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1 Introduction

This paper presents certain generalization for hyperbolic differential inequalities of Gronwall-
Wendorff's classical inequalities. The principal results are based on a operatorial inequality
for weakly Picard operatars {Rus [10]) and in finaly these involves Riemann function for a
linear hyperbolic operator.

These inequalities can be applied to divers qualitative problems for PDE of hyperbolic

type.

2 Weakly Picard operators

Definition 2.1. ([9], [10]} Let (X,d) be a metric space. An operator f : X — X iz Picard
operator if there exists 2 € X such that

(i) Fy ={z"}

(1) (f™(zo))nen converges to z*, for all zg € X

Definition 2.2. ([9], [10]) Let (X, d) be a metric space. An operator f : X — X is weakly

Picard operator if the sequence ( f™(xy))nen converges for all o € X and the limit (which
may depend on xg) is a fixed point of f.

Lemma 2.1 (Abstract Gronwall lemma; [10]). Let (X, d) be an ordered metric space
and A : X — X an operator. We suppose that:

(i) A is a Picard operator

(i) A is monotone increasing.
If 2% is the fixed point of the operator 4, then
o) z= Alr) = <z
b) z = Alz) = z >z},

Lemma 2.2. ([10]) Let (X,d, <) be an ordered metric space, 4 : X — X an operator and

T,y € X such that
z<y, =SA(), y=Aly).
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We suppose that

(1) A is weakly Picard operator,
(i) A is monotone increasing.

Then

a) # < A®(z) S A¥(y) <y
by A®(x) is the minimal fixed point of A in [z,y] and A™(y) is the maximal fixed point
of A in [z, 3]

Lemma 2.3, ([10]) Let (X, d, <) be an ordered metric space and 4, B,C : X — X be such
that

(i) A<B<C
{#i) the operators A, B,C are WPOs
_ (d1t) the operator B is monetone increasing.

Then
rSy<z = A®(x) < B2(y) < C=(2).

3 Gronwall type inequalifies

Theory of differential and integral inequalities play a prominent role in the study of guali-
tative behavior of differential equations, nonlinear differential systems and in PDE.
We consider the following hyperbolic inequality

& u du du e
a_xay E f(m}y:ll‘h EIE) i [Jﬁi,] £ D.' (3'1.}

and the Darboux problem

8*u du du . -
oaty ! (""”‘“’5}*6@)* @y €D )
{u[m,ﬂ-} = plx), z € [0,a]

u(0,y) = ¢(y). v € [0,8], (0) = ¥(0)
where D = [0,a] x [0,b], f € C(D x B?), p € C'[D,a], ¥ € C'[0,8], u € C'(D) and
& C{E]
dedy - '

We have

(3.3)

Theorem 3.1. If

(i) feC(D = RY),

{:Ii] |.IF{:E1 I,y , Uz, Ha} - .FI:'E'..H:-”l 22, 1"3” 5 L,f mﬂx(!“e - 'L',l:l,f =1, 21 3],
(i) @ € C'[0,a], ¥ € C*[0,1],
(iv) flz,y,...): B! = R monotone increasing.
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Then

a) the Darboux problem (2)4-(3) has a unique solution u*
b) if u is a solution of (1)+(3} then u < u*.

ProoOF. We put the problem (2)+(3) as a fixed point problem. If u is a solution of the

problem ({2)+(3), the (u (s o

» = = | 15 a solution of the following syste
dx ﬁy) g system
¢

u(z,y) = wlz) + ¥(y) — »(0) +/ fls,t,uls, t), vis, t), w(s, t))dsdt
oo

¥
< vz, u) =w’{xj+ff{z,&,u[z,t},v{x,t},w{t,t]}d.t (3.4)
o

w(z,y) = ¥(y) + f i i ki o i)
Q

or in general form
u(z,y) = A (u,v,w){z, y)

v(r,y) = Az(u,v,w)(z,y)
wz, LI'} = As{u,v,w)(z,y),
u,v,w € C(D).
If (u,v,w) € C(D)? is a solution of (4) then v € C'(D) and v = g;; w= g—E ie., uis
a solution of (2)+(3). Y
Let X := C(D) x C(D) x C(D) and

(i, v, w)]f := max (m_ax|u+:z,y:||e-ﬂ'~’+rhm_ax|m:m,y:||e-f{*+ﬂ,m§x Lw{m.y}re-f'imw})
Iy I

(C(D,+, R, || - ||g) is a Banach space.
Let A: X — X, (u,v,w) = (A (u, v, w), Aalu, v, w), Ag{u, v, w)), we have

L
A, v, un) - A{“E:.“ﬂ:wﬂﬂs = TIH':HI Jo1,wy ) — (ug, va, 'w::}HB-

; : L . . .
Thus if 7 > 0 is such that —L < 1, then the operator 4 is a contraction so 4 is a Picard
T
operator. From (iv) we have that 4 is monotone increasing. Let w be a solution of (1), Then

(1,28, 25) c a (0,20, 0
"drlay ) — "Axt by )
From Lemma 2.1 we have that

wsut
du  du*

—
dz dz

du _ Bu®

g
o
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Ezample 3.1. (see [3], [T]) Let a,b > 0 and D = [0,a] x [0,b]. Let p,g,r and g € C(D). We
consider the following hyperbolic inequality

& u i, fu _
Bzdy T p(z, !;}EE + u(zsyla—y +r(zyu <glz,y), (z,y)eD (3.1)

and the Darboux problem

8y & _ S
828y ""P(E:-H]E% + c;fLrsyl'a—y +riz,yu=glzy), (zy)eD {3.2')

u(z,0) = plx), x € [0,a]) . o
{um,yn = vy ye 0y @ PO =¥ (32)

where p € C'[0, a) and ¢ € C*{0, b].
We suppose that p < 0, g < 0 and r < 0.

Then the Darboux problem (2') + (3) has a unique solution «*. If u is a solution of
(1) + (3") then u < u*. In this case '

u'(z,y) = v(0,0;z, y)e(0) + fm (s, 05z, y)(0'(5) + bis, 0)ip(s))ds+
]
+ fuy w0, 8 2, v) (W' (t) + a0, )p(t))dt + ffﬁw(.ﬁ-,t;z,y}f{s, t)dsdt

where v is the Riemann function.

Remark. In the case in which the Riemann function of the aperator

u i
L{u) = gzoy T P@ Vg Tyl Hrlzy)u
is positive (see [6]) we can study, in the same way, the inequality
. du du
Ll:u.] 5 f (llysu: a‘;l a_y) .

4 Comparison theorems
We have
Theorem 4.1. Let f;, ;4 be as in the Theorem 3.1. If
sk o <ol i <o, k=01,

then
u‘[': f] 4, tI'I'IL} E 1-'!*|I.'~ f’l'u ;1{"‘23";{}'3:"
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Proor., We consider the operator

A (C(D)o)® = (C(D)o)?

defined hy
{uw, v w) = (A (u, v, w), Aelu,v,w), Ag(u, v, w))
where
C(D)g := {u € C(D} u(0,0) =0}
and

Ayfu, v, wiz, ) == u(z,0) + v(0,y) / f fils, tuls, t),vis, t), wis, t))dsdt,

Azlw,v,w)(z,y) = v{z,0) + /-y Fule, b, ulz, £), vz, ), wiz, 1))dt,

(4]
Aa(u, v, w)(z,y) = w0y} + /lz fils,wouls,w),vls, vl wis y))ds.
1]

At first we shall prove that the operatar 4 is WPO.

Let
C{D) .y = {u € C(Do| u(z,0) = w(z), ull,v) = vy}

C{ } = {u € O(D)g| u(z,0) = p(z)}, » € C[D,q]
C(D)¥ = {ue C(D)o| u(0,y) ={y)}, € C[0,8.

It is clear that
(C(D)o)’ = (Uc{ﬁlp.ﬁ-) x (U G{ﬁb) x (Je@y) =
g W

= |J @@y = C(D)s x C(D)¥)
o fy
is a partition of (C(D)g)® and
Koy = GI:D:I;,\,KC[ 5-)((‘(5‘) € I(A).
Moreover the operator Alyx,_ ,,, i5s a PO (see the proof of the Theorem 3.1). So, the

operator 4 is WPO and is monotane increasing. If ¢ € C[0,af, then we denote by @ the
function v € C{D) defined by u(r,y) = w(x). Similarly to f: we have the operator B, It is

clear that B
A (o1 + ¥, @3, ¥n) =4 (, fiops, i)

and

B™ (g + bz, @5, 4] = u” (", f2,02, ).

Now, the theorem follows from the Lemma 2.3.
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Remark. In [12] on considers the Darboux problem for the following hyperbolic partial
differential system

Fu (z D

Bzay_-fl"y!u}'l {E,y}e B

If we consider the operator
A:C(D,R™)y = C{D,R™)y
defined by
x oy
Afu)(z,9) = u(z.0) + u@) + [ [ 5(e.s.ute,)deas
o Jo

then, in the conditions from [12], we have that the operator A is WPO. So, from Lemma 2.1
and Lemma 2.3 we have the results given in [12]. We have the similar considerations from
some results given in [13], [11], [4] and [5].
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