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Abstract

In this paper we present a graph-theoretic procedure which shows the NP-Completeness

of a class of task scheduling problems. This problem-class involves scheduling of real-
time tasks with temporal constraints usually encountered in process manufacturing
and parallel computing. By adopting a decision-theoretic approach, we show the
NP-Completeness using a polynomial reduction procedure that is both insightful
and intuitive. Since NP-Completeness implies intractability assuming that P #£ NF,
exposing the underlying structure of this problem-class should strengthen research
efforts in the area of intelligent scheduling systems

1. INTRODUCTION

Tasks scheduling problems arise whenever there is a need to allocate resources, to establish
an ordering of tasks to be performed, and to assign tasks to a set of servers for processing,
The ordering may involve program tasks to be run on a cluster of computers [1, 2, 3, 4,
5], or jobs that need to be processed in a manufacturing plant [6, 7). In this paper, we
use the term 'task’ to denote a manufacturing process or a program unit. We use the term
‘processor’ to denote individual machinery or computer.

Optimal scheduling solutions are extremely difficult to obtain, mostly because these
problems are NP-Hard., We know that a problem T belongs to the NP-Complete class if: i)
there exists a polynomial time algorithm that verifies P; #) we can reduce, in polynomial
time, all problem P' to P with P' € NP [8]. In practice, this cumbersome procedure is
never used. Instead, we can prove that P belongs to the NP-Complete class by showing
P, known to be NP-Complete, is reducible in polynomial time to P. In order words, we
would induce NP-Complete membership of a problem by transforming the latter to another
problem known to be NP-Complete [11].

Intuitively, a problem P can be reduced to another problem P if all instances of P can
easily be transformed into instances of 7" where solutions of P* are also solutions to P.
Thus, if a problem P is reduced to another problem P' then P is no harder to solve than
P,
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Definition 1.1 A problem P = (C, P) is reducible to another problem P'= (L', F')
if and only if there exists a function [ : € — O computable in polymomial time, such
that, ¥c € C, ¢ verifies property P if and only if [(c) verifies P'. The notation P <
P designates the reduction of problem P to a problem P' using a function [ computable
in polynomial time. We call f a reduction function and the algorithm that computes f a
reduction algorithm.

Definition 1.2 When P <. P and P < P then P and P’ are equivalent problems.
Furthermore, if P € P then P' € P and vice versa.

Theorem 1.1 The polynomial reduction <. iz {ransitive. [f P </ P" and P <. P"
then P <. P".

Proof. By definition 1.1, the reduction function f is surjective. The relation P =, P"
implies the existence of a function f such that for all entries u € P — f(u) € P'. So,

ifvue P — flu)e P

ifvu’ e P — fu') e P,

then Vu € P — f'(flu)} € P".

Using the functional composition properties, f'(f(u)) is also surjective. |

Definition 1.3 4 problem belongs to the NP-Complete class if it satisfies the following
conditions:

(i) P € NP

(ii) P! <« P, ¥P' NP,

Definition 1.4 4 problem is NP-Hard if it salisfies condilion (#) bul not necessarily
condition (i) of definition 1.3.

2. METHOD OF PROOF

To satisfy the first condition of definition 1.3, it is necessary to find an algorithm that
verifies in polynomial time the solution of P so that P € NP. The second condition consists
in showing that P can be reduced in polynomial time to all problems in NP. The latter
condition is rather laborious to satisfy. Instead, it is possible to show NP-Hardness by
reducing a problem P’ known to be NP-Complete to our problem P [8, 13]. Once we proved
MNP-Hardness we must also proceed to show the existence of an algorithm that verifies the
solutions of P in polynomial time. The method of proof is given by the following steps,

e show that P € NP;

e choose a problem P known to belong in the NP-Complete class;

® describe the computation of the reduction function f which associates all instances of P’
to P;

e show that f satisfies u € P' il and only if f{u) € P;

¢ show that the computation time of f is polynomial.

3. PROBLEM MODELING

An undirected graph G = (9, A) is defined by a set vertices 5 and by a set of edges A. In
this paper, we consider only simple graphs. There are neither self-loops nor parallel links
between two vertices in simple graphs.
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Definition 3.1 The set of vertices §' C 8§ of graph G = (5, A) is independent if its
elements are mulually disjoinled.

Definition 3.2 The set of vertices §' C & of graph G = (S5, 4) is complete if every pair
of vertices in S is linked by an edge a € A. These edges are called complele edges.

We are interested in graphs whose vertices can be PARTITIONed into subsets § =
5y U 8 where 5 is the set of independent vertices and 53 is the set of complete vertices.
MNote that S forms a subgraph also known as a clique [14]. For our problem modeling, we
do not impose constraints on the edges linking vertices in §; to vertices in Sa.

Definition 3.3 A graph is complele if there ewists an edge linking each node in 5; to
each node in Sy, Edges linking Sy and S; are called link edges.

Such a graph can model the scheduling of real-time tasks. The set of independent
vertices 51 represent the set of processors, and the tasks set is represented by the complete
vertices. Figure 1 shows a graphical representation of the problem model [15].

Figure 1. Scheduling problem

A complete edge, in this model, represents the communication cost between two tasks.
The communication cost is a value ¢ € B, A link edge represents the execution cost of
a task (in 52) on a processor (in 5)). The execution cost is a value ¢ € ®™. The labels
{a,b,..., f} represent the communication cost between tasks. A npull value means there is
no communication between the tasks. The labels {a;} represent the execution cost of task
J on processor i.

In this way, the scheduling problem corresponds to the PARTITIONing of a graph &
into disjoint cliques. Each clique of graph & consists of a verlex p € 5; and a subset of
vertices §' € S3. The subset S' represents the tasks assigned to the processor p. Also, the
number of disjoint cliques must equal to |5;| meaning that the number of cliques equal to
the number of processors.

Az in classical job-shop problems, an oplimization eriterion is used to measure the
efficiency of task-processor assignments. This criterion should be a function of the link
edges and complete edges from the resulting cliques. One of the usual metric is the total
execution cost Oy given by

(1) Cr=Cg+Cc=d
where C'g, U are task exccution and task communication costs and d is the task completion
deadline.

In our problem model, the execution cost of all tasks on a processor is the sum of link
cdges in all resulting cligues. The communication cost is given by all complete edges that
do not belong to any clique. Suppose an assignment corresponding to a PARTITION of
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G = (5, U8, A) into a set of cliques {&,,03,...,0,} Where m = |S;|. Each clique contains
at most one vertex p; € 5. For each assignment 5 = o, UagU...lUg,, with p; € 5 in clique
t there is an active link edge (5, p;) if s € o; otherwise it is an inactive link edge. We also
have an active complete edge (s, 5;) if 5;,5; € o otherwise it is an inactive complete edge.
In this way, the execution cost Cg is the sum of all active link edges and the communication
costs is the sum of all inactive complete edges.

In order to minimize the total cost (1), we should maximize the values of active complete
edges and minimize the values of active link edges. This can be easily formulated as shown
below.

(2) max {g} = max {c(si, 8 )l + [B — (5, pi)]}

where c(s;,5;),1%j represents the communication cost, ¢(s,p;) is the execution cost of a
task on processor p; and @ is a large positive constant. Thus, the maximization of (2} is
equivalent to the max-clique problem.

4. NP-COMPLETENESS

Using a decision-theoretic approach [10], we describe an instance of the real-time scheduling
problem as a d-tuple and a question as follows.

RTTR = {< T,P,W,d >: T = {t1,t2,....,tn} is the set of tasks, P = {p1,pP2,.... P} i
the set of processors, W = [w;;] is the communication cost matrix and d > 0 an integer. Is
there a PARTITIONing of T onto P such that Cg + Cg = d where O = Z.‘rﬁ is the

execution cost of task ¢; on p; and O = Zwl—_,- is the communication cost between {; and
Y

J}As outlined in section 2, we need a problem belonging to NP-Complete class in order to
proceed with our polynomial reduction. The general problem of graph PARTITIONing
is known to be NP-Complete [8, 9]. The PARTITION problem can be described as a
5-tuple and a question.

PARTITION = {< @', ¢, I'\K,J > : (' = (V',E') is a simple graph, ¢/ : V' — 1is
an application giving the weight of vertices in V', I' : E' — # is an application giving the
value of edges in E', K and J are positive integers. Is there a PARTITION of V' into
m disjoint suhsets V;, Vé, - Vf:‘ such that Z cr.[t-';'l = K for 1 <i<m? Furthermore, if

weW,
E" C E' is the set of edges where both ends are in distinct sets V, then Z I'(e) < J}.

eeE"
To show that RTTR £NP-Complete, we shall use an intermediary step, mainly to

simplify our proof. This intermediary step is another problem concerning the PARTITION
of a graph into cliques of maximum weight. We shall name this problem as MAXCLIQUE.

MAXCLIQUE = {< G,|,B > : G = ( UV, E) a graph with V] the set of independent
vertices and V5 the set of complete vertices, I - E — & an application giving the value of
edges in E, B = 0 an integer, Is there a PARTITION of V into m disjoint cliques &; such

that Z lle) <B,for 1 < i <m wheree € £ and m = |W|}.

e
In order to show RTT R € NP-Complete, we should first establish that PARTITION <.
MAXCLIQUE and then MAXCLIQUE <, RTTAH.
Theorem 4.1 The problem MAXCLIQUE eNP.
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Proof. The solution to this problem is a set of disjoint cliques s, 82, ..., 8. To verify
Z Ile) < B, for 1 < i < m, simply place all edges from resulting cliques in m lists. For

By
each list we sum the edge values and compare the total to B. Assuming a complete graph

G with n vertices, there will be n(n — 1)/2 edges. The summing procedure involves n? —n
additions. The list creation procedure is a linear function proportional to the number of
vertices in . Thus, we can verify a solution of MAXCLIQUE problem in polynomial
time. W

Theorem 4.2 The problem PARTITION is reducible to an instance of MAXCLIQUE

in polynomial time.
Proof. We give a polynomial reduction procedure that is capable of reducing PARTITION
to MAXCLIQUE. Incidentally, we know that PARITJON € NP-Complete for K = 3
even whenl'(e) = 1, Ve € B’ [8]. The MAXCLIQUE problem PARTITIONS the set of
vertices into two sets V] and Vi where V] is the set of independent vertices and V5 is the
set of complete vertices.

A. Install a new set of vertices in the MAXCLIQUE problem whose cardinality is
= (
that U C Vi, |U] < K.

B. Assign Vo = 7',

. Assign to E the set of edges of MAXCLIQUE by the following rules:

. This cardinality guarantees that there is always at least K link edges such

|:3:|' E=FEUE; Ey
where £y = E', E; = {(y,v)|u,v € V5 and (w,v) & 1} and E3 = {{u,v)lu € V; and
v E Vo)

D. Assign to application [[-) of MAXCLIQUE the following values:

le) = IU'le),¥ee E, (4a)
lle} = 0,¥ee By, (4b)
lle) = a,eae{l,a}Vee B;, (dc)

where a < — (Z He)+ -m.) is a small negative integer.
=eE,

o & T
Since there is

K
these values in m = m matrix.

) vertices in Vy, there will be |V} | values given by (4c). We arrange

1 1 e 1 oo ... o
1 ... 1 o o o y
{5} M = 1 ... & a o o ¥
e o« ... o 1 1 ... 1

The goal is to produce a combination of values in M with exactly K value 1 and m — K
value of @ so that for any subset of complete vertices V¥ C Va, there exists a vertex u in ¥
such that [{{u,v))=1,Yv eV, V| < K.
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E. Assign to 8 the positive integer of MAXCLIQUE the value
(6) B=Y Il(e)+m-J

ecE’

MNow we show that the reduction procedure produces equivalent solutions for PARTTTION
and MAXCLIQUE starting with the second part of the question which is part of the de-
finition of PARTITION. If we answer YES to the question defining MAXCLIQUE, it
means that it is possible to obtain m cliques o, 73,..., O such that Z {(e) = B for

e
1 <i<m Since B is a positive integer and that o is a small negative integer, no cligue
should contain link edges ¢ with value {(e) = a. Consequently, there are m link edges with
I(e}) = 1 in all cliques belonging to £3. That enables us to write
(7) >, UeyzB-m
eEayhef By

Mote that each subgraph obtained from PARTTTION is a clique in MAXCLIQUE
with one less vertex since we augmented the set V; when transforming ', Also, each
subgraph obtained from PARTITTON will not contain edges added during the trans-
formation. The edges in Ep and Ez are not in the subgraphs of PARTITION. Let
g = [VI:{:I",] E(o;)) the i*" clique obtained from MAXCLIQUE. The set of subgraph
vertices V, of PARTITION are given by V; = Vl[cf* \{v}where v € V;. That is also
true for the set of subgraph edges of P4 RTITION E = E{o:)\(F: U Ez). Finally, the
subgraphs obtained from PARTITION are G = {V;, E: ). Thus, we can rewrite (7) as

(8) z U{e)= B—m
e, nec B
The sum of values from edges not in the subgraphs is

(9) Yol = Yo le- D le),

efci ce eEG)
S l(e) Y. Ie) - (B~m)
ag 1

Using (6) of step E, we have

STy Ve -(> i@ +m=J-m)

e Gl sEf ecE'

|

which gives
(10) S i(e)<d
efG
Since e ¢ G, are edges not belonging to subgraphs from PARTITION, equation (10)
is equivalent to the original formulation

. ie)sJ
cGEn

where E is the set of edges with both ends in two different V; . This solves the second part
of the question in PARTITION.
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We now show the answer to the first part of the question. From (7), we stated that no
clique contains link edges e where I(e) = o since e < 0. Thus, only link edge with I{e) = 1
are included in all cliques. From step D, we have exactly K link edges for each vertex in
Vi. Thus, each clique from MAXCLIQUE will contain one vertex in V] and at most K
vertices in Va. Since each subgraph vertex from PARTITTON is of value 1, K vertices in
a subgraph are at most E ¢ (v) < K.

wel

The reduction procedure transforms the PARTITION problem into an instance of
MAXCLIQUE. The transformation steps A to E are polynomial time. Since PARTITION
€ NP-Completeand that MAXCLIQUE € NP (theorem 4.1), we conclude that MAXCLIQUE
€ NP-Complete. |

Theorem 4.3 The problern RT'T'R eNP
Proof. The solution to this problem is a set of task assignments 4;, A3, ..., Amn. Each
assignment A; contains one and only one processor. To verify that A; satisfies Cg+Cpo < d,
we compute Z:r:fj + Zw}j for 1 < k < m where m is the number of assignments and
ascertain that the sum is less than or equal to d. :I:'E‘J- is the execution cost of task ¢ onto
processor j for the k*" assignment. wﬁ-'ﬂ the communication cost between task i and task
j for the k™ assignment. Assume a system with n tasks andm processors with m < n.
We will need n summations to compute Cg and at most n{m — 1) to compute Cg. The
verification of O + C¢ < o involves at most nm summations, Thus, we can verify RTTR
in polynomial time. |

Theorem 4.4 The problem MAXCLIQUE is reducible to an instance of RTTR in
polynemial time,

Proof. We give a polynomial reduction procedure that is capable of reducing MAXCLIQUE
to an instance of RTTH.

A. Assign the set of complete vertices Vo of MAXCLIQUE to the task set T of RTTH.
That is T' = Vi,

B. Assign the set of independent vertices V] of MAXCLIQUE to the processor set P
of RTTR. That is P = 1.

C. Assign the application (e}, e = (v, v;) with v, v; € Vi of MAXCLIQUE to the
communication cost wi; of RTTR. That is wy = I(e).

D). Assign the second term of the optimization criterion (2) to the execution cost x;; of
RTTR. z;; = 3 = l(e') where €' = (v, v;) with v; € V] and v; € V5.

E. Assign to d, the task deadline of RT'T R, the value
(11) d==B+nB+Cpq,
where B is the positive integer from MAXCLIQUE, n is the number of tasks, C¢ is the
communication cost given by Cp =Z wi; for 1 <4, § < n.

1

MNow we show that the reduction ]'frocedure produces equivalent solutions for both prob-
lem instances. If we answer YES to the question defining RTT R, it means that there exists
a scheduling of task set T onto the processor set P such that Cg + Cz < d. This schedul-
ing gives a PARTITION of cliques for MAXCLIQU E with oi = {p;} U {t;|t; are tasks
assigned to p; }.
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The total cost of a schedule must not exceed Cg + C < d where d is the task deadline.
Thus, we can rewrite it using the transformation performed in steps 4 to E.

k
i 3

(12) S (B-uN)+ e < a,
nf— 3 W)+ Co=Y 1) = 4,

where e are complete edges in different cliques, ¢’ and e are link and complete edges from
the same clique, C is the communication cost and n is the number of tasks in the system,
By rearranging the last equation in (12) and by defining € as the set of edges in a clique
& = {(u,v)|u,v € oy} representing the total execution and communication costs inside a
clique, we have

(13) =3 Ue)-D Ue’) £ d-Ce—nf,
> @

T

Since the value of d has been transformed in step E to d = —B +nf+ Cg, we now have

(14) Y &)z —d+Co—nBe)y Ue=B
T T

Equation (14) shows the equivalence of MAXCLIQUE and RTTR. The reduction pro-
cedure transforms the M AXCLIQU E problem into an instance of RTTR. The transfor-
mation steps A to E are polynomial times. Since MAXCLIQU E € NP-Complete (theorem
4.2) and that RTTR eNP (theorem 4.3), we conclude that RTTR eNP-Complete. Bl

—d + Ce — nf.

I

5. CONCLUSION

We have given, in this paper, a graph-theoretic procedure showing the NP-Completeness
of a class of scheduling problems. The polynomial reduction is an algorithm that computes
the reduction function f in polynomial time, which satisfies MAXCLIQUE <. RTTR.
The reduction was based on a construction associating the task set T and the processor
set P of RTTR to the complete set 75 and the independent set Vi of MAXCLIQUE.
We also conferred to wy;, the communication cost of RITR, the application | : E — 8 of
MAXCLIQUE wheree e E = [ui,'uj]l and v, v; € V2. In other words, the communication
cost is represented by the complete edges. Finally, the execution cost of a task t; on processor
pj, is assigned to a function g(e’) = 8 — i(e’) where &' = (v;,v;) with v; € ¥} and v; € V4.
Thus, the execution cost of a task is, within a constant, the value given by the link edges.
Consequently, we transformed the problem MAXCLIQUE into an instance of RTTR by
including the optimization criterion given by (2). The NP-Completeness of RTTR implies
a possible void in the search for polynomial time solution for this kind of problem [12]. This
is a reasonable motivation for further research into heuristic or meta-heuristic scheduling
methods.
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