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GROUPS AND RELATED-SYSTEMS
STEFAN ANTOHE

1. Introduction

Given p, a binary relation defined on the set &, p € G x (7, then ((7, p) is called the

binary related-system or related-system [3].

Let (G, p), (G', p') be the related-systems. A map @7 — G is called rel-morphism if
(z,v) € p=> (p(z),p(¥)) € p', i.e. zpy => @(z)p'v(y)-

The class of related-systems together with the rel-morphisms form a category noted fel
In particular, one obtains: the category Pre., the category Ond., the category Graph [1,3].

A multiplicative group &, with identity 1, that has a class of the related-system defined
on the set (G, is called G-related system. This paper presents a study of the operations with
these related-systems, their categorical properties, and the problems of representation.

2. The Category of G-related Systems

Let (&,-) be a commutative group, with identity 1. If § € @, we denote 5~ = {571 :
s € 5}. We shall introduce the following notions:
Definition 2.1
A set 5 C G is called G-self-invertible set of (7 if § = 5~ 1. We denote
S(G)={5:5C G,S=S_']- (2.1)
Definition 2.2
Let & be a group and § € S((Z). The related-system (G, p(G,5)), where p(G,5) is
defined by
(z,¥) € p(G,S) <=>azy ' €8 (2.2)
is called G-related-system, briefly denoted by (G, pg). We denote by

R(G)={(G,p(G,9)) : S € S(G)} (2.3)
Remark 2.3
Let 7 be a group, S € S(@) and (G, p(G, F)) € R(T}). The [ollowing statements are
true:
1) The relation p{G,5) is symmetric;
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2) For every x € 8, (x,1) € p(G, S);

3) If 1 £ 5, then the relation p(GG, 5) is reflexive;

4) If 1 ¢ S, then (G, p(G, 5)) is & quasi-Cayley graph [2, 4];

5) If the set S is stable (i.e. ,y € § == zy € 5), then p((7, 5} is a transitive relation;

6) 0, G € S(G).

Theorem (2.4)

Let (G, pg) be a G-related-system. The relation pg is an equivalence relation if and only
if the set 5 is a subgmup of G.

Proof.

Because pg is reflexive, for every = € §, zpgz, ie. 27 € 5, hence 1 € §. If z,y € 5,
then zpgl and lpgy belongs to S, hence zpgy. This results in xy~' € 5, ie. Sisa
subgroup of (7,

The reciprocal is obvious.

Theorem 2.5

Let f: G — G be a group morphism, § C & and 5 C ¢'. The following statements
hold:

1) If § € S(G), then f{5) € S(G");

2) If 8' € S(G') and f(8) C 5", then [ is a rel-morphism;

3) The map 15 : G — G, 1g(z) = z, for every = € G, is a rel-morphism.

Proof, :

1) Because S~! = S, we have

(F(S) ' ={(f(s))":5€S}={f(s7"): 8€ 5} =F(S77) = F(5).

2) The following implications provide the proof:

(z.y) € p(G,S) <=>zy™"' € S => f(zy™') € f(5) <=> f(=)(f(w))"' € f(5) C &' =>
= (f(z), f(¥)) € p(G", ")

Theorem 2.6

The class of G-related systems is a subcategory of category Hel. with the direct products.
Proof. :

The class of all G-related systems together with the rel-morphisms forms a category;
the composition of rel-morphisms is the usual composition of maps and the identity rel-
morphism is the identity map.

Let (G, p(Gi,5:)), 1 € I, be a family of G-related systems.

We denote by

G =H G ={(®ier 1 € Gy, i€ T} (2.4)
i€l
the direct product of groups &, i € [ and by
8= XS--{ 1-L.1' SEELE'[,fEf}_

Because of
S'=(x S)'=x §'=x 5,
ief ied ie]
we have _}{' L= S(H Gi).
iel
It is clear that the applications p; : H Gy — Gt € 1, pi(x;)je1 = x4, are rel-morphisms.

It is easy to show that (H G, pl H G, X 5)) with the family of rel-morphisms (p;)ier is

a direct product of a famxl:-,r (G, ,ﬂ{C—',, 5' ]} iel.



STEFAN ANTOHE 151

Corollary (2.7)
Let (Gi)icr be a family of commutative groups and 5; € Gy, ¢ € I. The following

statements are true:
DISiesS(Giel, X Sie s([] G

e f
2) The related systems {H G’.—,P{H Gy, "3;[: 5:)) and l-_[ (G, p(Gi, 5;)) are isomorphic.
iel iel ' ict

3. Latticeal Properties. The Representation of
G-related Systems

In the following part & is assumed to be a commutative group,

Theorem (3.1)

The set S(7) of all self-invertible sets in (¢ is a Boole algebra, complete with respect to
intersection, union, and complementary of a set.
Proof. :

If we denote P(G}) = {X : X C @}, then (P(G),N,U,") is a Boole algebra and S(C) C
P((C). Hence, it is sufficient to show that S(C) is a subalgebra of P{G).

Indeed, if Sy, 52 € §(G), we have:

(SinS) '=8'nsyt, (SiuS) T t=87usst,

hence 5, NSz, 51 U Sy € S(G). It results that (5(G), N, U) is a distributive lattice.

The set @, G € S(G) hence @ is a zero element and & is a unit element of S{G).
Obviously, if § € S(G), then §' = G\S € S(G) is a Boole subalgebra of (P(G),N,U,').

Theorem (3.2}

The sets R(G) of G-related systems can be organized with a Boole algebra structure
relative to the operations deduced from Boole algebra S{(7).

Proof. :
We define the following operations:
{G! p{(’.s SI” n {(;.1 p{(”‘s 52” o {Cs F”:G1 Sl n Sﬂ}] [31)
(G,p(G,51)) UG, p(G, S2)) = (G, p(G, 5 U S3)) (3.2)
(C.0(C, S)) = (G, p(C.C\S) (3.3)

denoted with the same symbols.

It is easy to check that (R(G),N,U) is a distributive lattice. In the lattice R(G),
(G, p(G,B)) is a zero element and (G, p(,G)) is a unit element. If (G, p(G, 5)) € R(G),
then (G, p{G,5")) = (G, p(G, G\5)) verifies:

(G, p(G,8)) N (G, p(G,5')) = (G, p(G, SN &) = (G, p(G. D)),
(G, p(G,8)}U (G, p(G,5")) = (G, p(G,SUS')) = (G, p(G,G)),
hence (G, p{G, S")) is the complement of (G, p(G, 5)).

Remark (3.3)

The operations (3.1), (3.1}, and {3.3) are called intersection, union, and complementarity.

Theorem (3.4)

The Boole algebras S(G) and R(G) are isomorphic.
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Proof. :
We consider the map ¢ : S(G) — R(G), ¢(5) = (G, p(G, 5)). According to (3.1), (3.2},
and (3.3) it results that  verifies:

P(S118) = 9(S1) N p(52) (3.4)
5?(51 us) = ,'p{.gl:l (] ':P(SBJ' |:35}
w(S) = (@(9))', (3.6)

i.e. iz a morphism of Boole algebras.
From definition it results that o is surjective. If 5; 5 Sy, there is an element s € 5,52,
Hence (1, 3) € p(G, S1) and (1, 5) € p(G, Sa), i.e. (51) # 2(S2) and ¢ is injective.
Corollary (3.5)
From Theorem (3.4) it results for S; € §(G), 1 € [, that (7] 5, [ S € S{C) and hold

iel iel
(G, p(G,[) S)) =[] (G,p(G, 5:)) (3.7)
1) ief
(0G| S =l (G,p(G,S0)) (3.8)
iel ief

Proof. :
Because the lattice S((7) is complete and ¢ is an isomorphism, we have:

(G, (G, [ 50) = el 5:) =[] w(5:) =[] (G, p(G, 5:))-
el el te] el

Analogously, we can prove (3.8).

Remark (3.6)

According to the isomorphisim between &(G) and R((), which implies the isomorphism
between ordered lattice, for 5, 52 € S((7), we have:

1) If 8§y C 8y, then (G, p(CG, 5)) C (G, plG, 52)) (3.9

2) 51NS2 = ¢ implies (&, p( G, 5:1))N(G, p(G, 52)) = (G, peb) (3.10)

Theorem (3.7)

The Boole algebras S{G'} and R{() are atomic.

Proof.

In the lattice §(G), the atomic elements are: § = {1}, ifs=1lors? =1 and § =
{8,571}, if 5°#1 (order s > 2). We assume that an atomic element 5, |S| = 2 exists. If
se S, thens?=1ors®#1, hence ¢ < {s} < Sor¢p<{s,s '} <5, ie, S is not atomic
element.

Using the isomorphism between lattices S{G) and (), it is obtained that {7, p( G, {3})),
if 82 =1 and (G, p(G, {5,57'}), if 572 # 1, are atomic elements in the lattice R(G).

Remark (3.8)

Ifs> =1,then s = s ' and {s,57 '} = {3}, hence (G, p(G, {5, 57 '})) contains (G, p(G, {5})).

Theorem (3.9)

Every G-related system can be uniquely represented as a union of indecomposable G-
related systems.

Proof.

It is evident that the atomic elements are indecomposable.

Let (G,p(G.S)) € R(G). In the lattice S(G), S is uniquely written as a union of
atomics.
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=[] {s,57} (3.11)

According to (3.8), we have -
(C.p(G,8) = (G.p(C.{s,57'})) (3.12)

SES

Theorem (3.10)

Every G-related system can be uniquely represented as an intersection of irreductible
G-related systems.
Proof.

Let (&, p(G,T)} € R(CQ). If we denote § = G\ T, then T = 5', hence, according to
(3.3) and (3.8) we have:

(G, p(G,T)) = (G, p(G,8") =] [(C.p(C, {55 W)
sES
(G,p(G,T)) =[] (G, p(G, {s,57'}))".

sES
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