LIBERTAS MATHEMATICA, VOL XX (2000}

VARIATIONAL PRINCIPLES ON SEMI-METRIC
STRUCTURES

MIHATI TURINICI

Abstract
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1. Introduction

Recently, in their 1995 paper, Gajek and Zagrodny [6] established a lot of mean value
theorems which involves in a more efficient way the geometry of the codomain space. The
core of their developments is a variational prineiple (ef Theorem 2.1 in the quoted paper)
which includes the well known Ekeland's [4]. But, the argument used in the proof of this
principle (based essentially, on their 1994 Weierstrass type statement [3]) is rather involved.
So,we may ask of whether or not is this removable. It is our aim in the following to show
that a positive answer to the posed question is possible; this will be the content of Section 4
below. The basic tool of our device is represented by a lot of Zorn type maximality results
over semi-metric structures,to be found in Section 3. Note that, as another by—product
of these, we get the monotone version of the variational Ekeland’s principle obtained in
Turinici [12]. Finally, Section 2 (with a preliminary character) collects some maximality
principles over pseudometric structures. A number of further developments of these facts
will be performed in a subsequent work.

2. Pseudometric maximality principles

Let X be a nonempty set and (<), some relation over it. We shall term this object,
gquasi-order when it is reflexive and transitive; and order, provided it is, in addition, anti-
symmetric. Further,Jet d: X? — [0, 00] be a map. We call it pseudometric, when
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(2D1) d is diagonal {d{z,z)=0, z € X).
Take in the following some quasi-order (<) and some pseudometric d over X. Call the
point z € X, (=, d)-maximal, il
(2D2) z <u <v==du,v)=0
In this context, we shall say that (<) is a Zorn quasi-order, provided
(2D3) for each x € X there emists a (<, d)-mazimal

element z € X with z < 2.
It is our aim in the following to establish sufficient conditions about these data so that such
a property be retainable. To do this,we shall need some conventions and auxiliary facts.
Call the sequence (x,) in X, asymplotic if
{2D{) d(zn,Tps1) — 0 as n— oo,
and Cauchy, provided
(205) ‘ for each € > 0 there exists a rank n(e)

such that n{e) < n < m = d(Tn,Tm) <&
Note that, for an individual sequence, we have a generic relation like
(2.1} Cauchy properly = asymplolic properiy.
This, in particular, will be true for an ascending/descending sequence (in X). More-
over,from a global viewpoeint the reverse implication is also retainable: precisely, the global
conditions
(2H1} each ascending sequence is asymptotic
and '
(2H2) each ascending sequence is Cauchy
are equivalent each other.In fact, assume the ascending sequence () is not endowed with
the Cauchy property. Then, an € > 0 may be found so that
(2.2) for each n,there exisl p,q withn < p < q ond d(z,, ;) = ¢.
This immediately yields an ascending subsequence (g, )} of (2,) with
{2.8) d(¥ant1, Yens2) = €, for all n,
in contradiction to (2H1);hence the assertion. In this case,it will be meaninglul calling this
quasi—order (<), reqular in case
(2D6) one of the {(mutually equivalent) conditions (2H1) or (2H2) s holding
Further,denote for each sequence (x,) in X
(207) ubd(z,) = [X(Za, <)

ki

Here,by convention
(2D8) X(u,=)={ze X;u<z}, ueX.
Each element of this set will be referred to as an upper bound of (x,); and, il ubd{z,) # @
we shall say that this sequence is bounded from above. Finally, call the ambient quasi-order
(=), normal when
(203} each ascending sequence is bounded from above.

We are now in position to give an appropriate answer to the posed question.

PROPOSITION 2.1. The generic implication below is valid
(2.4) wregular & normal = Zorn.

That is: each regular and normal gquasi-order is necessarily a Zorn one.

Proof. Let the premises in this relation be in use. We claim that
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(2.5) for each x € X,e > 0, there exists y=y(r,c}>=x
’ such that y <u <v = du,v) <e.

Indeed, assume this would be false; that is,for some z € X, 2 > 0,

(2H3) for each y = x there exist u,v € X with y < u <wv, d(u,v) > e.

Then,an ascending sequence (y,) may be found so that (2.3} be retainable. But then,
the regularity of (<) would be contradicted; hence the claim. It results that,for the given
x € X,an ascending Cauchy sequence (x,) with g = £ may be determined such that, for
all n,

(2.6) z, su<v=>d{uv) <2 "

Let z be an upper bound of (z,,) (existing by the normality assumption). We intend
to show that this is our desired element. Firstly,it is clear that = < z. Secondly, take
u,v € X in accordance with z < u < v, By (2.6), one gets d{u,v) = 0; wherefrom, z is
(<, d)-maximal. The proof is thereby complete.

An interesting unilateral counterpart of this result may be constructed under the lines
below. Call the point z € X, semi (<, d)-maximal,provided

(2D11) z<w =d(z,w)=0.
In this context, we shall say that (<) is a semi Zorn quasi-order if

(2D11) ‘ Jor each xz € X there exists a semi (<, d)—mazimal
element z € X with x < =.
As before, we shall be interested in deriving sufficient conditions under which the introduced
property be retainable. To do this,we start from the generic implication

(2.7) (<,d)—mazimal = semi (<, d)—mazimal;
so,as a consequence of this,

(2.8) Zorn property = semi Zorn property.
In other words, the result above may be also viewed as a (partial) answer to the posed
question., For a technical completion of it, we need some conventions. Call the sequence
(£a)} in X, semi-asymptotic,in case

(2D12) lirn“inl'd{mﬂ,a.-"_,_lj =0y
and semi-Cauchy, provided

for each £ > 0 there exists a rank n = ne)

(2D11) ‘ such that p > n == d(z,, ;) < ¢.
Note that, for an individual sequence, we have a generic implication like

(2.9) semi—Cauchy property — semi—asymptotic property.
This, in particular, would be valid for each ascending/descending sequence in X. Maore-
over,from a global viewpoint, the reverse implication is also retainable; precisely,the global
conditions

(2H4{) each ascending sequence is semi—asymptotic
and

(2H5) each ascending sequence is semi—Cauchy

are equivalent each other. (The proof is very similar to the one involving (2H1) and
(2H2); so, we omit it). As before, it will be meaningful calling the ambient quasi-order
(=), semi-regular, provided

(2D14) one of the (mutually equivalent) conditions (2H{) or (2HS5) is hold-
g,
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The announced statement may now be formulated as follows.

PROPOSITION 2.2, We have the generic implication
(2.10) semi-regular & normal = semi Zorn.

That is: each semi-reqular and normal quasi-order is a semi Zorn one.

Proof. Let the premise of this implication be in use. We claim that

(2.11) ‘ for each x € X £ > 0 there exists y = y(x,e) > x
) such that y < u = d(y,u) < .
In fact,assume this would be false;that is,for some ¢ € X, 2 = 0,

(2H6) for each y = x there exists uc X with y<u, dly,u)=e.
Then, an ascending sequence (yn) may be found so that

(2.12) d(yn,Yns1) = =, for all n.
But,in such a case, the semi-regularity of (<) will be contradicted; hence the claim. It
results from this thatfor the given x € X, an ascending semi—Cauchy sequence {x,,) with
Tg = = may be constructed so that, for all n,

(2.18) @n = u=>d{x,,u) <27",
Let z be any upper bound of (z,) (existing by the normality condition we adopted). It
is clear that this is a semi (<, d)~ maximal element of X which majorizes x. Hence the
conclusion. l

Now, by the generic implication

(2.14) regular = semi—regular
the premise of {2.10) is weaker than the one of (2.4}, On the other handby the remark
{2.8), it is also clear that the conclusion of Proposition 2.2 is weaker than the one stated in
Froposition 2.1, A natural question is that of determining sufficient conditions upon our
data under which the premise of Proposition 2.2 should give the conclusion of Proposition
2.1. To this end, let us define a convergence structure over X, by the convention

&Tp — T if for each £ > 0 there exists

(2D15) ‘ o rank n{e) such that n = n(g) = d{z,,x) <=&.
Remark at this moment that, by the general working context, no connection hetween the
(semi~) Cauchy property and this convergence property is to be made. Put also

(8D16) zn [ © iff on — z and z, = x, for all n.
In this case, © will be referred to as a limit upper bound of (z,); and the set of all these
will be denoted lub(z,).

PROPOSITION 2.3. Suppose that the premise of (£.10) (¢f. Proposition £.2) is true,

as well as

(2H7) ‘ for each ascending semi-Couchy sequence (x,) with lub{z,) #0

one has u,v € lub(z,),u < v=>d{u,v) =0.
Then, conclusion of Proposition 2.1 is retoinable,

Proof. Given the arbitrary fixed # € X, let {z,) be the ascending semi—-Cauchy sequence
(with zg = z) produced in the prool of the quoted statement. Note that

B(x.) € lub(x,) (hence lub{x,) # @).
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Fix z € ubd{z,). If u,v € X satisfy 2 < u < v then =, T w, &, T v (by the property
{2.13));80, d{u,v) = 0 (if we take (2H7) into account). Hence the conclusion. l

The following technical aspect is to be noted. Call the pseudometric d over X, (=)-
triangular, when

(2D17) ‘ for each € > 0 there exists § = §(c) > 0 such that

r=y < zdxy)dx,z) < =dyz) e

It is not hard to see that, under

(2HE) d is (<)— triangular,
each of the above introduced notions is equivalent with its corresponding semi-notion.
Hence, in particular,

(2.15) regular «— semi—regular (under (2HE)).
This yields the following practical statement. [As before, (2H8) prevails).

PROPOSITION 2.4. Suppose that the quasi-order (<) is semi-regular (or, equiva-
lently, reqular). Then, il is necessarily a Zorn (or, equivalently, a semi Zorn) one.

Some remarks are in order. The results above are being obtained under the line in
Turinici [11]. As precised in the above quoted paper, these are compatible with the con-
tributions in this area due to Altman [1], Brezis and Browder [2] or Kang and Park [8].
And technically speaking, such facts may be viewed as denumerable versions of the Zorn
Maximality Prineiple. A quasi-uniform version of these statements is directly available;
but,this is not essential to the developments below. For a number of topological aspects we
refer to Brunner [3] and the references therein.

3. Main results

Let the working conventions be in force. It is our aim in the following to indicate a basic
application of the obtained facts. (Its usefulness will become clear in the next section).The
most appropriate setting to be considered is the semi-metric one. But,we must say that
an axtension of these developments to pseudometric structures is almost immediate. Some
other aspects will be discussed elsewhere.

Let M be a nonempty set and (=), some quasi-order over it. As usually, we shall identify
(<) with its graph (= {(z,y) € M?%,z < y}). Further, let d : M? — [0, oo[ be a semi-metric
over M. Note that, in particular, d is triangular (hence {<)- triangular). So, all notions
introduced in the preceding section are equivalent with their corresponding semi-notions.
In addition,we have the generic (sequence-type) implication
{(3.1) convergent = Cauchy.

When the reciprocal of this also holds, the space (A, d) is called complete. As a variant of
this, call the ambient structure, (<)-complete provided

(3D1) each ascending Cauchy sequence converges.

It is trivial that each complete quasi-ordered structure is {<)- complete too; but the con-
verse implication is not true,in general. The introduced concept suggests us considering
similar ones (related to (<)), Precisely, call the part Z of M, (<)-closed, if
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(3D2) the limit of each ascending sequence in Z belongs to Z.
As before, one has the generic relation: closed = (<)—closed; the reciprocal is not generally
valid. In this context, given another quasi-order < over M, we shall say that (<) is =-closed,
in case

(3D3) M(x, <) is (=)—closed,for each = € M,

In particular,when (=) is just (<), we shall refer to this as (<) being self-closed; that is
(equivalently)

(3D4) the limit of each ascending sequence in M is an upper bound of it.
And, if (%) = M? (the trivial quasi-order on M ),the same property will be qualified as (<)
being closed. For a number of related concepts we refer to Nachbin [10,ch.1, Section 1].

Having these precised,let (<) and (<3) be a couple of quasi-orders over M. Put
(8D35) (=) =(=1)N(=2).
This is again a quasi-order over M, referred to as the product between the considered
quasi—orders. It will be of interest for us to determine suflicient conditions involving these
objects under which (<) be a Zorn quasi—order. In this divection our main result is

THEOREM 3.1. Suppose that

(3H1) either (<) or (<2) is regular

(8H2) (M,d) is (<)-complete

(8H3) both (<) and (<;) are [<)-closed.

Then, (<) is a Zorn guasi-order, in the sense: for each v € M, there exists v € M with
fa) u<w, b)) v <w=dv,w)=0

Proof. By (3H1), (<) is necessarily regular. We now intend to show that this (product)
quasi-order is normal too. (And thenby Proposition 2.1, we are done). Let (z,) be an
ascending (modulo (<)) sequence in M. By (3H2),x, — x as n — o0, for some x € M.
And this, in combination with (3H3), yields
T € M(T., <) N M(zn, <o), Jor all n;
or, equivalently, = is an upper bound {modulo (<)} of (z,). The proof is thereby
complete, Il

A basic particular case of these developments is to be determined under the lines below.
Let g : M — R be a function and (=},some quasi-order over M. Call this function, (=)-lsc,
provided

(8D6} {x € M;g(x) < A} is (=)—closed, for each A.

Mote that,if (=) coincides with the trivial quasi-order over M, this property is nothing
but the familiar lsc one. The relationship with the previous one are expressed as

(3.2) Ilsc = (=)—Isc (for all such (=£));

but, the converse implication is not true,in general. Another useful choice for (=) is

(Z) = (B.9) (with g taken as before).
Here, for each @ = 0, (3, g) stands for the quasi-order over M descrbed as

(3D7) =(B,g)y 4 Pd(x,y) < a(x) — 9(y)-
The corresponding (3D6) property for @ = 0 will be referred to as g being self-lsc; that
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for each sequence (z,) in M and each x € M with (g(z.))
decreasing and x, — © one has g(z,) = g{z), for all n.
We are now in position to state

(3D8)

THEOREM 3.2. Let the quasi-order (<) over M and the function g : M — R be
such that

(3H4) g is bounded from below

(8H5) (M,d) is (<) (0, g)-complete

(3H6) (<) is ()N (0,9)-closed

(3HT) g is ()N (0,g)-lse.

Then, for each 3 = 0 and each w € M, there exists v = v(8, u) € M with the properties

(3.3) u < v and Fd(u,v) < g(u) — g(v)

(3.4) for each we M with v < w,d(v,w) > 0 we have fd(v,w) > g(v) — g(w)

(3.5) Jor each w € M with Fd{v,w) < glv) — g(w), dv,w) > 0,

we cannot have a relation ke v < w.

Proof. We shall verify that the conditions of the guoted statement are fulfilled, with
(<1) = (=), (<2) = (B8,g). Firstly, the very definition of (3, g) tells us (along with the
boundedness condition (3H4}) that (3, g) is a regular quasi—order {on A); i.e., (3H1) holds
(in this setting). Secondly,in view of (3H5),plus

(3.6) (<)N(8,9) < ()N (0,9)
it is clear that (3H2) holds too. Finally,the same inclusion shows that (<) is (<) N (3, g)-
closed as well as (by (3H7)) that g is (<)N(3, g)-Isc; wherefrom,(3H3) is directly obtainable
(via standard arguments). This proves our initial claim about the considered couple of
quasi—orders. But then,from the conclusions in Theorem 3.1, there exists.for the starting
point 4 € M some (=) N (3, g), d)-maximal element © in M with

u((<) N (B,9))v (hence v < v, Bd(u,v) < glu) — 9(v)).

It is now clear that the obtained element has all the properties we need. Hence the
conclusion. l

Technically speaking,the regularity conditions (3H5)-(3H7)} are,in general, difficult to
be checked;because these are formulated in terms of the product quasi-order {<) N (3, g).
So,it is natural asking of to what extent can we express them in terms of (<) only. An
appropriate — and useful- answer is contained in

THEOREM 3.3. Assume (FH{) is in use,as well as
(3H8) (M,d) is (<)-complete

(3HY) (=) is self-closed

(8H10) g is (<)-lse.

Then, conclusions of Theorem 5.2 are to be refained {in this framework).

A direct verification of the claimed facts is to be derived from the very definition of
the involved concepts; we do not give details. Note that,under the acceptance of (3H9),a
sufficient condition for (3H10) is

{3H11) g is (<)-decreasing.
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And then,the corresponding version of Theorem 3.3 is nothing but the monotone variational
principle in Turinici [12] obtained via similar methods. On the other hand another sufficient
condition for (3H10) is

(8H12) g is lse.
Hence, Theorem 3.3 also includes the well-known Ekeland’s variational principle [4].

Now, a natural choice for the ambient quasi-order (<) is,evidently,
(£)=(a.f), for somea =0, f: M — R.
In this case, the following completion of Theorem 3.2 above is retainable.

THEOREM 3.4. Let the functions f,g from M to R be such that (3H{) is true,as
well as
(3H13) (M,d is (0, f) N (0,g)-complete
(8H14) both [ and g are (0, f) N (0, g)-Lse.
Then, for each couple o = 0,8 = 0,and each uw € M there exists v = v{a, F,u) in M
with the properties
(8.7) ced{u,v) < flu) — flv), Bd{u,v) < glu) — glv)
(3.8) Sor each w e M with ad{v,w) < flv) — flw), dlv,w) >0,
' one has Gd(v,w) = g{v) — g(w).
(2.9) Jor each w € M with Sd(v,w) < g(v) — g(w), dlv,w) > 0,
: we must have a relation like adlv,w) > flv) — flw).

Mote that a natural sufficient condition for (3H13) to be true is

(3H15) (M,d) is complete.
And, a sufficient condition for (3H14) is

(3H16) both [ and g are self-lsc over M.
Clearly,a symmetric result with respect to the preceding one is deductible by simply inter-
changing (o, ) with {3, g); we do not give details. As already precised, such statements
include,among others,the variational Ekeland’s principle [op.cit.]. Se, it would be interest-
ing to clarify the logical effectiveness of this extension. For a number of related facts we
refer to Manka [9] and the references therein.

4. Some particular aspects

The obtained statements are not only interesting by themselves. For,as we shall see, these
are the starting point in deducing a lot of variational principles comparable with the ones in
Gajek and Zagrodny [6] (with immediate applications to geometric mean value theorems).
The natural setting to be considered is the metrical one; but,we must say that the pseudo-
metric extension of these is immediate. Precisely,take a complete metric space (X, d) as
well as a couple of functions f, g from X to R U {co}, with

(4H1) D =dom(f)"dom(g) # 0

(4H2) both { and g are (0, f)N (0, g)~Isc over X.
Az a first application of the developments in the preceding section,we have
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THEOREM 4.1. Let the (nonempty) part E of D be such that
(4H3) E is (0, )N (0,g)-complete
(4H4) g iz bounded below on E.

Then, for each o > O and each u € E there exists v = v(a,u) in E with
(4-1) flu) 2 f(v), ad(u,v) < gu)— g(v)

(4.2 Jor each w in E distinet from v and each A\ = o

42) with Ad(v,w) < g(v) — glw) one has f(v) < f(w)

(4.3) for each w in E distinct from v fulfiling f(v) = f(w)
' and each A > o one has Ad(v,w) > g(v) — glw).

Proof. By the admitted hypotheses, Theorem 3.4 applies with M = F and (o, f;8,79)
substituted by (0, f; o, g). So,for the starting point u € E there exists some point v =
t(cx, u) in F fulfiling (3.7) as well as (cf. the choice of our data)

(4.4) we E, f(v) 2 f(w), ad(v,w) < g(v) - g(w) = v =w.
Now, evidently,(3.7) = (4.1). So,it remains to prove that (4.4) gives both (4.1) and (4.2).
Assume that the pair (w, ) is as in the premise of (4.2), and the conclusion of the same
were not true. Then, necessarily (as A > )

0-dlv,w) < f(v) - flw), v#w, od,w)=glv)-glw),

in contradiction to (4.4);hence (4.2) follows. Likewise, take w as in the first halfl of the
premise in (4.3}, as well as some A = a. If the conclusion in the second half of the same
is not valid, then Ad(v,w) < g(v) — g{w) (hence ad(v,w) < g(v) — g(w)). And this, in
combination with the choice of our data yields a contradiction to (4.4); so, (4.3) must be
true. The proof is complete. l

Now, the structural condition (4H3) is Tulfilled as soon as

(4HS5) E = D((), for some part ¢ of X with DnNG# D,
This results at once from the completeness of our ambient space and the regularity condition
(4H2); we do not give details. On the other hand the requirement (4H2) imposed upon {f, g)
is clearly fulfilled when

(4HE) [ is self-lsc and g is lsc over X.
MNote that,in such a context the corresponding version of Theorem 4.1 is comparable with
the variational principle in Gajek and Zagrodny [op.cit., Th.2.1] (precisely, the case 3 = O,in
their notation). This " comparative” aspect refers to the fact that,in many conerete cases the
operational information contained in these results is, practically,the same; we shall discuss
this elzewhere.

Now, a second application of the developments in the preceding section is the following
variational type result. Let again (X, d) be a complete metric space and f, g two functions
from X to RU {oo} fulfiling (4H1) as well as (for each A > 0)

(4H7T) both [ and g+ Af are (0, f) {0, g+ Af)- lse.

THEOREM 4.2. Let the nonempty part £ of D be such that, for each A > 0,
(4HS) L s |:'D.| f} m {D,y -~ Af}—mmpktc
(4HS) g+ Af is bounded below on E.
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Then,for each triplet (o, f,7) with a,y > 0, 3 = 0,and each u € E, there ezists
v =t{a, 9,7 ,u) in £ with

(4.5) f(u) = f(v),ed(u,v) < g(u) — g(v) + =22 (f(u) - f(v),

for which the conclusions ({.2) and ({.3) remain valid; and,in addifion,

6 Jor each w € E distinct from v and each v < J with
(4-6) 0 < g(v) — g(w) + vd(v,w) one has vd(v,w) > f(v) — f(w).

Proof. By the hypotheses we adopted, Theorem 3.4 is again applicable with M = E and
(@, f; 8, 9) substituted by (0, ;0,0 + %Ef}. Sa, for 1he starting point « € E there exists
some point v = v(e, 3,v; u) in £ fulfiling (3.7),as well as (cl.the choice of our data)
o whenever w € £ fulfils f(v) = f(w) and

47| g, w) < o(v) - g(w) + =22(7(0) - 7(1)) then v =1w.

Now, evidently
(4.1)=> (44) (because (0, 1) N (0,g+ =2 f) 2 (0, £)N (0,g))-

And, from this,conclusions (4.2)4-(4.3) are clear (by the argument we already sketched in
Theorem 4.1). It remains to establish that (4.6) holds too. Let w € E be as in the premise
of this implication; i.e., w 5= v and

(4H10) 0 = g(v) = g(w) + vd(v,w) (= g(v) - g(w) + Fd(v,w))
Suppose that the conclusion of (4.6) would be false, in the sense

(4H11) 7d(v,w) < [(v) - [(w) (hence d(v,w) < L(1(v) - [(w))).
Combining these gives f(v) = f(w).as well as 0 < g(v) — g{w) + ‘g{f{ﬂ] — flw)); wherefrom
{by (4H11) again) ed(v, w) < glv) — glw) + Efé[f{v]l — f{w)}. In other words,the premise
of (4.7} is realized. But then (¢f. its conclusion} v = w,in contradiction to the accepted
choice for w. Hence (4.6) is true,as claimed, The proof is complete.

Now, exactly as before,the structural condition {4H8) is fulfilled under (4H5). On the
other hand,the requirement (4H7) imposed upon (f,g) is clearly fulfilled when (4H6) is
admitted.[The proof is a direct consequence of the involved concepts; we do not give details).
Note that, in such a case,the corresponding variant of Theorem 4.2 is comparable with the
one in Gajek and Zagrodny [op.cit.,Th. 2.1] (precisely, the case 5 < 0, in their notation).It
also includes a number of related variational principles described in Hyers,Isac and Rassias
[7,ch.5,8ection 4]. This will be discussed in a subsequent paper.
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