzzy set A. Hence, the support I'y of a fuzzy number
a is defined, as a special case of level set, by the following

I ={z: pafz) > 0}

Definition 2.8. A fuzzy number a in IR is said to be positive if ) < a; < as holds for
the support I, = |a1,as] of a, that is, I, is in the positive real line. Similarly, a is called
negative if a; < as < 0 and zero if a1 <0 < ag.

Lemma 2.9. {[21]) If a,b € Ep, then for a € (0, 1],
fa+b)° = [ag +b,a2 + 5],
[a-8)* = [min{afb3}, max{afbS}], (i.j=g.7),
[~ b)° = [ag — b2,a% — b2].

Lemma 2.10. ([21]) Let [af,a7], 0 < a <1, be a given family of nonempty intervals. If

[ﬂg,ﬂf?] c [ﬂ&.:ﬂﬂ for0<ac<g, (3)
and
[Jim_ag*, lim ag*] = [ag, ], (4)

whenever () is nondecreasing sequence converging to « € (0,1], then the family [af, a?],
0 < a < 1, consists of the a-level sets of a fuzzy number a € Ey. Conversely, if [a],a?],
0 < a <1, are the a-level sets of a fuzzy number a € Ew, then conditions (3) and (4) are
valid.

Let £ be a point in IR and A be a nonempty subset of IR". We define the distance
d(z, A) from z to the set A by

d(z, A) = inf{||lz — af| : a € A}. (5)

Now let A and B be nonempty subsets of IR". Define the Hausdorff separation of B from
A by
dy (B, 4) = sup{d(b,A) : be B}. (6)

In general,
(4, B) # djy (B, A).
Define the Hausdorff distance between nonempty subsets of 4 and B in IR" by

which is symmetric in A and B. Consequently,
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(1) dyg{A,B) = 0 with dg{A, B) =0 if A=E,
(2) dg(A, B) = dg(B, 4),
{Bj du(4, B:l = dH{4 C} + dg(C, B}:
for any nonempty subsets of A, B and C in IR". The Hausdorff distance (7) is a metric,
called the Hauvsdorff metric.
The supremum metric dy, on E™ is defined by
doo(u, v) = sup{dg([u]®, [v]*) : @ € (0,1]} (8)

for all w,v € E™, and is obviously a metric on E™.
The supremum metric A, on C{J, E,) is defined hy

Hil{z,y) = sup{daa(z(t), pith) : t € J} (@)

for all z,y € C{J, E™).

3 Controllability Results

Let I be a real interval. A mapping z : I € Ey is called a fuzzy process. Denote
[(e)])* = [=5(t), =7 (t)] tel, 0<a<l.
Then the derivative (t) € Ex of a fuzzy process z is such that
[£(t)]* = [25 (t), 27 (1)), l<a<l. (10)

The fuzzy integral
b
fmmdt., abel

f[zt}a‘.t —[f t}dtf z9(t) ]

provided that the Lebesgue integrals on the right exist.
The relation between fuzzy derivative and fuzzy integral is obvious; first

iz defined by

i
%f z(s)ds = z(t), ae. tel,

and if the end point functions (27) and (£7) in {10) are integrable, then

z(t) = zla) + /4 z(s)ds, tel



¥ P. BALASUBRAMANIAM, J.P. DAUER

Definition 3.1. The fuzzy process £ : J = En is a solution of equation (1) without the
inhomogeneous term if and only if

(#9)(t) = min {a (8) |22 (&) + f;cu - s)ag(s)ds].i,j = gr,r},

{22(t) = max {a‘f{t] [m_?{t] - -/:G(t - s}m?‘(s]ds] di=q. r},

and
{I:}{ﬂ} = qu i g?{tl }i?a reey tp:-m{'ﬂz

{:E:}{[]} = xgr - g:{tl'. i?: sray tl?:m{”

For the existence and uniqueness of the fuzzy solution

t
2(t) = S0 (20— ofts tar---.t20) + [ S(e = 5)f(s,2(6))ds (11)
0
for the nonlinear fuzzy integrodifferential equations (1), assume the following hypotheses.

{H1) The nonlinear function g : J? x En — Ey is continuous and satisfies the inequality

iy ([o0t 2.ty SN ottt 1, CON®) < endr ([ECI1". [EC)°)

for all £(-),((-) € Ex, where ¢; is a finite positive constant,

(H2) The inhomogeneous term f : J x Exy € En is a continuous function that satisfies the
global Lipschitz condition,

dir ([£(s, €))7 [£(s,C(5))°) < cad ([EC), (1)

for all £(s), {(5) € En and some finite constant ¢y > (.

(H3) S(t) is a fuzzy number satisfying for y € En, §'(t)y € C'(J, En) N C(J, Ex) the
equation

£5(t)y = A[S(y + [; G(t - 5)S(s)yds]
= S(t) Ay + f St — s)AG (s)yds, t € J,
4]

such that
(SN = [Sg(t), S (t)

and 5S¢ (t) are bounded on J, (i.e., exists a constant ¢ > () such that |S#(t)| < ¢ for
allt € J).

For the controllability result of equation (2) with the assumptions (H1)-(H3), assume
the additional hypothesis.
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(H4) The fuzzy map W : P(IR) =+ En defined by

t
We(u) = { 5°(T — 5)B®(s)u(s)ds, for u(s) C I,
0

, otherwise,

is such that there exists W2 (i = g,r) such that

' T
W;(ﬂq}=fu Sq (T = 8)Bg (s)ug(s)ds, ug(s) € [ug (s), wm{s)],

T
W (u,) = f: SO(T - 5)BE(s)up(s)ds, ur(s) € [ui(s),u(s)].

for all u € P(IR), the set of all closed compact contral functions in IR and W7, Wg
are bijective mappings.

Under hypothesis (H1)-{H3), equation (2) is related to the following fuzzy integral
system

z(t) = 5(t) (mu ~ plt1,tay.y tp.z(-}}) + [ 5(t - s) [f{s, z(s)) + B{s}u{s}]ds (12)
where S(t) is a fuzzy number.

Definition 3.2. The equation (2) is said to be a-level exact controllable if, for every
Tu, T1, § € En, there exists a control u : J = Ey such that the fuzzy solution z(t) of (2)
satisfies

[.z:l[ﬂ]l — glty, ta, . .,:p,m{-})] * s )
and [z(T)]* = [z;]* in time T.

Theorem 3.3. Suppose that hypotheses (H1)-(H4) are satisfied and that 2ec; < 1. Then
system (2) is a-level exact controllable on J.

Proor: Using the bijective mappings in hypotheses (H4) introduce the nonlinear control
u(s) as

[u(s)]* = [ug(s),uz(s)]

_ [[Wﬁ—x{;ml}g - S;'{T}(zﬂ’q - Qq"(tl,t;,,..,tp,z{-]}) - f: 52T - s]f;{s,z[s]}ds},

(W) { (@) - S2T) (28, — 92ttt z() - [ 21 - 5) 2. 2(e)ds} |
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Then substituting this expression into equation (12) yields z(T).

[x{T}]f':[S“[T)(rﬁ‘q 2ttt 2() + fs*'* — 5)f2 (s, 2(s))ds
f Se(T - mB W) {225 - 53(7) (28, - 65 (12, o, 1), 2()
- [ so00 = 952 s.2(60ds v,

S“{t}(zur - g2 (tr. ta, :p,:m:-n) - j; ST — g2 (s,a(e))ds

+ [ s - B ) {2 - 520 (28, - 0200t b 20)
- TL ST = 5)12 (s, 2(s))ds } ()]

= [S:{T}(mgq — g%t ta,. ., 2( ]l) f 8q(T — 5)f3 (s, z(s))ds
W) W) {{zl}ﬂ S2(T) (28, — 95 (b2, - 15, 2()))
—fTS (T — 8)£2(s,2(s) }ds}
Sf{T}(-an g5 (ty,ta, oy tp, 2(:)) ) +f S3T — ) f* (s, z(s))ds
HWe) W) (1)g - S2(T :l(r,-mn fa, ...y, ()

f SET — 8) f2 (s, x(s) .:Es}]

- E 21)2, (1))

.I!]_]'a.

Define
(#E)(t) = S{t}(zu - g[thti,---,fmﬂ'}}) +fﬂ S(t—s)f(s,£(s))ds
+ [ 8= mBEW - {z: - S0 - olts 2.t 00)
f S(T = 5)f(s,€(s))ds } (n)an.

It is easy to verify that & is a continuous function from C(J; Ex) to itself. For £, €
C(J; Ex)

T
[2(T))° = [S5(T) (25, - g5 (ts,tas - tg, 2()) +fu 53(T — 8)f3 (s, z(s))ds
T
+ fﬂ - MB; W)~ { @) — 53(T) (28, - 6§ .12, 15),2())
—fn §3(T ~ ) 13:(s, 7(s))ds } (n)dn
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;
S20 (a8, ~ 921,12, 2() + [ 52T = 5)12(s,2()ds
T
+ £ Se(T-m)BE ()W) { (21)2 - S2(T) (28, -92 (81,2, ()
T
- [ 5@ - 5225 nha)
. Lt
T
= [S0(T) (a8, = 95 t1, .-ty 2() + fn S52(T ~ 8)£2 (s, 2(s))ds
+WR) W) {(21)3 - 53(T) (28 = 95,12, tpy2()))
T
- [ s@ - s s, a(eas).
0
T
SE) (a8, - 98 tastar- st (D) + [ SET - 5)12(s,2(5))ds
]
+HW2)W2){(22)2 - S2(T) (a8, - 92, ta,- sty (1)
T
- [ @ - s (s.a)as}]
0
= [(z1)5. (z1)7]
= [:a]*.
Define
i
(PE)(t) = 5(t) (Eu - Q'[thtz,---n‘-p,ﬂ-:l}) +j; S(t —5)f(s,E(s))ds
+ [ St =B {1 - ST - gltr ..t EC)

T
- [} S@ - a)p(s,(e)ds ).

It is easy to verify that & is a continuous function from C (J;Ewn) to itself. For £,7 €
C(J; En)

di ([@€) DN, (6O D))
= dy ([S(8) (20 = 9ltr, 2. 15 E() + [ﬂ " S(t— 5)(s,E(s))ds

i
+ [ (- mBEW 1 - ST (z0 — glts. ...t E()
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T o
- [ S@ - 9)fte,(6)ds}myan]
’ L
[5) (a0 - ottt 5uC00) + [ (- 5)1s, (61
+j:$(t — 1)B{g)W? {m1 —S{T}(zu — gty ta,. ---.!p-.CE~}})
-/ "S- ﬂft&ﬂs}}ds}{n}dn] )
=da[[5{r} 2o = glty,tz, ..., tp,€()) fSt 8)£(s.£(s))ds ]
+[ [ st~ memw- {zl - sm(zu S (CHIR{0))
- " ST - (s, ) ()]
v L
[56) (50 = gttt st D))+ [ [ St = 91106, cls))as]”
+ fn " S(e - mBW {1 — S(T) (0 - st ta, .t ()
T o
- [ s@- e ds}{n dn)”)
< dir (1802l + (503,12, €N + [ [ ST )s(e,e06]
[S(t)2a)® + [S)g(tr b, -, 15, () ]=*+[fﬂ S(t - )15, C(s))ds] ")
+dn ([ j; se(e- MBS W)™ {z1 = ST) (20— gltr,ta, -, £, 1))
- [ s@—a)5(s.eenas) oy,
] q
t
[ szt —nB2mme) {z - S (z0 — gltr ta,- .-t ECD)
. f "S- ) (s,€(s))ds) " (m)an)
L ’ '
[ sete—megmme) {z: - @) (0~ ottt 15:0)
] S(T = 9)f(s,G()ds) (m)dn,
[ e Bz {xl—S{T}(zu—guht:,.....e,,..cnz-}:l)
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T o
- [ 5@ - 9)1(s.¢)as) nhan] )
] r
< iy ([ (0195 (B, tar- - 15, €()), 52 (D97 (B, s 1, €0))],

[S2 0193 (11, ta,- 5, €N, SE (B9 (11, -, 10, C())])

o [ (15— 1700, 82 - )12 (0,806
(S5t - 9) ¢ (s, ¢(s)), S22 - 8)72(s,(6))] ) s
+du ([We W) {21 - ST (20 - 9ltr,ta,- . . 60)
T o
- [ S - )s(e.eleas) myan,
(We)(W2)~ {21 — S(T)(@o — glts, tay- -t ()
- [ 5@~ s)16s,e060a0) " ryin]
[{wﬂr (Wa)"Hay — S(T)(zo = gltr, b2, -, 5, ()))
T
- [ 8@ - (s, ctods)g tmiin,
{W,?]EWE}_J'{Z]_ - S{T]{in - y{:1!t21 = stp'l q{}}}
T
- [ 8@ - )16, cleas)zman])
CHOIPH ORI NSO B CHPRRR 0))
(0)[02 (1.2, 15, C0D) = 08 (11,2, 11 ECD] )

{max(

+f “max (| ¢ - o) [ o, clo1) — 12 (e, o)
Se(t — )[£25,¢(5)) - £2(s,€(s))] |) s
S;r{T} [93‘&1 gE2yees :tp'- ‘;{}} - Q‘?(tl,ﬁz, e :trﬂ E{”] ]r

(T[98 (s, 15, C0N) = 82 (s 2,1 1, €D |)

+/:“ (

—

52(T - 8)[ 155, ¢(5)) - £3(s, €]
T - 5)[£2(s,¢(6) - £2(s, ()] ) ds
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1A

2e max

( [9?{t1112.-~~ i C0)) — 98 (t1, 12, sir:f('ﬂ] |>

| BP0 |)

t

i ma:-:
1]

fq (8,¢(s)) =

(C(8)) — 2 (s, 6(s))|)ds

T

+e (5,¢()) = S (s, (D), [ £, €)= £2 05, D)) ds

1]

2 dH([y;*{t,,n,...1tp,£t-1},gsu,=tz,.. b €0)))

[ﬂﬂtls t21 ==y tp:(”] - g;:‘.{th t?l reey I.P‘gl:}}])
1
e [ i (156060 £25, ML (5 G £2 5, ) s

T
. fn drr (112 (5, €(5)), £, €G], [ 5, €(5)). 25, C(5))] ) ds

= 20 i (lo(t1, 12, -, 1y €N, ot B2, 1 GO
/ dir ([ (s, 6NN, [F (s, C(s)]" ) ds
+e fn dr ([ (. €I, [£(s. C()]" ) ds
< 2cey dn (IEO1 CO1) + ees [ i (IEC. 1) s
+oea [ d (€. s

Therefore,

dos ((9€)(8), (20)(1)])

= suPae o, drr ([(2E) (1)), [(20) (8)]")
i T
< 2eeydoo(€(),€()) + cez f; deo (€(5), C(8))ds + cez fﬁ dos (£(5), C(5))ds-



CONTROLLABILITY FOR FUZZY INTEGRODIFFERENTIAL EQUATIONS 13

Henee

Hy (86, 8¢) = supte.rdoo ((86)(2), (20)(2))

< 20es5up et (£0),€0) + ccrsumres | e (£(9),€(6) ) ds
Fecasupres fT doo (E{SLCES])ds

< %c(er + eaT)H (£, €).

Take T sufficiently small such that T < 152€1 then & is a contraction mapping. By the
Banach fixed point theorem, equation (2} is c-level exact controllable on J.

4 Example

Consider the semilinear one dimensional heat equation on a connected domain (0, 1) for a
material with memory, boundary cenditions z(t,0) = =(t,1) = 0, and with the initial and
terminal conditions z(0, z) = z(T, z) = ¥(z), for ¥ € Ey (see [12]). Let z(t, z) be the internal
energy and f(t,z(t,z)) = 2tz(t, z)? be the external heat.

Then the balance equation for this system becomes

t
z4(t, z) = 2[z(t, 2) —f e'{*“"x{s,z}ds}n + u(t) + 2tz(t, 2)%,

2(t,0) = 2(8,1) =0,
z(0,z) — z(T,z) = 222 € Ey.

Let G(t — &) = e~t=2) A=285 B =1, f(t,z(t)) = 2ta(t, 2)?,
9(z(T, 2)) = z(T,z) = z(0,z) — ¥(z) = 25°,

and ¢z = 3T[|z2(t, 2) + y&(t. 2}|] > 0.
The a-level set of fuzzy number 2 is

[2]* =[@+1,3 - a] for all @ € [0,1].
Then the a-level set of [f(, z(t)))® is
[2tx(t, 2)°] = t{2)° [=(t, 2)°]*
= tle + 1,3 = al[(22(t, 2))?, (22 (t, 2))]

= tl(a +1)(@g (t,2))%, (3 - (a2 (t, 2))?),
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where [z(t, 2)]* = [£§(t, z), 27 (2, 2)]. Further,

dp ([P ()], [¥(y)]")
=dg([(a + 1){22)?, (3 — a)(z2)?), [le + 1){yg )%, (3 = a)(yf 1))
< max{(a+ 1)|(25)? = (y5)*. (3 = a)l(z7)* = (y2)*(}
< (3 — a)max{|zy - y2llz] +yg | =7 — w7 ll2? + w7 [}
< 3|z7 + yy | max{|zd — ygl.|2F — 7]}
= epdg ([2]%, [1]?), o =3]z7 + 7],

and g satisfies the inequality in hypothesis (H1). Further,

dr([f (2, z(t, 2))]%, [f (£, y(t, 2))]*)
=dp(tlla+ 1)(z5 (t, 2) 11, (3 = a)(z2(t, 2))?],
t(e + 1)(y5 (2, 2))%, (3 = a)(y? (8, 2))°))
< t max{(a+1)|(z ;'{nz}}z (yg (t. 2)F.
(3 — a)|(z2(t, 2))* — (we (b, 2))%|}
< T(3 — o) max{|zy(t, z} — yg(t, 2)lxd (2, 2) + i (L. 2)],
|z (¢, z) — y2(t, 2)||22 (2, 2) + p2(t, 2)]}
< 3T)z2(t, 2) + y2(t, 2)| x max{|5 (t,2) — yo (¢, 2)|. [z (¢, 2) — y2 (t.2)[}
= eadp ([2(t, 2)}°, [y(t, 2)]°).

This is an abstract formulation of equation (1). Further, the fuzzy number S(t) exists
(see [16]). Since f and g satisfy the global Lipschitz conditions, Theorem 3.3 implies that
the fuzzy integrodifferential equation is a-level controllable on J.
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