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CONTROLLABILITY OF SEMILINEAR
EVOLUTION EQUATIONS WITH TIME LAGS

P. BALASUBRAMANIAM, C. LOGANATHAN, and J.P. DAUER

Abstract. Sufficient conditions for controllability of semilinear evolution equations
with time lags in Banach space are established. The results are obtained by using
semigroups of linear operators, Hélder continuous functions and Schauder’s fixed
point theorem. An application to partial integrodifferential equations is given.
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1 Introduction

Controllability of linear and nonlinear systems represented by ordinary differential equations
in finite dimensional space has been extensively studied. Several authors have extended
the concept to infinite dimensional systems represented by the evolution equations with
bounded linear operators in Banach spaces [8-10]. Recently Dauer and Balasubramaniam [1]
established sufficient conditions for the null controllability of semilinear integrodifferential
systems with unbounded operators and infinite delay in Banach space. Certain problems in
control of fluid flow (2] can be modelled by the semilinear system

Bz (t)

3 " Az(t) + S(z(t)) = fl=z(t),u(t)), te J=[0,T] {1.1)

(0} =z € X (1.2)

in a Banach space X, where the operator 4 is a closed, densely defined operator. Let
0 a(A4), replace A by A+ CI, and 5 by 5§ — C1 for some C' > 0. Under this condition, the
fractional powers A™ are bounded for o < 0. In this paper assume that (1.1)-(1.2) is the
Navier-Stokes system in a domain in RB? or B? with a control term, so that Ar = —PAzx
(boundary conditions included in the domain of A). 5z = P(x - Vz), F the projection
operator of L? into the space of divergence-free vectors that are parallel to the boundary
and die down at infinity in the unbounded case,

The actual Hlow control problems leading to this kind of model and the same modelled
equation have been discussed in [3]. The Navier-Stokes system in two dimensions (see (7))
is a special case of our general result and will be discussed in the example. The purpose
of this paper is to extend the use of fixed point theorems to semilinear evolution equations
with time lags where the function A('} is Hélder continuous. The considered system is an
abstract formulation of the parabolic semilinear second order partial differential equations
discussed in [4, 12].
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2  Preliminaries

Consider the semilinear delay differential system in the Banach space of the form

&(t) + A(t)=(t) = f(t 2z, 2(t)) + (Bu)(t), te J=[0,7]
2(t) = a(t), t € [-r.0]

where z{ )} is the state in the Banach space X and the control function () is given in
L*{1,V), a Banach space of admissible control functions with V as a Banach space. B is a
bounded linear operator mapping from Vo into X, f: R » X, = X — X is a continuous
nonlinear operator and {A(t) : t € J} is a family of closed, densely defined linear operators
in X satisfying the following assumptions.

(a) The domain D{A{t)) of At} is independent of ¢.
{b) For each ¢ € J, the resolvent R(A, A(f)) exists for all A > 0 and

IR(Y AN < k(1 +AD™

where k is some constant independent of A and ¢.

(¢) The function A() : J — Ls(X;, X) is Hélder continuous. Here Ly(X,, X) denotes
the space of bounded linear operators from X; to X furnished with the uniform operator
topology.

This implies that the operator A(t) has an inverse A71(t) € Ly(X, X'). Further, A{(0) = 4
and ||z|; = ||dzl| for £ € D[{A). Consequently X, = (D{A),]| - [1) is a Banach space and
X, = X. The fractional power operator A%(t),a € (0,1), has a dense domain D{A™(1)},
which is independent of ¢. Let ||z||, = ||4A%z|| for = € D{A*) and denote by X, the Banach
space (D(A%), || - ||la). Then it is clear that Xz — X, for 0 < o < 8 < 1 (see [6]).

Definition 2.1, A function f : J = X is said to be a-Hélder continuous if there exists a
copstant L = 0 such that

I£(t) — F(s)|| < Lt — s|* for all s,¢ € J = [0,T].

We denote by C"(J; X) the space of a-Hélder continuous functions from J inta X
For the initial value problem

E(t) + A{O)z(t) = f(t) + (Bu)(t), t€ J

——
| e ]
L= ]

the solution z(-) exists for every Hélder continuous right-hand side f (see [12]). Moreover,
x € C'{J, X} provided x € D(A). Further, there exists a unique evolution operator U{t, 7) €
LIX,X),0<7<t<T such that every solution of (2.1)-{2.2) can be represented in the
form

i of
z(t) = Ult,0)zo Tf Ut 7) f(r)dr +_/ Ult,7)(Bu)(r)dr, t € J.
Q Lt

Let U0 = C{l—7, —4], Xa} denote the Banach space of continuous X g-valued functions
on [—, —4] with supremum norm where 0 < 6 < v, a €(0,1). If & is a continuous function
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from (-7, 7] to X, then, for each t € J, =, denotes an element of Cs 5 given by 2,(s) =
Il:t""SJs -y =s< -4
Consider the abstract delay differential equation
z(t) + A z(t) = ft, zy, o(t)) + (Bu){t), t e J {2.3)
z(t) = §(t), t € [-r,0) (2.4)
Suppose that 0 < o <. 8 < 1. For the existence of solution of [2.3)-(2.4) there exists a
constant K dependent on a, 4,y, such that the following conditions hold (see [8]).

DUt m)las £ K, §)
2) iUt m) = Uls,7)llas < Kla, B9t —s|", 0=y <f-a
3) Define

i ]
mmnm=vmmﬂm+ﬁUmﬂﬁﬂﬁ+£vmﬂwmmm1

then p is a continuous linear operator from Xg x C(J, X) x C(J, V) into C7(J, X,;) for every
TE [ns.g - Q:I'

4} There exists constants v, vz € (0, 1] and for every p = 0 there is a constant K{g) > 0
such that

IF(tw2) = fls,7, 2"l € K(p)(It = o™ + = u*Ie5, + |2 = 2"lla)
for (t,y.2), {(s,9¥*,2*) €I % C5 o ® X satisfying

lolles. = o0 lulice. o0 llzlla = o0 [127]le < o

5} There exists a Banach space E with X, — E —+ X and a constant ¢ € (1,1/a) such
that

£t w,2)ll < K(p)(1 + [|2]|5)
for every p 2 0 and (t, y, 2) € J x Cj o x X, satisfying |jyllc, . <7 and ||z|| < p.
6) A(t) has compact resolvent for all t € J.
The operator f iz well-defined for each ¢ € J. Further, for z; € Cj, some § > 0 and
2 € Oy o, the equation (2.3)-(2.4) is said to have positive arm of time lag and zero arm of
time lag, respectively.

Suppose that the conditions (1)-(6) are satisfied, then there exists a unique solution of
the equation (2.3)-(2.4) for every Hilder continuous right hand side f such that

z(t) = U(t, 0)ep{0) + fi Uit,7)f(r,ze, &(7))dT + /: Uit,s){Bu){s)ds fort € J
2(t) = $(t), t € [, 0]

Definition 2.2. The system (2.3)-(2.4) is said to be null controllable on the interval J if for
every continuous function ¢ € C, there exists a control u € L*(J, V') such that the solution
() of (2.3)-(2.4) satisfies =(T") = 0.
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3 Main result

Theorem 3.1. Suppose that conditions (1)—(6) hold and the linear operator W from L*{J, V)
inte X defined by

T
W’u:[a U(T,s)(Bu)(s)ds {3.1)

has an invertible operator W= defined on X\ ker{ W), If there exist positive constants Ny, N
such that ||B|| < Ny, [|[W!|| < Ny, then the system (2.3)-(2.4) is null controllable on J.

ProoF. Using the hypothesis, define the control
T
ult) = =W HI{T, 0)6(0) +[ UT, 7) f(r, 2., z(7)}dT] ().
: i

Now it is shown that when using this control the operator defined by

() (t) = @(t) for t € [—r,0] (3.2)

t
(Px)(t) = Ui, 0)a{0)) — ,[;. Ult, p) BW 1 {U{T,{chﬁ({}]

e
+ fu T riflr, o, I{T}l]dﬂ'}{;r}d;:

,—H
)
o

e

i
-{-[U Ult,v) f{r, &, z(7) }dr

has a fixed point. This fixed point is a solution of equation (2.3)-(2.4).

Clearly ($x)({T) = 0, which means that the control « steers the zemilinear evolution
system from the initial function ¢ to 0 in time T provided the nonlinear operator ¢ has a
fixed point.

Let Y = C([-r,T]; X) and
Yo={z el :|z(t)| = ||¢J|:f]|1| ont € (—oo,0] and |jz(t)|| < r for t € J}
where

= Ko, S)l|{0)|41 + K (e, B)N N:T')}
+ K (ox, F)K (p)(1 + ||x(T)||2)T{1 + K{a, §)JN N T}
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Then ¥ is clearly a bounded, closed, convex subset of ¥ Further ||(&z)(t)]] = ||¢(0)]| on
{—oc, 0] and

I @) < U2 0)6(0)] + f 1t ) BW I{1U(T, 0} 0)]
/ T, 7) £y e, 2(r) I } ()

[IIL ) f (7,20, 2(r))||dr
< K(a, 8)||2(0)|| + K[a.ﬁ)NaNz K{e, B)ll6(0))T

+K(a, B)K (p)(1 + [|lz(r)]I3)

+K(a, B)K(p)(1 + ||z(7) IIQII
< Kiee, 8) |(0) {1 + K, )N N2 T}

+EK (e, B)K(p)(1 + llz(r)|3)T{Ll + K (e, 3)N1 N2T}
< for t € J.

It follows that @€ is also continuous and maps ¥} into itself. Moreover & maps ¥ into a
precompact subset of ¥, To prove this we first show that for every fixed ¢ € J the set

Ya(t) = {(@2)(t) : 2 € Yo

is precompact in X. This is clear for ¢t € {—oc, 0], since Yy(t) = {@(t)}. Let t > 0 be fixed
and for 0 < ¢ < ¢, define

(®.2)(t) = U(t,0)(0) — fi , U(t, p)BW- {U (T, 0)6(0)
[ VT, (7.7, 2(r) )} ()
Uit s Er, (1) )dT
+ [ﬂ (t,7) £ (7, 22, 2(r))

Since for each ¢, A(t) is the generator of an analytic semigroup, its resolvent is compact, and
the set

t) = {{®x){t): x € Yo}
is precompact in X for every ¢, 0 < ¢ < {. Furthermore, for = € ¥ we have

[[{(B)(t) — (E2) ()| = H—{ Ult, p) BW ™' [U(T, 0)¢(0)

b=

f U(T, 7)1 (7,27, 2(7)dr] (1) } s

+H Ut 7)f(r 2, z(r))dr |

< k@, BN Mo {l9(O)]] + K ()1 + 12|97 )
+eK (o, B)C(p)(1 + le(7)I1Z)

which implies that ¥p(t) is totally bounded; that is, Ya(t) is precompact in X,
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We want to show that
F(Yo) = {®z: 2 € Yo}

is an equicontinuous family of functions. For that, let £2 > ¢; = (. Then we have

(@) {t,) — (x){t}]] < U1, 0) = Utz 0)|lll(0)]| +

1 T
+an U{thfﬂﬂﬁ’_l{U{T,ﬂ]g"}{ﬂ] +-£ T, T}f[T,IT,II:T}:IdT}{p}dp

tz

i
- U{tg,p]BW_]'{{-TI:T1[}]{b{D]-i'-/ U{T,-rj_fl[ﬂ',9:”&{?]}{11'}[;4]@'.
0 0

ty

+

ta
Utta, Mmoot = | U[tmr}flr,:ﬂ»r-v:(f})drlr
< U (1,0) - Ulea, O)J16(0)] +

ty T
+ [ W0t = Ut W {|U.000(0) + fg UL, 7)f (v, e, 2(r))dr } )

S0

2

ta T
+ [Nt W {10060 + [ U1 a )}l
1]

U!.I:tl ) i
+ J{I.J. WUt 7) = Ulta, TS 2, ()T +/: WO (e, TS (7 2, {7 ) T

= Kia, 3,7t = tal"|l{0)]] +
+K (o, 8, 7)lt — tal" NN { K, B)ISO)]] + K (e, BYK (o)1 + [l=(r)IE)T)

ts T
+ [ MmN { K, IO + [ U@ 2,2t} o

iy
+H (o, 8, 7)1t ~ tzll"'f‘fli.fﬂllil+||-'r|i1‘}||i’£}T+jf U (2, I f (7, 2, (7)) [ldr. (3.4)

gl
Thus the right-hand side of (3.4), tends to zero as £ —t2 = 0. Se, $(¥p) is an equicontinuous
family of functions. Also, #(15) is bounded in ¥, and so by the Arzela-Ascoli Theorem
@Yo} is precompact. Hence from the Schauder fixed point theorem, € has a fixed point
in ¥y (ses Pazy [11]). Any fixed point of € is a mild solution of (2.3)-(2.4) on J satisfying

{Px)(t) = z(t) € X.

Thus, the system (2.3}-{2.4) iz null controllable an J, o

4 Example

Congider the semilinear parabelic problem

ﬁ + A"(t, &, D)u = glt, x, Ay, u, Vu) + (Bu)(t), (t,2) eI = 12, (4.1)

at
Bz, Dlu=0, (t,z)elxT {4.2)
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where {? is an open domain in B™ with its boundary I” being an {n-1) dimensional C?*#
monifold for some p € (0,1} such that {2 lies on one side of I The spatial and the boundary
operators A" and B" are defined as

Atz D)b=— D aylt,r)DD;é
1<ij<n
# Z b{{.trI]Di‘ﬁ'i'C‘l:t‘I:“p: |:t:l"m".}I € I= ﬂ,
1<isn

B'"(z,D)¢ = bz + colx)(8d/O%), (t,2) eI = T,

where IJ); denotes the spatial derivative with respect to z; and (8/8%) the directional deriva-
tive along the outwardly directed C"'*# vector field + locally normal to I'. For the spatial
operator A", assume that all the coefficients belong to C*#/%] x 1?) and that it is strongly
elliptic. For the boundary operator B" assume that either ¢ = 0 and by = 1 giving the
standard Dirichlet problem ar ¢y = 1 and by € C1*#(I") (b > 0) giving the standard third
boundary problem.

The nenlinear function

g=glt.z.§(m), (La & (neElxNxRxRxR"
is assumed to satisfy the following conditions:

i) g: I x 17 x R*? 5 R is continuous.
i) gl - ¢.m) is u - Hilder continuous on I = 2 x [—p, p] uniformly with respect to {,n
in bounded subsets of R™! and it is €' with respect to the remaining variables.
tit) There exists a function K : Ry -+ Ry and a constant e € (0, 2] such that g satisfies the
growth condition

lg(t,=,&,Cm)| £ K(p)(1+ |T]|2_‘:|f01‘ all{t,z.£,(,m) € I x 2% [_-I':":J":"]2 x R

iv) g is a monotone increasing function in the third variable.
v} The operator A is a continuous map from C{{—, 0], C{2}) to C(£7)
satisfying

flAd1 ~ Adzlleay < llén = d2llE =000 for some a € (0, 1].

Further, A¢y < Aghy whenever ¢y (t) < da(t) for t € [—+, 0], where the symbol < denotes
the natural order in the ordered Banach space (C({12), =) defined by ¢ < o if ¢(z) < o(x)
for z € 1.

To apply our abstract result to this problem we must define the operators A and f.
Take p > n, let k; be a sufficiently large positive number, and define X = L,{f2). Then the
operator A(t) is defined by

A(tlp = (A"(-,t, D) + kv )o, ¢ € D(A(t))
where

D{A(t)) ={¢ & Wg{ﬂ} :(A"(-,t,D) 4+ k1 )¢ € Lp(f?) and B"(-, D)o = 0}.
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The family of aperators {A(t) : t € I'} as defined above satisfies assumptions (a)-(c) (see
Friedmann [5]). Furthermore, by virtue of Lp-estimates for elliptic operators, there exist
positive constants ¢; and ez such that

eilldllw: < Az, < ealldllwz for t € J and ¢ € D(A(t)).

Fix a number o satisfying

LT

2 2p 2
The unknown solution w(t,-) = u(t) is considered as a curve in some appropriate space X
of functions on W. As such it is to satisfy a corresponding initial value problem (2.1), In
case of the Navier-Stokes system, the estimate

flt, xe,x) = g(- b, Adzy, 2, 8), (-, 8)) + kyx(-, 1)

on the derivative of f does not influence the quadratic nonlinearity —P[(z - V)xz]. However,
it requires additional regularity of the external force v € L3(J, V). Let B : V — R"™ with
V < J be a linear operator such that there exists an invertible operator W' defined
on X Y kerW where W is defined by (3.1) for v € L*(J, V). Under this construction the
systemn (4.1}-(4.2) is an abstract formulation of system (2.3}-(2.4) (see [7]}, hence it is null
controllable on J by Theorem 3.1.
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