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INTEGRODIFFERENTIAL INCLUSIONS IN
BANACH SPACES WITH NONLOCAL
CONDITIONS

M. BENCHOHRA and 5.K. NTOUYAS

Abstract. Inthis paper, we shall establish sufficient conditions for the controllability
on infinite time horizon of second order delay integrodifferential inclusions in Banach
spaces with nonlocal conditions. We shall rely of a fixed point theorem due to Ma,
which is an extension to multivalued maps, on locally convex topological spaces, of
Schaefer’s theorem.
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1 Introduction

In this paper, we shall establish sufficient conditions on infinite time horizon for the control-
lability of second order delay integrodifferential inclusions in Banach spaces with nonlocal
initial conditions. More precisely we consider the following semilinear system of the form

¥ — Ay € £ K(t,s)F (s, ylo(s)))ds + (Bu)(t), t € J:=[0,00), (1.1)

¥(0) + f(¥) = yo, ¥'(0) = m (1.2)

where F : J x E — 2% is a bounded, closed, convex valued multivalued map, o : J = J is
a continuous function such that o(t) < ¢, Wie J, K: D — R, D= {(t,s) e T=xJ:t = s},
f € C{J,E), A is a linear infinitesimal generator of a strongly continuous cosine family
{C(t) :t € R} in a Banach space E = (E,| - |), %0, 1 € E. Also the control function u«(-) is
given in L*(J,U7), a Banach space of admissible control functions with L as a Banach space.
Finally B is a bounded linear operator from [J to E.

The pioneering work on nonlocal evolution Cauchy problems is due to Byszewski. As
pointed out by Byszewski [6], [5] the study of IVP with nonlocal conditions is of significance
since they have applications in problems in physics and other areas of applied mathematics.
In fact, more authors have paid attention to the research of initial value problems with
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nonlocal conditions, in the few past years. We refer to Balachandran and Chandrasekaran (3],
Byszewski [3], [6], Ntouyas [20] and Ntouyas and Tsamatos [18], [19].

Initial value problems for second order semilinear equations with nonlocal conditions,
was studied in Ntouyas and Tsamatos [19] and Ntouyas [20].

On the other hand, controllability results of nonlinear integrodifferential systems in Ba-
nach spaces, by using the Schauder fixed point theorem, was studied by Balachandran,
Balasubramaniam and Dauer in [1]. Han and Park [12], by using a Banach fixed point
theorem, proved boundary controllability of differential equations with nonlocal conditions.
Controllability results on semilinear differential inclusions, on compact intervals in Banach
spaces, was studied by the authors in [4] by using a fixed point theorem for condensing maps
due to Martelli [17].

In this paper, we define a new notion, the nonlocal tnfinite controllability, and study the
controllability of systems (1.1)-(1.2} relied on a fixed point theorem due to Ma [16], which
is an extension on locally convex topological spaces, of Schaefer’s theorem.

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multivalued
analysis which are used throughout this paper. J, is the compact real interval [0, m] (m €
IN}.
C{J, E) is the linear metric Fréchet space of continuous functions from J into E with
the metric (see Corduneanu [8])

=] -
27" ly — #llm
= fi : " J E),
d(y, z) mé=ﬂ1+||1""5||m oreach y,z€ C(J, E)

where
lWllm := sup{|yit)| : t € T}

B{E) denotes the Banach space of bounded linear operators from E into E. A measurable
function y : J — E is Bochner integrable, if and only if, |y| is Lebesgue integrable. (For
properties of the Bochner integral see Yosida [23]).

M7 E) anﬂtes the linear space of equivalence classes of measurable functions y : J — E

such that [ ly(s)]ds < oo,
0
Vp denotes the neighbourhood of 0 in C(J, E) defined by

Var={y € C(J.E) : |lyllm < p for each m € IN}.

The convergence in C'(J, E) is the uniform convergence on compact intervals, ie. y; — y
in C(J, E) if and only if for each m € IN, ||ly; = ¢|lne — 010 C(Jn, E) as j — oo,
M C C(J, E) is a bounded set if and only if there exists a positive function ¢ € C{J,IR)
such that
lu(f)] < () forall teJ andall ye M.

A set M C CJ, E) is compact if and only if for each m € IN, M is a compact set in the
Banach Space {C[-InhE:'. ” ' ”:-:-a}-
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Let (X,|-|) be a Banach space. A multivalued map G : X — 2% is convex (closed)
valued, if G(z) is convex (closed) for all x € X. G is bounded on bounded sets if G(D) =
UzepG(z) is bounded in X for any bounded set D of X (i.e. sup {sup{|y| : v € G(z)}} < ca).

TeD

G is called upper semicontinuous {(n.s.c.) on X if for each =g € X the set G(zg) is a
nonempty, closed subset of X, and if for each open set V' of X containing G{zy), there exists
an open neighbourhood M of xp such that G{M) C V.

G is said to be completely continuous if G{D) is relatively compact for every bounded
subset D C X.

If the multivalued map & is completely continuous with nonempty compact values, then
G is u.s.c. if and only if G has a closed graph (i.e. £, — ., ¥n — e, ¥n € Glz,) imply
¥« € Glz.)). G has a fixed point if there is € X such that x € G(x).

In the following BOC(X) denotes the set of all nonempty bounded, closed and convex
subsets of X,

A multivalued map G : J — BCOC{X) is said to be measurable if for each © € X the
distance between z and G{t) is a measurable function on J. For more details on multivalued
maps see the books of Deimling [9] and Hu and Papageorgiou [14].

We say that a family {C{t) : t € R} of operators in B(F) is a strongly continuous cosine
family if
(i) C{0) = I (I is the identity operator in E),
(i) C(t + 8) + O(t — 8) = 20(£)C(s) for all s, € IR,
(iii) the map t — C'(t)y is strongly continuous for each y € E.

The strongly continuous sine family {S(t) : t € IR}, associated to the given strongly
continuous cosine family {C(t) : ¢ € IR}, is defined by

t
S(t)y = f C(s)yds, y€ E, te R.
1]

The infinitesimal generator A : E —+ E of a cosine family {C(t) : ¢t € R} is defined by

2

d
Ay' = EC[t}y [_=ﬂ-

For more details on strongly continuous cosine and sine families, we refer the reader to the
book of Goldstein [11], Heikkila and Lakshmikantham [13], Fattorini [10], and to the papers
of Travis and Webb [21], [22].

Definition 2.1. A funetion y € C(J, E) is said to be a mild solution of (1.1)-(1.2) on J if
there exists a function v € L' (J, E) such that v(t) € F(t,y(=(t))) a.e. on J, y(0)+ f(y) = o,
and

y(t) = Clt)o — CBF () + S(ty: + fu S(¢ — 8)(Bu)(s) ds

i Il
+./n S{t*s;l,/c‘u Kis, miv(r)drds.
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Definition 2.2. The system (1.1)-{1.2) is said to be nonlocally infinite controllable on the
interval J, if for every yg, 1., ;rl € F and for each m > 0 there exists a contred u € L2 J,,, 7},
such that the mild solution y(t) of {1.1)-{1.2) satisfies y(m) + f(y) = x;.

We will need the following assumptions:

(H1) A isthe infinitesimal generator of a given strongly continuous and bounded cosine family
{C(t) : t € J} and there exists M > 0 such that M = sup{|C(¢)|;t € J}.

(H2) F:Jx E — BCC(E);(t,y) — F(t,y) is measurable with respect to ¢ for each y € E,
u.s.c. with respect to y for each t € J and for each fixed y € C(J, E) the set

Spy = {_:] € L'(J,E): g(t) € Fit,ylo(t))) for ae. teJ)
15 nonempty.

(H3) the function f is completely continuous and there exists a constant L such that

[fly)| <L, foreach ye E;

(H4) for each t € J,, K(t,s) is measurable on [0,¢] and
K(t) = ess sup{|K(t,s)], 0<s <t}
is bounded on Jn;
(H5) the map t+~— K} is continuous from Ji, to L™ (J,,, R); here Ki(s) = K(t,5).
(HE6) ¢ : J =+ J is a continuous function, such that o(t) < t,¥t € J.

(H7) for each m > 0 the linear operator W : L3(J,,, U) — E, defined by
m
Wu = f S(m — s)Buls) da,
0

has an invertible operator W—! which takes values in L*(J, U)\kerW and there exist
positive constants M; and My such that |B] < M, and W1 < M;.

(HB) |IF{t, w)]l :=sup{|v]: v € F(t,u)} < p(t)w(ly|) for almost all t € J and all y € E, where
pe LYJRy) and v : Ry — (0, 0c) is continuous and increasing with

j'm du
e Ylu)
where ¢ = M{|yo| + L + Mm|y,| + My), and

Mo = mM; M, [lm;l + L+ Miyol + ML+ mMy|

+mM sup K t} Blly(s)]) ]
FE S
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(H9) for each neighbourhood V; of 0, y € Vp and t € J;p the set

{C{t}y.;. + 8y + /ﬂ* S(t — 8) j;‘ K(s u)lg(u)duds: g € SFZy}

is relatively compact.

Remark. (i) If dim E' < oc and J is compact, then for each y € C{J E) Sgy # @ (see
Lasota and Opial [15]).
(ii) If dim F = oo and J is compact then Sg, is nonempty if and only if the function
Y :J — R defined by
Y (1) :=inf{|v] : v € F(t,y)}

belongs to L1(J, IR} (see Hu and Papageorgiou [14]).

(iii) Examples with W : L?*(J,U) = E such that W' exists and is bounded are
discussed in [7)].
(iv) If we assume that C{t), t € J is completely continuous then (H9) is satisfied.

The following lemmas are crucial in the proof of our main theorem.

Lemma 2.1. [15] Let T be a compact real interval and X be a Banach space. Let F be a
multivalued map satisfying (H2) and let I' be a linear continuous mapping from L' (I, X)
to C{I,X), then the operator

FoSrp:C1,X) — BCC{C{I, X)), yr— (o Sp)y) := I'(Sry)
is a closed graph operator in C(I, X) = C(I, X}

Lemma 2.2. [16]. Let X be a locally convex space and N : X — 2% be a compact convex
valued, u.5.c. multivalued map such that for every closed neighbourhood Vy of 0, N (V) is
a relatively compact set for each p € IN. If the set

M:={ye X : e Ny for some 3 >1}

is bounded, then N has a fixed point.

3 DMain Result

Theorem 3.1. Let f: O(J, E) — E be a continuous function. Assume that hypotheses
(H1)-(H9) are satisfied. Then the problem (1.1)-{1.2} is nonlocally infinite controllable on J.

Proor. Using hypothesis (H7) for an arbitrary function y{-) define the contraol

um () = W [zl ~ f(y) = C{m)yo + C(m) f(y) — S(m)y,

—f: S(m — 8) j: K(s,f]g(r}dfds}u:.
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where

9€5py={9€L'(J,B)  glt) € Fit,y(o(t))) forae. te 7}

We shall now show that when using this contrel, the operator N : O(J, E) — 2C0UE)
defined by

N(y) = {h € C(J,E) : hit) = C(t)(wo — 1(9)) + S(t)ys + fﬂ S(t ~ s)(Bul)(s) ds

t |
+.[0 5”_3][) f(l:.?,T:Ig[T]deS:QESF_y}

has a fixed point. This fixed point is then a solution of the system (1.1)-(1.2).
Clearly =y — f(y) € (Ny){m]).

We shall show that N (V) is relatively compact for each neighbourhood ¥, of 0 € C(J, E)

with ¢ € IN and the multivalued map N has bounded, closed and convex values and it is
ws.e. The proof will be given in several steps.

Step 1: N(y) is convex for each y € C(J, E).

This step is obvious. However, for completness, we give the proof. If hy, h: belong to
N{y). then there exist g1, g2 € SF,y, such that for each t € J,; we have

t
hilt) = C()(wo — Fu)) + S 4-[) S(t — 5)(Bu™)(s) ds

oL ™
+-L S(t - s5) ./u K(a,r)gi(r)drds, +=1,2.

Let 0 < & < 1. Then for each t € J;, we have

$
{ahy + (1 —a}ha)(t) = C(t){yo — fly)) + S(thn +fu S(t — 8)(Buy’)(s) ds

£ 5
-+ f St - S}f K{s,m)lag (7) + (1 — a)gs(v)|drds.
0 0
Since SF, is convex (because F' has convex values) then

eehy + (1 — a)ha € N(y).

Step 2: N(V,) is bounded in C'(J, E) for each g € IN.

Indeed, it is enough to show that there exists a positive constant £ such that for each
he N(y)y € V, one has ||hllm < &y,



SECOND ORDER DELAY INTEGRODIFFERENTIAL INCLUSIONS 67

If h € N{y), then there exists g € 5f,, such that
t
AE) = Ce)(wn ~ 1) + S + [ 5= )(Buy)(s)ds
1 8
+f St - ﬂ]/ K(s v)glv)drds, te J
o o
By (H1), (H3)-({HB) we have for each t € Jy, that

Ih(t)] < |C {0 pol + [CTOILF (] + 1S ln | + Hj; S(t — s)(Buy')(s) ds

t 8
+ f St - s]f Kis, t)g{r)drds
o ]

< Mlyo| + ML+ Mm|y|
+mM M M|z, + L+ Myo| + ML 4+ mM |y |

+Mm sup K(t)||p|lz: sup w(jy(t)])]
tESm tESm

t ']
M [ [ 1K (s wlp(wv(v(o ) hduds
< M|yo| + ML +mM |y, |
4mM My Ma[|z1| + L+ Myo| + ML + mM |y, |
+Mm sup K(t)||pllz: sup {|u(t)|)]
teSm tedm
+Mm sup K(t)|p|r sup ¢{|y(t)]) = lm.
tEJm tESm

Then for each h € N(V;) we have ||A||lm < ln-
Step 3: For each g € N, N(V}) is equicontinuous for ¥y € C(J, E).

Let ty,ts € Jm, ty < tz and V, be a neighbourhood of 0 in C'(J, E) for ¢ € IN. For each
y € V; and h € N(y), there exists g € SF,;, such that

t
h(t) = C(t)(yo — fly)) + S{thn +fu S(t - s)(Buy')(s)ds

i ]
+[u S{t—s]/ﬂ K(s, 7)glv)drds, te J
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Thus
|Altz) = hitr)| < [(Clt2) — Clt1))ya| + L|C(82) = Cliy)|

+|5(tagn — Sty |

|| fu : [Stta — 5) = S(ts = )| BW [ = f1w) = Clm)y

+C(m)f(y) - S(m)y, ~ fa " sm - ) fﬂ " K(s,r)o(r)drds] (myn]
H [ st - 98w [12 - ) ~ Clomha + Ol ) ~ St
—f (m— v}f Kis, 1) dfds] Lw]lrfn|
+Mtz [Stt2 = 8) - S(t: - 9)] fﬂ I({s,r]_@(r}drdsl!

[ st -0 [ Ktematrara

< |(Cltz) = Clta)jwa| + L|C(t2) — Clty)|

+| Sty — S{t1 |

g
v/
1}

b
+ML +mMy| + Mm sup K{r.}f plshi(|yls)])ds | (n)dn
LEJm 1]

S(ta = 5) = S(ts — 8)| M Ma ||| + L + Mol

L
+ f (8 = )M Ms [lza] + L+ Mlgo| + ML+ mMj|
by

+btm sup K(e) [ pla)0lu(s))ds] n)d
= - 0

+ sup K{t) l‘f“ [.5 (tg — &) — St — S}] /: glr)drds

tESm d

+M sup K{t){te —fuf llg(s)llds.

LEdm
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As ty — ¢; the right-hand side of the above inequality tends to zero.
As a consequence of Step 2, Step 3, (HY) and the definition of the metric of the Fréchet
space C(J, E}, we can conclude that IV is completely continuous.

Step 4: N has a closed graph.

Let 4 — Yo, g € Niy,), and h, — h,. We shall prove that h, € N{y.).
hy € N(y.) means that there exists g, € Spy, such that

ha(t) = C(t)yo — C(£) flyn) + S(O) + fﬂ S(t - )(Bul )(s)ds

+f= St - sjf; K(s,m)gn(7)drds, t€ J,

0

where
ugh (8) = W [21 = f{ya) = Clm)yo + C(m)f(ya)

[5 us}f K{ngnT}deS][}

We must prove that there exists g. € Sr,y, such that

ha(t) = Clt)yo — C(t)flye) + S(t)n +_[:1 S(t — 5)(Buy. )(s)ds .
3.1

¢ 5
+£ St - S}fﬂ K(s,m)g.{r)drds, t€ J,

where

W () = W [z - f(1) ~ Clm)yo + C(m)f ()
-_[) S{m—rsjj; K(x,rjg;{rjdrds]{tj.

Set
() = W a1 - £(y) - Clmyo + Clm) F)] (1)

The idea is then to use the facts that
(1) hy — ha;

4
(i) A — Clt)yo + C(t) fyn) — S(thys — fa S(t - s)(BU )(s)ds € I'(Sk.y, ) where

r:LY(J,E) — C(J,E)

defined by

g—s I'(g f 8t = s}f K(s, T} BW“ f S(m —a}g{a}da)[’rj +g{r}]drds.
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If I"e SF is a closed graph operator, we would be done. But we do not know whether I'e Sp

is a closed graph operator. So, we cut the functions gy, s = C(t)ye + C(t) flyn) — S(thy —
3

S(t — 8){Buy, ){s)ds, gq and we consider them defined on the interval [k, k + 1] for any

k€ WU {0}. Then, using Lemma 2.2, in this case we are able to affirm that (3.1) is true on
the compact interval [k, k + 1], i.e.

it
he(t)| = Clepo ~ CF(we) + Ste)m + jﬂ S(t - 5)(Buyp ) (s)ds

[ ke 1]
£ I
+f0 S[t—ﬂfu K(s,7)gs (r)drds

for a suitable L'-selection g¥ of F(t,y.(t)) on the interval [k, k + 1].
At this point we can paste the functions g obtaining the selection g, defined by

a.(t) = gk(t) for t e[k k+1).

We obtain then that g, is a L'-selection and (3.1) will satisfied.
We give now the details.
Since f, W™ are continuous, then Ty, {t) — Ty, () for te J
Clearly we have that

| [
|0 = ClOw0 +COF ) = S = [ 500 - s)(BT ) (s)as
# 0

t
- (,u.. - Clthyo + C(0)f(y.) — Sy — [ﬂ S(t - sliﬂﬁiﬂsﬁd-‘?)lm = s

as n =+ o<, _
Now, we consider for all k € IN U {0}, the mapping

5% Cllk, k + 1}, E) — LY{[k,k + 1], B)
ur— S = {he L'([k.k + 1), E) : h(t) € F(t,u(t)) for ae. t€ [k k+ 1]}
Also, we consider the linear continuous aperators

Ty : L[k, k + 1), B) — C([k, k + 1), E)

t a m
g — I{g)(t) = [ St - .ﬂf K(s,7) | BW™! (f S(m ~ a)g(o)do ) () + g(r)|drds.
410 4] 0
Clearly, I' is linear and continuous. Indeed one has

IPgloe <m?M  sup |K(t)|(m2M MMz + 1)]jgllr:.
te[k k+1]

From Lemma 2.2, it follows that I o Sp is a closed graph operator.
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Moreover, we have that
[
ha(t) = Clthyo + C()f(yn) — S()ys — f 5(t - 8)(BER )(s)ds € I'(Sp,. ).
1]

Since y, — yy, it follows from Lemma 2.2 that

he(t) - Cltwo + C)F(y.) — St)ys — f'D S(t — s)(BE™ )(s)ds

= [[ste= [[[w=([" stm - 0)0.(01d0) () + 0u(r)] aras

for some g. € Sry. .

Step 5: The set
:={yeC(J,E): \y e N(y), for some }>1}
is bounded.

Let y € 2. Then Ay € N{y) for some A > 1. Thus there exists g € Sg,, such that

y(t) = A" Clthyo = ATIC()F(y) + A7 St

+ At /; S(t - ) BW ™ |21 = (y) - Cm)yo + C(m)f () — S()wn
- mSm—s EKST ) drd, d
J£ ( }[ﬂ (s,)gr) drds] (n)dn

4 A~ f! S(t - s5) sz[s,r}g{Tdeds, teJ
0 o

This implies by (H1), (H3)-(H8) that for each t € J, we have

ly(t)] = Miyo| + ML+ mM|y,|

+mM M; M. [|x|| + L+ Mlyo| + ML + mM|y,|

+mM sup K(t) mpIIS}iﬁ*EIy{aESJ}IIIdS]
tEJm 1]

+ M ”j:j: H{s, r)g(r)drds

< Myl + ML + mMly,|



T2 M. BENCHOHRA, 5.K. NTOUYAS

+m MM, My |o1] + L+ Mlyol + ML + M

I

FmM sup K1) [ pls)b(ly(o(s))ds]

= -

£
e 2t KT [ﬂ pl(syi{Ju(o(s))])ds.

tedm
Let us take the right-hand side of the above inequality as v(t), then we have
v(0) = Mya| + ML + MMy, |y(t)] < o(t), t € Jn

and
v'{f) = Mmt'seuurp K(t)p(t)(ly(e(t)]), t € T

Using the nondecreasing character of 4 and the fact that «(t) < ¢, ¥t € J, we get

v(t) < Mm sup K(t)p(t)ilv(t), t € Ju.
[ 1

This implies for each t € J,;, that

wit] du m
—_— < Mm su Ktj s)ds < oo.
o[afﬁ] Wlu) = IEJI: @ ] )

From (H8) it follows that there exists a constant d such thae v(t) < d, t € J,,, and hence

llwllm = d where d depends only on m and on the functions p and . This shows that (2 is
bounded.

Set X := C(J, E). As a consequence of Lehma 2.2 we deduce that N has a fixed point
and thus the system (1)}-(2) is nonlocally infinite controllahle on J. 0
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