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DYNAMIC FLOWS WITH SUPPLY AND DEMAND IN
NETWORKS WITH SEVERAL SOURCE AND SINK NODES
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Abstract

Given a network G = (N, A, h,c) with node set V, arc set A, time function h,
capacity function ¢ and P the set of periods, partition the nod set IV into the disjoint
source set [, intermediate nod set J and the sink set K. Associate with each z = 1
and each t € P a nonnegative real number w(x; ) called the supply, and with each
z € K and each £ € F a nonnegative real number w(z;t) called the demand. The
objective is to determine the existence of a dynamic flow in (7, so that the demands
at the sink set K can be fulfilled from the supplies at the source set I. A numerical
example is presented.

1. Dynamic flows in networks with several source and
sink nodes

Let G = (N, A) be a conected digraf with N the node set and A the are set. Let A be
the set of natural numbers and P = {0,1,...,p} be the set of periods. Let us state the time
function h : A — A and the capacity function ¢: 4 x P — N where h{z,y) represents the
arc transit time and e(z,y;t) the arc capacity at time ¢t € P for (z,¥) € A. We partition
the node set V into the disjoint source set I, intermediate node set J, and the sink set K.

The dynamic lows problem from J to K for p time periods may be formulated as follows.
Let us determine the function f: 4 x P — A, which should satisfy the following relations:
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(4) 0< f(z,u;t) < elz,y;t), (z,y) €A, te P,
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(5) u(Py= w(x; P) = v(x; P)
I K
where t' =t — h(y, x).
ln the reference [4] is shown that a dynamic fow for p time periods in the static network
=(N,Ah c} N =1TuJUK, is equivalent with a dynamic flow for p time periods in the
st.:u.t]c net.wmk G= {N A, h, &), where:
N=NuN,N={, Jc}
A=AUA A= {{azJLEI}U{[rLHzEK} )
h:A—=N, hiz,y) = hiz,y), (z,y) € A, h{z,y) =0, (z,y) € A
E: AN, &z, t) = c(z,y;t), (., ¥) €A, tEF,
elx 1 £) = oo, (x, yeAd teP
We call node i the supersource and node k the supersink. Ford and Fulkerson, [5], have
shown that a dynamic flow for p time periods in the sLa.Lu: network C:' = {J"T-', .5., ?_1, ¢) can be
represented as a static flow in the dynamic network G(p) = (N(p), A(p), &), where:

_ N(p) = {z(t)|z € N,t € P},
A(p) = {(=(t), vtz ¥} € At € AU’ =t+hiz,y)},
ez (t), y(t")) = clz.it). (z,y) € Ait,t' € P
In the references [2], [3] it is shown that a dynamic How for p time periods in the static
network G = (N, A, h, &) is equivalent with a dynamic flow for the same time periods in the
static network If-"(p]l = (N'(p), A'(p), h', &) and can be represented as a static flow in the
dynamic network:

G*(p) = (N*(p), A" (p),&").
The network G'(p) and G* (p) may be constructed as follows. Let d(i, ) be the length of

the shortest route from the supersource 7 to the node x and d{z, k) the length of a shortest
route from node z to the supersink &, with respect to the function ii. Let us consider:

Pz —{th-EPd{:a:j-::ac:p—d{z,&,j}ae-v )
P(x, y}— {tlt € Pd(i,z) <t <p—(hlz,y) +dz k)}, (z,9) € A

The network G'(p) = (N'(p), A'(p), B, &) may be constructed as follows
N'(p) = {z|x € N, P(x) # 8},
A'(p) = {{z.y)l(=w) € A, Plz,y) # B}, and W', & are the restrictions of h and &
respectively, to A'(p).

The network G*(p) = {;ﬁ‘{p},.ﬁ‘{p],&*} is constructed from network &'(p) in the fol-
lowing mannet:

N*(p) = {x(t)|z € N'(p),t € P(z)},

A*(p) = {{=(t),v(tD|(z.¥) € A'{p).t € Pz.y),t' =t + hiz,y)},



ELEONOR CIUREA 123

& (z(t), y(t)) = (=, y;t), (z,¥) € A'(p),t € Plz,y).

The network é"[p} is, generaly, a partial subnetwork of G and G* is always a partial
subnetwork of G(p).

A dynamic flow problem is said to be stationary if the network parameters such as
capacities, arc traversal times, and so on, are constant over time (h: A - AN,e: 4 = N,
and so on),

In the references [2], [3], [5] are presented the algoritms for dynamic flow problem. In the
stationary case one does not require the construction of the time-expanded network é’{p}
or G*(p) for solving this problem for any p. In these references it is shown that a dynamic
flow in the stationary case can be generated from a static flow in network G or G'(p).

A dynamic flow for p time periods in the static network G = (N, A,h,c), N = TU
J U K is equivalent with a dynamic flow for the same time periods in the static network
G'(p) = (N'(p),A'(p), k', ') and can be represented as a static flow in the dynamic network
G (p) = (N*(p), A*(p), e*), where:

N'(p) = N'(p) = N'(p), N'(p) = {3, k};

A'(p) = A'(p) — A'(p), A'(p) = {(i,2)lx € T} U{(=, K)o € K}

N*(p) = N*(p) — N*(p), N*(p) = {i(t)|t € P(D)} U {k(2)|t € P(R)};
A*(p) = A*(p) — A*(p), A" (p) = {{=(t).¥(1))|(=,y) € A'(p),t € Plz,1)};

P(z) = P(z),z € N, P(z,y) = P(z,y),(z,y) € A.

2. Dynamic flows with supply and demand in networks
with several source and sink nodes

Associate with each & € J and each ¢ € P a nonnegative real number u(z;t) called the
supply of some commodity at node = and time ¢, and with each * € K and each t € P
a nonnegative real number w(:x;t) called the demand of some commodity at node © and
time £. Thus, the supplies in 7 can be considered as a function & : [ x P — &, and the
demands as a functions w: K x P — R,

The objective is to determine the existence of a dynamic flow in G, so that the demands
at the sink set K can be fulfilled from the supplies at the source set [ satisfyving the
constraints:

(®) S fawit) - ¥ fwnt) < u(zt), sel, te P
¥ 1
(M) D fEut) =Y fly.zt)=0,z€d, te P,
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(8) Zf!hﬁtt' meyt}}'w{'c i), ze K, te P,
v

(£ ﬂif{m,y,t}gc{a:,y, )=0, (z.y)c A, tePF,
where t' =t — h(y, ).
If such a solution exists, we say that the constraints (G)-(9) are feasible. Otherwise, they
are infleasible.
In network G*(p) let us consider:
X*(p)c N*'(p), X" (p) = N*(p) — X*( P] f'{P = {z(t)|z € I'(p),t € P(z)},
J*(p) = {z(t)|z € J'(p),t € P(z)}, K*(p) = {z(t)|x € K'(p),t € P(z)},
R'(p) =I"(p) N X"(p), V*(p) = J*(p) ”X'(rﬂ S*(p) = K*(p) 0 X" (p),
T (p) = {(=(), u(t)|(2(1), y(t") € A°(p), 2 2(t) € X*(p),y(t') € X" (p)},
u (@(t)) = w(z; 1), 2(2) € I*(p), w* (2(0)) = w(; 1), 2(0) € K*(p).
The supply-demand theorem in network G*(p) is stated as follows
Theorem 1. The constrains (6)-(9) are fleasible if and only if

(10) ST ow(z(n) - Y wa@) £ Y (=)t
5+ (p) R{p) T (p)

holds for every subset X*(p) C N*(p).
Proof. Necessity Assume that there is a dynamic flow in (& salislying the constrains

(63-(9). Rewriting (6)-(9) in G*(p) as

(11) ;J (e} w(t) - [Z}f*{y{m.s:m} < u'(z(t)), z(t) € 1" (p),
wie’ w(t!

(12) Z Fole() () = 3 1 wlt),=(t) =0, z(t) € J*(p),

(13) E;Jf (y(t"),=(2) - E}f *(e(t), y(t) Z w'(2(0),=(t) € K (p),

(14) f}; IMEIORTOD) gyf:*}{rrm,yu’n, (2(6), u(t')) € A" (0),

and by summing constrains (11)-(13) over z(t) € X*(p), vields

(15) 3 Y @) - 33 e em) < Y wa),

B (p) y(t) B {p) w(t") & (p)

(16) 5 N @) - Y Y0 frwit).(t) =
Ve (e vlt') Ve (p) wlt')

(17) 3 Y )@ - 3D ) 2 Y wz).
5 (p) wit') S (p) y(t] 5+ (p)

Rewriting (15) and {16) as

SN s - 30 3 S = = u(=(),

R (p) pit’) B (p) y(t") £ (p)

ST rwhe) - Yo D ey 0,

Ve (g wit') Vgl y(')
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and combining these with (17}, we obtain
ST w(zt) - D uwia(t) <
5*(p) R {p]

(18)

1M

3 Y e - 3 S e.u).

X (p)yit) X (p) yie)
Using V*(p) = X*(p) U X*(p) and y(t') € N*(p) in (18} gives
Y wa@) - Y wia(t) <
E(p) R (p)

(19)

|

3o 3 e - > 0 f=(0,u0)

X-(p) X (p) X {p) X*(p)
with z(t) € X*(p) and y(t') € X*(p), or equivalently

Y we®) - Y wat) <

s (p) R (p)
(20) < 33 rEmyen- 3 D i) ew)-
X*(p) X+ {p) X (p) X (p)
with z(t) € X*(p) and »(t') € X*(p).
Since f* satisfies (14}, it results

SN ) - Yo D SwE)a@) < D (), u(t).

X (p) R (p) Xe(p) X+(m T*{r
Combining this with (20) shows that the constraint {10) must hold for every subset
X*(p) c N*(p).

ﬁuﬁciﬁncy, To prove sufficiency, we construct a new network
Gy = (_J":r-l, Ayl 1) from 0= I:J"'_.F, AR, £), where
N1 N, A = A,
hy = h, r:l{n:.y.t} =cfz,y;t),(z,u) € At € P&y(1,7;t) = u(z;t),z € 1,
& (z, k;t) = w(z;t),z € K,t € P.
We now show that the inequality (10) holds for every subset
X*(p) C N*(p) il and only if it holds for the cut
Ty (k) = {(=(t), k(t"))/z € K,t € Py(x),t' € Py(k)} in
G'{F’} = (NY {P} Al{iﬂ‘} &)-
The implication is that T} {.i'i: is a minimum #(t) — k(') cut in G (p). To see this, let

Ty (p) = {(2(0), u(t")/(@(t). () € A (p),=(t) € X3 (p).¥() € Xi(p)}
be any i(t) — k(t') cut in Gj(p), and define _
X*(p) = X;(p) — {i(t)/t € A(2)}, X" (p) = X} (p) - {k(t')/t' € Py(K)},
T*(p) = {(=(t), (")) / (x(t), y(t")) € A*(p),=(t) € X~ (p). u(t') € X*(p)},
T'{t} = {(1(1), {ﬂ )/t e Pi),z(t) € X*(p)}
= {(=(t), k(t")/t' € Pu(k),z(t) € X*(p)}-
Cunslde:r the expanssion
S G, 2t)) - Y Elx(t). k) =
T (p) Ty (k)
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= &)=+ Y ala(t),v) +

T (1) T*(p)
+ 3 &), k) - 3 &), k1) =
T={k) T (k)
= 3 ) yt) + Y w=() - Y w'(z(t).
T (p) R (p) s+ (p)
By assumption, (10) holds for every subset X*(p) < N*(p). Thus the inequality
(21) 3 &),z - 3 &0, ki) 2 0,
T; (p) Ty (k)

holds for all i(t) — &(¢') cuts T} (p) of G(p), showing that Ty (k) is a minimum i(t) — k(t')
eut in G (p). Our conclusion is that (10} holds for all X*(p) C N*(p) if and only if (21)
holds for all i(t) k{i ) cuts in Gt {p).

Since Ty (k) is & minimum 1(¢) — k(t') cut in G} (p), by the max-flow min-cut, theorem
there exists a flow f; from (t) to k(t'} in Gj(p) that saturates all the arcs of Ty (k). Define

F=(),9(t") = (=), 9(t), (=(t), u(t) € A*(p).
Clearly, f* satisfies (12} and (14). To see that f* satisfies (11) and (13}, we consider for
all z(t) € I'*(p) the equations

(), (1) = ):f;txm.ycz'u - > fiw(t)=() =
wiE) w{t')
= Fra.ut)) - D 7 {),=0),
wit'} wie"
and for all z(t) € K*(p) the equations

Fr(@(). k@) =Y FwE)=0) - > fi=0.y1) =
w(t') wit’)
=3 Pl =(#) = Y fr=t).v(t)
Since by mnstrucﬂu;; o
fi Gt 2(1)) < u*(2(t)), fi (=(t), k(")) = w (2(2),
the inequalities (11} and [13} fo]lnw If are satisfies the constraints (11)-(14) then are sat-
isfies the constraints (6)-(9). This completes the proof of the theorem.

In network G'(p) let us consider:
Q'(z) C Plz), Q'(z) = P(x)\Q(z), z € N'{P}
X'(p) = {z(t)|z € N'(p),t € Q'(x)}, X'{F’ {z(t)|z € N'(p),t € Q'(z)}
R'(p) = {z(t)|z f’(p} te Q'(x)}, S’ = {z(t)|z € K'(p), t € Q" .'1:}}
T'(p) = {(=(t), w(t')|(z,y) € A'(p), =( E X'(x), w(t) € X'(p)}.

The supply-demand theorem in netvrmk G (p) is stated as Tollows,
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Theorem 2. The constrainls (6)-(9) are feasible if and only if

Z w(z;t) — Z u(z;t) < z o'(=(t), w(t'),

S'p) Ri(p) T'(p)
holds for every subsets Q'(x) C Pz}, = € N'(p).
Proof.
This derives directly from Theorem 1 and definition of network G'(p).

If we define the sets P,R, T as S'(p), B'(p),7'(p) then Theorem 2 can be stated in
network & as follows
Theorem 3. The constraints (6)-(9) are feasible if and only if

Zw{z;i} - ZH{I; t) < delt}.yif'ﬂ,
] R T

holds for every subsets Q(z) C Plz), z € N.

In practice, if we are interested in ascertaining the feasibility of a given supply-demand
network G = (N, A, h,e), N = IUJUK the most efficient way to do this to use the minimum
dynamic flow problem in the extended network Gy = [Ny, A1, ., &)

3. Example.

Consider the network & = (V, 4, h, ¢) of Fig.1. The arc transit times are given as the first
numbers and the capacities of the arc are given as the second members adjacent to the arcs
of Fig.1. The node set IV is partitioned

Figure 1

into the source set [, intermediate node set J and the sink set I, as follows:
I={1,2}, J={3,4,5}, K={6,7}
The set of periods is P = {0,1,2,3,4} and the supplies and demands are given by
w(1;0) =4, u(l;1) =4, u(1;2}) =0, »(1;3) =0, u(l;4) =0,
w(2;0) =4, u(Z1) =4, w(2;2) =2, u(2;3) =0, u(2;4) =0,
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w(6;0)=0, w(6;1) =0, w(6;2) =1, w(6;3) =4, w(6;4) =4,

w(7;0)=0, w(T;1)=0, w(7;2) =1, w(7;3) =4, w(T;4) =4.
_ The network 5, = {J"-;r]_, Ay, h1,& ) is shown in Fig.2, where on each arc (z,y) is indicated
hi(z,y) and & (z,y;t), t € P are

&(0,1;0) = 4,8(0,1;1) = 4,5 (0,1;2) = 0,&(0,1;3) = 0,&(0,1;4) = 0;
£1(0,2;0) =4,&(0,2 1) = 4,6(0,2,2) = 2,6(0,2;3) = 0,5 (0,2;4) = 0;
£1(1,3;0)=2,&(1,%1)=2,5(1,32) = 2,4(1,33) =2,4(1,3;,4) = 2;
£1(1,4,0) =2,5(1,41)=2,5(1,4,2) =2,5(1,43) =2,&(1,4;,4) = 2;
F1(2,4:0) =2,5(2,41) =2,8(2,4,2) = 2,&(2,43) = 2,6 (2,4, 4) = 2;
&(2,50)=2,5(2,5:1)=25(2,52) = 2,&(2,53) =2,4(2,54) =2
&(3,4;0) =1,5(3,41)=1,4(3,42) = 1,&(3,43) = 1,5(3,44) = |;
£1(3,6;0) = 1,5(3,6;1) = 1,5(3,6,2) = 1,5(3,6;3) = 1,&,.(3,6:4) = 1;
£1(4,6;0) =4,5(4,6;1) =4,5,(4,6,2) = 4,5(4,6;3) = 4,5, (4,6;4) = 4;
H(4,7:0) =25, 71)=2,6(4,7:2) =2,6(4,7;3) = 2,H(4,7;4) = 3;
£1(5,4;0) =1,&(5,41) = 1,61(5,4;2) = 1, &:(5,4,3) = 1,5 (5, 4 4) = 1;
& (5,7;0) = 8,5(5,7;1) = 3,5(5,7;2) = 3,6/(5,7,3) = 3,5(5,7:4) = 5
€1(6,8;0) =0,5(6,8;1) =0,5(6,8,2) = 1,6:(6,83) =4,&(6,84) = 4;
&(7,8;,0) =0,6(7,81)=0,5(7,82) = 1,5(7,8,3) =4,6(7,8;4) = 4.

t 0 1 2 3 &
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Figure 3

A maxim dynamic llow for p = 4 time periods in the static network G, is represented as
a maximum static Aow in the dynamic network &7 (4) of Fig.3, where the numbers denote
their flow value, Since the maximum flow saturates all the ares of T (k), the problem is
therefore feasible.
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