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INVARIANT SOLUTIONS OF RADIATIVE
MAGNETOHYDRODYNAMICS

GHEORGHE PROCOPIUC

Abstract. In this paper we give two types of solutions for one-dimensional radiative
magnetohydrodynamics which are invariant to the transformations of the admitted
group of these equations. We prove that in both cases the problem can be reduced
to the integration of normal systems of ordinary differential equations.

1 Introduction

The idea of using continuous groups of transformations to study the differential equations
belongs to 8. Lie. It was afterwards resumed by G. Birkhoff in the study of the hydrody-
namics equations, as well as by L. V. Ovsianicov (1], [2], [3] and Gh. Gheorghiev [4], [5].
Knowing the most wide admitted group by a differential system, using group properties, we
can find out particular solutions and can research the structure of its solutions set.

The problem is analyzed in the frame of Lie's classical theory, so that all the gronps and
differential equations are assumed analytical.

Let &, be a Lie local group of punctual transformations of the Euclidean space R"Y {z, u),
where N =n+m, = {:r' L, us= {ul, u?, ..., u'“}, and let L. be the Lie algebra
with

a d
Xl.‘lr ='E¢: {:1:1“'}'5? +ﬁ‘£ {1‘,'”-] @r = 11"'

as a basis of infinitesimal operators, where £, and n} are functions of class C> {R"). Let
k

RV (z,u,p), where p¥ = g%, be differential extension of RY, The action of G, on RY can

1

be canonical extended to an action of extended group (":r on l:lv‘.'f_"'r . The Lie algebra of G, is
isomorphic with L, and admits the basis

—, 8
Aazxa"rl:f“@, LlEl-....rT'l

with 8 8
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Consider the following system of first-order differential equations:

F*{zu,p)=0, a=1,..., 4, (1.1)
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k

where u* are unknown functions of *. The equations of (1.1) can be taken as the equations

of a variety in extended space R™. Denote this variety with 5.
We say that the system (1.1} admits the group G, if the correspondent variety S is an
invariant differential variety of the group ..
The system (1.1} admits the group &, with the operators of Lie algebra X, if and only
if,
XaF* (z,u,p)] =0, (12)

for every (z,u,p) € 5.

The equations (1.2) form a system of differential equations for the coordinates £ and 5
of the operators X,. '

Let H be a subgroup of the group G,. The solution & of the system (1.1) is termed
invariant solution to the subgroup H if & is an invariant variety of the subgroup H admitted
by the system.

If R is the generic rank of the coordinate matrix of the operators that form a basis of the
subgroup H, then the number p = dim & — R is termed the rank of the invariant solution &,

Invariant solutions exist if the subgroup H is intransitive, i.e. it has invariants, therefore
R < N. Let

I'=I"(t,z,u), T=1,...,N - R,

be a complete system of independent invariants of the subgroup H. There are invariant

solutions if
arr [i,;ﬂ,uj)

Rank ( Bt

=N (1.3)
2 Invariance groups of radiative magnetohydrodynamics
equations

The equations of radiative magnetohydrodynamics for an ideal perfectly conducting gas for
one-dimensional flow are given in [7]:

R A
= ;17 [& (S{ s ;E’ul) + P’Hi] .
Ei;;:‘_kulﬁ%: + [*&r‘pm + %{"r - IJFJ %+{"f‘”“lﬂa€r = (2.4)

=(y-1)P",
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B; 0B, Bu; o Ou

a_;ﬂ,ﬁT-BjE-—Bﬁﬁ-:n, i=1,2, (2.5)
%” N 53-? - _pr, (2.6)
%‘—ii + %a;i =—a (S;' - %E’ul) — Pruy, (2.7)

where u; (t,z) is the fluid velocity, p (¢, ) is the mass density of fluid, p™ (¢, z) is the fAuid
pressure, B; (£, z) is the magnetic induction with

B, (t,z) = B = const,
ET (t,z) is the radiation energy density, S; (¢, =), is the radiative flux,
P' =g (E" -aT},

i=1,2,3, and -y, o and a are constants,
Denoting by u®, @ = T, 1T, the 11 unknown functions from the system (2.1)-(2.8), 2% = ¢,
i o

o =1, Bl = —pp, Bl = p®, the previous system takes the form:
- .
pi=Fap’ + F), ab=TTL (2.9)

We apply here the procedure from [6] for the determination of the invariance groups of
the system {2.9) by means of Lie algebra of its infinitesimal operators. Let

g i
X = P - 4t .
e T g = Pat 'ty
be such an operator. Then, a necessary and suflicient condition that the system (2.9) be
invariant with respect to the operator X is that the functions £ (x.u) and »° (z,u) be a

solution of the equations:

‘fﬂ"ﬁﬁb :!ﬂ: "'f:l:d‘-sfbf':;] - :dFiﬁe ) — F;bfi.-_] =10, {2.10)
e o — 05 (a0 + ELFE) — Fi (€20 + £0-F§) — FR€0-Fo — £°F5 o~ (2.11)

~0°Fp e = Fpens + PR b 4 F FEL + Flbéli =0,

Mo + Ny F§ —~ F&ueFg = € Fgpe — 0 Ffye =10 F3 + FAFE =0, (2.12)

where the subscripts 2%, «® from £, i and after the comma from Ff and £, denote the
partial derivatives, and (b, ) is the symmetrization of the pair b, ¢,
The Lie groups associated with these Lie algebras are given in [7].
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3 Invariant solutions

Consider the system (2.9) in which we neglect the terms from the right-hand members that
depend on velocity, The local Lie group Gg of the punctual transformations of the Euclidean
space R'® (t,z,u*) — admitted by this systern — has Lie algebra determined by the basis
of the infinitesimal operators:

a a a 5,
Xi=—. Xo=— Xi= —— S
1= g X2 =gy Xa= g Xe= g
Xs-uaa 2 + By Y Bzﬂ g w2

duz o, T Pam, ~ PrpE, T ias  Siger

In what follows we deal with two types of invariant solutions @ with dimdé =2 p=1,
and then K =1, i.e. dimH = 1.
1", The subgroup H admitted by the Lie algebra determined by the infinitesimal operator

1
X==X +X5
it

admits a complete system of 12 invariants for which the conditions (1.3) are satisfied. The
invariant solutions have the form:

uy (6, z) = (x), p(t,z) =R(z), p™ (t,z) =P (),
E"(ta) = £ (x), S (t,a) = & (a),

wp (t, ) = Uy {x) coswt + Uy (2) sinwt,

uz (t, ) = =l (x) sinwt + Uy (&) coswi,

By (t,z) = By (z) coswt + By () sinwt,

By (t,z) = —Ba (2) sinwt + Bs (z) coswt,

Sy (t,z) = & (z) coswt + 53 (7] sinwt,

S3{t,r) = —5; (2] sinwt + 83 (2} coswt,
where the functions: L6 {x}, I (z), Uy {z), R{z), Plz), B: (z), Bs(z), 5 (2}, and &3 (=)
satisfy the system:

1
RULU +P' + ;{523‘2 + B3B}) = CE;TS,, RUY + 4R =D,

B B
.mjiué — _EBJZ = —-,uRHg. M‘hu& - ;Hl = '-L-'mfg,

[’TF‘+ {(v—1)¢ ]H1+H1P1 t (v~ L€' = (v = 1) a(f -aT?),

Bgul —BH + 4B = —whBy, Bgu; —BU:; +M155, = wha,

= izbh 51 = =¥ (E — ﬁLT‘l:] , w8 — S5y =0, a5 +wS; =10,
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Becanse w® + o® # 0, the last two equations give: S = &3 = 0.
Let If be the vector with the coordinates L4y, Ua, Uy, B, P, Ba, B, £, ;. Then the
previous system can be written as:

AU = B{U). (3.1)

Let a, be the local radiative sound velocity given by
1 4
a = E(’}'Pm‘PE{’Y—UET) ,

and 3
by = ——H;,
b

the Alfvén velocity. If
(U2 = 88) [t - (a2 + 1) 0 + Bia?] #0,
then the matrix A {I4) has an inverse, and the system (3.1) takes the normal form:
U =A"1 (W) B,
2%, The subgroup H admitted by the Lie algebra determined by the infinitesimal operator

1 | -
X:5X1+£A2+X5

admits a complete system of 12 invariants for which the conditions (1.3) are satisfied. Denote
T = wt — kx. The invariant solutions have the form:

uy (t,x) =U {7), p(t,z}) =R(r}), p™ (t,z) = P(7),
E () = E(r), ST (t,2) = S (1),

ug (t,x) = Uy () coswt + Uy () sin wt,

tg (t,x) = —Us (7) sinwt 4+ Us (7)) coswt,

By (t,z) = Ba(7) coswt + Bs (r) sinwt,
By (t,x) = =Bz (7)sinwt + Bs (v} coswt,

Sy (t,x) = Sz (r) coswt + 83 {7) sinwt,
Gq(t,x) = =8 (T) sinwt + 53 (7) coswt,

where the functions: I (v), U (r), Uz {7), R{7), Pi7), Ba(r), Ba(r), & (r), and &3 (1)
satisfy the system:

' k k a7} .
(w ~ kLh) Uy = 5P = ;ﬁ(ﬁzﬁai‘ﬁa 3) = S, —kRUL + (w — kh) R =0,
(o — k) g+ X2 By = ity (o~ k) U}~ 2B By = iy,

L pR
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—kally + (w=kU) Py — k(v — DUE = (v - 1) a (£ —aT?),
—kBold] + BEU + (w — kU ) By = —wBs, —kBald] + B + (w — ki) B = wBs,

¥
WE' — kS| = —a (£ - aT), w8} - k%ﬁ" = —a8),

L,;,I‘Sla = —afS; — wS;y, DJS; = wdp — xSy.

Let I be the vector with the coordinates Uy, U, Wy, R, P, Ba, Ba, £, &, 83, 8. Then
the previous system can be written as:

AU =B(U). (3.2)
If

(i - 5) [ - )" -] [(a- 3" 00 - )" o] 20

then the system {3.2) takes the normal form:

U=A"(U)B(U).
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