LIBERTAS MATHEMATICA, VOL XX (2000)

RADIAL DISTRIBUTION OF TEMPERATURE IN
SPHERICAL BODIES WITH MEMORY

CORINA FETECAU, FLORINA BUZESCU and C. FETECAU

Abstract

The aim of this note is to present new solutions in the linearized theory of heat
conduction with memory. To this end, by means of the integral transforms, the axi-
simmetrical distribution of the temperature in two spherical bodies iz established.

1. Introduction

The classical linear theory of heat conduction has two principal draw backs. First, it is
unable to take into account the memory effects which may be prevalent in some materials
and secondly, it leads to an unrealistic result: that a thermal disturbance has an infinite
speed of propagation. In order to remove these inconveniences, different theories have been
proposed and studied [2,7-9,11]. The most general of them seems to be that of Nunziato
[11] in which the full history of the temperature 8(z, ) and of its spatial gradient influences
the material response at time .

In the liniar case, this theory, for isotropic media, is based on the linearized heat equation
[11]

ﬂ{{]}é{x,t}+-/';mcz'[s}ﬂ{x,t—s}ds=k{ﬂ}?zﬁ{x,tj+fvzﬂ{x,t—a}d3+?"{x,t} (1.1)

where a(-) is the energy-temperature relaxation Munction, a{0){> 0) is the instantanecus
heat capacity, k(-) is the heat conduction relaxation function, &(0) (= 0) is the instantaneous
conduectivity, r(x, ) is the heat supply and the dots above letters and primes are used to
indicate the partial derivatives with respect to t and 2, respectively.

2. Distribution of temperature in spherical bodies

The equation (1.1), together with suitable initial and boundary conditions, has been inves-
tigates in [1,4,11] where different theorems of existence and unigueness were proved and in
[5,6] where some approximate solutions have been obtained.
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Our purpose here is to find its solutions in two specific cases, More precisely, using the fi-
nite Hankel transforms, these solutions are given as Fourier-Bessel series, whose coefficients,
as functions of ¢, satisfy to some linear Volterra integral equations,

The solutions of these integral equations, in suitable conditions, can be estimated as
closely as possible by means of the succesive approximations [3,10] or represented with the
aid of the associated resolvent kernel [3].

3. The distribution of the temperature in a hollow
sphere

Let B be a rigid heat conductor with memory bounded by two concentric spheres of radii
Ry and Ra(> R;). Its temperature, till the moment ¢ = 0, is assumed to be given by the
function #y(r,t), where r is the radial spherical co-ordinate. After this moment, the two
surfaces of the body are maintained at the unilorm temperatures #;(t) and #3(t), so as to
r\!liiflzfﬂﬂut:r'” - :]i\r,lﬁgil:”' w/}l?ifluuﬂu{r'ﬂ . !i\%ﬁg(t}

Due to the simmetry, we can assume that the temperature of the body will vary after
r and ¢ only. In this case, in order to determine the distribution of the temperature in the
body, we have to solve the next integro-differential equation (see {1.1})

a(0)8(r,t) + [} alt — 5)0'(r,s)ds = k(0) (82 + 28,) 8(r, t)+

+ ,:;k(: —35) (82 + 28,) 8(r,8)ds + f(r,t); 7€ (R, Ra), t>0 (2.1)

+ [y k(t — 5) (82 + 28,) O(r,s)ds + f(r,t); v € (R, ), t>0
with initial and boundary conditions
B(r,0) = 83(r,0); r e [Ry, Ry {2.2)
respectively
B Ry, ) =& (t), #(He,t)=0:(L); t 20 (2.3)
in which

fir,t) =r(r,t) — -/:a et — 8)fg(r, 8)ds + f k{I- — 5} (33 + %rﬂf) 8y(r, s)ds

is & known function.
Making the change of unknown function
(r= Ry)0a(t) — (r — Ry)bh(2)

B(r,t) = r~Yy(r, 1) + *— o= R, (2.4)

our problem reduces to
a(0)g(r,t) + [, é(t — s)y'(r, s)ds =
(2.5)
= k(0)Ly(r,t) + [y k(t — s)Ly(r, s)ds + g(r,t); r € (R, Rg), t>0
y(r,0) = yo(r); r € [Ry, Ry (2.6)

and
YRy t) =y(Hz,t)=0; 120 (2.7)
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1 1
t — 2 — ] i
where the operator L = &7 + Tﬂr Frol
— Rp)8y(t) = (r - R”Iﬁ'g{t}

Hy — Iy

glr,t) = rli2 {fl:?',ﬂ + a{ﬂj{

Ty o 80— 8) [ = ROy (r — Ra)y(e)) ds  +
A
o gyri7e (KO 0a(t) = 01(0))+ k(e = 5) 0a(s) = Ou(s)] ds

and

volr) = [ﬂu{r‘.ﬂ] + - RE}HIESS _-%_ F1)02(0) rii?
- 1
In order to find the solution of the prablem (2.5)-(2.7) we multiply both sides of the equation
(2.5) by 7By j2(rry,)! and integrate over r between the limits R, and Rz. Taking into account
(2.6), (2.7) and the relation (98.14) from [12], we attain to

2(O)int)+ [ 6l ls)s=—r2bOa(0)~r2 [ Klt=Iun(S)is+onle); 150 29
and

yn{u} = Hom {2 Q]I
where ¥, (-), gnl-) and yun are the finite Hankel transforms of the functions y(r,-), g{r,-)

and yo(r), respectively.
The equation (2.8), after an integration by parts in the integral of its left side, can be
written in the equivalent form

(0 = w0+ [ Bt = 9w (o) + a0 (2.10)
where o, = —-%ﬁt—-—, i) = —% and h,(-) = ly{';—{'w_)-

Finally, integrating (2.10) between the limits 0 and ¢, namely

Un(t) = You + an fyﬂ(s}ds — [ﬁT BT = slyn(s)drds + fut hy (8)ds

and taking into account the fact that the iterated integral can be considered as a double
integral over the domain

{{ra 07t 0=s<r}={(s7) 058t s<7=t}

we attain to the next linear Volterra integral equation of convolution type
£
1® = 70O+ [ 6alt = Male)dsi a(0) = o (2.11)

in which 7,,(t) = yon + [ ha(s)ds and a(t) = an + f; B,(5)ds.

1 Hare Byalrea) = Ty polrrn)dy o (Rirn) — 1;9(H|‘F'n}-fll.r3|:f'!'n} where Jy, o) and J_ 1.-"'1{ ) are
Bessel functions of the first kind and r,, = nw/({Rg— R} ) are roots of the tranacedental Equatlr_-n By Rar) =

0.
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For each fixed n, the equation (2.11) has an unique solution (see for example [3] or [10])
on [0, 00) if ,(-) is continuous on [,00) and #,(-) is measurable on every finite subinterval
[0, T] of (0, cc). This solution can be represented by the formula ([3] § 4.2)

() =70+ [ Bt — s)ya(s)ds 2.12)

where 8(t — 5) is the resolvent kernel associated with §,(t — 5) and it can be estimated as
closely as possible by means of the Picard or Charatheodory succesive approximations. As
regards our solution, having the relation (2.4} and the inversion theorem for finite Hankel
transform ([12] Sect. 97) in mind, it has the form

(r — R1)fa(t) — (r — Ko}t (¢) +
Rz — Ay

'JT2 Z TEJffﬂt'RErﬂ}
21"1"!-2 o J?;g{-&]rn} s J]_EJ,-E(R‘ET'TI}
where the summation extends over all 1 € N”.

B(r 1) =
(2.13)

Bya(rra)yn(t)

4. The case of a full sphere

Let us now consider a sphere of radius B whose tempevature, till the moment £ = 0, is
given by the same function fo(r,t). After this moment, the surface of the sphere r = R is
maintained at the temperature 8, (t}, so as to

lim  fo(r,t) = lims (2

r AR, 870

In this case, the conditions (2.2} and {2.3) have to be changed by
f(r,0) = fp(r,0); re [0, R] (3.1)
B(R,t) =#0(t); t=0 (3.2)

and the natural condition of boundedness in r =0, e
10(0,8) |[<oo; £t=0 (3.3)
Making again a change of an unknown funetion

B(r,t) = 2y (r,t) + L0 (1) (3.9

our problem reduces to

a(0)y(r,t) + [y &t — s)y'(r, s)ds = k(0) Ly(r, t)+ o)
5
+ [y k(t — 8)Ly(r, s)ds + g(r,t)ir € (O,R), >0
y(r,0) =wo(r); r €0, R (3.6)
and
y(Rt)=0, 20 (3.7)



1]
[2]
[3]

CORINA FETECAU, FLORINA BUZESCU, C. FETECAU 03

where L is the same operator as before, yp(r) = r1/2[8y(r,0) — r8,(0)/ R] and
o(rt) =112 {f(r,0) — % [a(0)r(t) + [y (e — 5)0;(s)ds] +

;%EFQ&M+HHnﬂmmm”.

In order to find the solution of this new problem we can follow the same way as belore.
More exactly, we multiply (3.5) by rJya(rry)®, integrate the result between the limits 0
and K and so on.

Finally, using again the inversion theorem for the corresponding finite Hankel transform,
we get #(r,t) under the form

0r,t) = 26,(t) + = hpa(re) (3.8)
(r B R2p1/2 g [J;ﬁ[an}]zy

where yn(-) are solutions of some linear Volterra integral equations of convelution type of
the form (2.11).

+

5. Conclusions

The problem of finding the distribution of the temperature in different bodies with memory
seems to be an open one. In the present work the distribution of the temperature in the
two spherical bodies with memory is given by the relations (2.13) and (3.8) where the
functions y,(-), solutions of the integral equations (2.11), can be estimated as closely as
possible by means of the Picard or Charatheodory succesive approximations. They can be
also represented by the integral formula (2.12) in terms of the associate resolvent kernels.

The extension of these results to more general cases can be easy realised. So, in order
to determine the distribution of the temperature in a conical wedge with memory, bounded
by the surfaces r = R and ¥ = k (o constant angle), we can use both the finite Hankel
transform and a well known developing theorem of Steklov [13]. In view of this theorem
the solution of the problem #(r, ¢,t), whose existence it is assumed, can be written for each
t = 0 and r € (0, B) as a Fourier series absolutely and uniformly convergent in terms of the
eigenfunctions of an associate boundary problem.
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