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EXISTENCE OF SOLUTIONS OF NONLINEAR
FUZZY INTEGRAL EQUATIONS
IN BANACH SPACES

K. BALACHANDRAN and P. PRAKASH

Abstract. In this paper we prove the existence of solutions of nonlinear fuzzy inte-
gral equations. The results are obtained by using regular fuzzy sets and the Darbo
fixed point theorem.
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1 Introduction

When a physical problem is transformed into the deterministic initial value problem

P8 — f(e.p), 9(0) = wo (%
one can not be sure that this modeling is perfect. The initial value may not be known exactly
and the function f may contain unknown parameters. Especially, if they are known through
some measurements, they are necessarily subject to errors. The analysis of the effect of these
errors leads to the study of the qualitative behaviour of the solution of (#) like continuous
dependance and several kind of stability problems.

If the nature of the error is random, then instead of the deterministic equation (+) we
get a random differential equation with a random initial value and random coefficients. If
the underlying structure is not probabilistic, it may be appropriate to use fuzzy numbers
instead of real random variables. This leads to a fuzzy initial value problem. Similarly one
can describe fuzzy boundary value problems and fuzzy integral equations.

The problem of existence of solutions of fuzzy differential equations and fuzzy integral
equations has been studied by many authors [3,4,6,8,13,14,16-21]. Kaleva [5] first inves-
tigated the fuzzy differential equations. Ouyang [10] equipped the space of regular fuzzy
sets on a Banach space with a uniform operator topology and then embedded it into a
locally convex topological vector space. Further he defined a calculus for fuzzy mappings.
Subsequently, Oyuang and Wu [11] studied the problem of existence of solutions of fuzzy dif-
ferential equation (). Park et al [13] proved the existence of solutions for the fuzzy integral
equation

@lu) = wy + fu Flu, s, ¢(s))ds, dlug) = wy

up
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and Balachandran and Dauer [1] established the local existence theorem and approximate
solutions of the perturbed fuzzy integral equation

ou) = wo+ [ Fu,s,8(s)ds + [ Glos, 8(s))ds.

The purpose of this paper is to prove the local existence theorem and approximate solutions
of the nonlinear fuzzy integral equation of the form

dlu) = Ffu:’-ﬂ{u:l}+f Gu, s, f(s])ds (FIE)
g

where F': Jx T(X) = T(X), G : JxJxT[X) = T(X), are continuous, J = [ug, ug + dJ,
d > 0 and T(X) is a regular fuzzy set. The results generalize the results of Park et al [13].
Further a possible generalization for the class of a nonlinear integral equation is indicated.

2 Preliminaries

Let X be a reflexive Banach space. The collection of all convex compact subsets of X will be
denoted by CC{X). This set is equipped with Hausdroff metric and it is a complete metric
space. Further CC'[X) can be embedded into a normed hnear space RCC(X)[15].

Definition 2.1. By a regular fuzzy set in X we mean a mapping w : (0,1] = CC{X) such
that:
(£} wity) D w(ty) whenever 0 < ¢ <3 <1,
(i1} w{t) = witp) if t = t¢ and
(i4i) supplw) =l |J w(t)) € CC(X),
n<i<l
where cl| B) denotes the closure of B,

The set of all regular fuzzy sets in X is denoted by T{X) and it becomes a cone for
addition and scalar multiplication. Further, it is a subspace of the product topological space
Myzi1 Yy, where Yy = CC(X) for every t. Denate ITig ;) RCC(X) by R{X). Then R(X)
is a locally convex topological vector space and T[X) — R{X). A mapping F : [a,b] =
T(X) is called integrable{differentiable) if it is integrable(differentiable) in the sense of the
integration(differentiation) for vector valued function when F is considered as a mapping
from [a, B] to R{X).

For & mapping F: [a,b] = T(X), define F; : [a,b] = CC(X) by

Fi(s) = F(s)(t) if 0<t<l1
and
Fy(s8) = supp F(s).
Let 4 be a bounded set in X, then the Kuratowskii measure for A is given by
a(d) =inf{e = 0: A can be covered by a finite number of sets each
with diameter < e}

For this measure we have the following properties [7]. Let cleo(4) denote the closed convex
hull of A,
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Lemma 2.1. Let A and B be bounded subsets of X. Then:

(i) a(d) = a(cl(A4)) = alcleo(4))
(i) A C B implies a(A) < a(B)
(1) a) If A C C{J, E) is bounded, then

f“éljﬂiﬂllﬂ}l < a(A(J)) = a(A), where A(u) = {f(u): f € A}

b) If A is also equicontinuous, then

a(A) = supa(A(u)) = a(A(J))
weS

(iv) a) If {z,} € C{J,X) is an equicontinuous family, then
o{ [ wa(@))ds < [ al{za(s))ds

b) If {¢n} C R with e, = 0, then a({z,(u— €,)}) = a{{z.(u)}) for every u > uy.
{v) If f{u,s,z(s)) is integrable for each x € A C C(J, X), then

I ({/t: flu,s,z(s)ds : z € A}) < |u — ugla{cleol f(u, [u, ug), Alu, ug))}).

We use the following result which is a generalization of Nohel [9].

Lemma 2.2. Let H, e C(Jx R*,R*),H, € C(J x J x Rt ,R*). Let Hy(u,z), Hy(u, s, )
be monotone nondecreasing in z for each u € J, (u,s) € J = J respectively and

U > Up,

miu) < Hy(u,m{u)) + fu Hy(u,s,m(s))ds, for

where m € C(J, B7). Then m(u) < k(u), where k(u) is the maximal solution of

viu) = Hy(u, v{u)) + ’ Ha(u, s, v(s))ds.

o

Also,we need the following fixed point theorem due to Darbo [2].

Theorem 2.1 (Darbo). If A is a bounded closed convex subset of a Banach space X and
T:A— A is a continuous mapping such that for any bounded subset B of A we have

o(T(B)) < ka(B),

where k is a constant, 0 < k < 1, then T has a fixed point.
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3 Main theorems

Theorem 8.1. Let X be a reflexive Banach spaceand F: J=xT{X) =+ T(X), G:JxJ =
T({X) = T(X) be continuous. Suppose that the following assumptions are satisfied:

(i) || Felu, d{u))]]| = M for (u, ${u)) € J x T{X) and
|Gyl &, ¢(s))|| < NV for (uw,s,¢(s)) € Jx JxT(X), and ¢t € {0,1],
where M = 0, N = (;

(i) lim sup{[|[Fi(u, p(u)) = Fi(v, o))l : é(u) € B} = 0;

lim sup{ 16,5, 606)) = Guto s, ¢l : o1s) € B} -0,

Uty

for every bounded set B C T(X) and every interval I C J;
(ii5) a(Fy(J x B)) < fa(B(t)) and a(G:(J x J x B)) < B*a(B(t))
for each bounded set B C T(X) and t € (0,1] where 0 < § < é,ﬁ" =0,

Then there exists a local solution ¢(u) € T(X)} for the problem (FIE) on [un, ug + d*] for
some d* > 0.

ProoF. Let J = [ug, ug + d], take r > 0 such that r > M and put
B={weT(X): |wt)<r forall te (1]}

Then Jx B, Jx.J x B are bounded sets in J x T( X}, Jx J x T{ X) respectively. Choose d* = 0
such that d* = min{d, H‘;‘r"f, 15%3-} and put J* = [ug,up + d*], 2 = {&: ¢ : J* = R(A)
is continuous} then according to uniform convergence topology on J*, {2 becomes a locally
convex topological vectar space. Consider the subset & of {7 defined by

§={pec:|gs)t) <M+ Nd forall (st)e ] x(01]}.
Clearly, € is closed, bounded and convex. Define a mapping T : ¢ — 12 as follows:
i
(T4)(u) = Flu,d{u) + | Glu,s,6(s))ds,u e J
i
If ¢ € &, then

PN < 1ECw 6D+ [ 16w, ,0(6)) s

< M+ Nlu— gl
< M+ Nd*

M

for all (u,t) € J* % (0,1]. Then T'# C & and T is bounded.
To prove T is continuous, let ¢, € @ be a net convergence to ¢ in ¢, This means, by
definition, that ¢,(s) = ¢(s) on J*. By the continuity of F and G we have

Flu,da(u)) = Flu,$(u}) and Glu,s,dals)) =+ Glu,s,¢(s).
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Using (i) and by applying bounded convergent thecrem, it follows that

(;I'_u §, Pals))ds —)f Glu, s, ¢(z))ds

tig

as @a(s) — ¢(s). Hence Ty (s) — Tep(s).
Ifuve J u>vand ¢ € F then we get

(T @) (w)(E) — (Te)w) ()| < ||Fi(w, () — Felv, ¢(v))]] +/u Gt (u, 5, @(s))]|ds

+ fu Gy (u, s, d(8)) = Gelv, 5, ¢(s))]||ds
< Nlu —v| + ||Fe(u, ¢(u)) — Fi(v, ¢(v))|
N f 1Ge(u, 5, 6(5)) — Gelv, s, ¢(5))|ds

Let 8, < ¢/3N, then |u —v| < §, implies N{u — v} < ¢/3. By assumption [if), there exist
dy = 0,83 = 0 such that

| — v| < dg = ||Felu, dp(u)) — Filv, p{w)}]] < /3,
Ju—v| < 8y = f:} |Ge(w, 5, @(5)) — Gelv, s, ¢(s)]||ds < €/3.

Thus for every basiz neighborhood of the origin 0 in R(X), U7 = U0t - -tnie) we
take § = min{d,,da, 83} such that ||(Te)(u)(ts) — (Te)ev)(t:)|]| < ¢, fordi = 1,---,m and
|lu —v| < & Hence (T'¢)(u) — (T¢)(v) € UU. This shows that T(#) is a set of equicontinuous
MAPPINES.

Now let % C &, then by Lemma 1 we get

o{T(u)(t)) = al{ Fu(w, ¢(w) + [ " Gulu, 5, 6(s))ds : ¢ € B))

CalelcoF) (u, {u))) + Ju — ug|eeeleoGy (u, [u, ug], ¥ ([u, ua]}))
a(F(J* % B(I*))) + lu = up|a(Ge(J* x J* x #{J")))
alFy(J = &(J° ) + |u —uplal{Ge(J x J x #(J*)))
Ba{T(J*))(t) + ju — uol 8" a{¥(J7))(t)

8+ 3%d")a(F(J*))(t)

=
=
<
&

< (1/2)ex{E(J"))(t), forevery te(0,1]

Thus

1

a{TF) = sup a(TF(u}) < ;l-a{'P].
ue J* 2

So by Darbo's fixed point theorem, T has a fixed point ¢ in #. Clearly such a fixed point is
a solution of (FIL). m]

Theorem 3.2. Let F : J xT(X) - T(X),G : Jx J=xT{X) =+ T(X) be uniformly
continuous. Assume the following conditions are satisfied:
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(1) (i) and {ii) of Theorem 3.1 hold;

(1) alEy(J = B)) < glu, alB{t)), a[G:(J % J % B)) < h(u, &, a(B(t)) for every bounded set
BCT(X) wherege C(Jx RV, RY),he C(J x Jx B* R}, g{u,z) and hiu, 5, x} are
monotone nondecreasing in x for each w € J, (u, 8) € J = J and the equation

o

z(n) = giu, x(u)) -i—f hiu, s, x(s))ds

L]

has a unique solution z{u) = 0.
Then there exists ¢{u} to (FIE) on [ug, ug + d°] for some d* > 0.
ProoF. Let r,d* and J* be as in Theorem 3.1. Define a sequence {d,} in [2 by

Gnlu) = Flu, dnlu}) '*'] Glu, s, ¢n(s —d"fn)lds, up<u<u+d.
U

The equicontinuity and the uniform boundedness of {¢,} follows as in Theorem 3.1. Since
F and G are uniformly continuous and {é,} is equicontinuous, the sequence {F(u, ¢.{u})}
and {G(u, s, du(s — d* /n))} are eguicontinuous. Using Lemma 2.1 and assumption (i7), we
get

a({hn(u)(t)}) = a({Fi(u, dnlu)) [H Gilu, 5, 0p(s —d* fn))ds})

< al{Filu, da(u))}) —:—f al{Gylu, s, g (s = d* /n))ds})

up

= a(Fi{u, {¢a(u)})) + fu“'f{?x(m 5, {¢nls — d*/n)}))ds
< glu, a({$a(w)})) 4 j B, 5, a( s — d° fn)}))ds
up

= glu, al{galu)(t)})) + /.uﬂ[ﬂ&:tt{h'l‘n[-*](ﬁ]'}}}dﬁ-

Consequently,
al{@alu)(t)}) < k{u)
where k(1) is the maximal solution of

W

viu) = glu, vlu)) —e-f hiu, 5, 0(5))ds,
o
Hence, a{{¢.{u)(t)}) = 0.
Thus {¢,} contains a uniformly convergent subsequence {¢,}. If ¢n, — ¢, then the
bounded convergence theorem implies

Flu, th, (1)) = Flu, ¢lu))

and

" ir
G(-u,s,drmlis}jd\-:ﬁ/ Glu, 5, d(s))ds.
g J g

Thus ¢ is a solution of (FTE). O
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Remark. Using the above technique we can establish the local existence theorem and
approximate solutions of the following general fuzzy integral equation

dlu) = Fl:u,r,b{u},/ k(u, s, ¢(s))ds)

where bk : I x Jx T(X) = T(X)and F : Jx T{X) » T{X) =+ T(X), are continuous,
J = [ug,ug + d] and T[X) is a regular fuzzy set.
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