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Abstract

Sufficient conditions for controllability of semilinear second order delay integrod-
ifferential systems in Banach spaces are established. The results are obtained by
using the theory of strongly continuous cosine families and the Schaefer fixed point
theorem.
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1. Introduction

Controllability of linear and nonlinear infinite dimensional systems in Banach spaces has
been studied by many researchers. Chukwu and Lenhart [5] have studied the controllability
of nenlinear sytems in abstract spaces. Naito [7,8] has studied the controllability for semi-
linear systems and nonlinear Volterra Integrodifferential systems. Quinn and Carmichael
[12] have shown that the controllability problem in Banach spaces can be converted into
one of a fixed—point problem for a single—valued mapping. Balachanddran et al. [1,2] es-
tablished sufficient eonditions for controllability of nonlinear integrodifferential systems in
Banach spaces.

In many cases it is advantageous to treat the second order abstract differential equations
directly rather than to convert them to first order systems. A useful tool for the study of
abstract second order equations is the theory of strongly continuous cosine families. We will
make use of some of the basic ideas from cosine family theory [14,15]. Motivation for second
order systems can be found in [3,6,16]. Recently, Park and Han [11] have discussed the
controllability of second order nonlinear systems in Banach spaces using the Schander fixed
point theorem. The purpose of this paper is to study the controllability of semilinear second
order delay integrodifferential systems in Banach spaces by using the Schaefer theorem.
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2. Preliminaries
We consider the semilinear second order delay control system of the form

t
z'(t) = A(t)+ f t,ﬂ-‘{m{t}Lf hit, s)g(s, w{ﬁa{s}ll,m’[ﬂs[-?}})da,r-’{ru{ﬂ]}) + Bu(t),
0
2(0) = z0, #'(0) =, t€J =0, 7],

1)
where the state () takes values in the Banach space X, @p,y0 € X, A is a linear infin-
itesimal generator of the strongly continuous cosinefamily C[t), t € R, of bounded linear
operators in X, g Jx X x X = X h: JdxJ =R [ JxX xX xX — X are given
functions, B is a hounded linear operator from 7 to X and the control function i(-) is given
in L3(J,U}, a Banach space of admissible control functions, with UV as a Banach space.
Moreover oy : T — I, i = 1,2, 3,4 are continuous functions such that o;(t) <t,1=1,2,3, 4

Definition 1. [14] A one parameter family C(f), t € R, of bounded linear operators in the
Banach space X iz called a strongly continuous cosine family iff

(i) Cls+1t)+Cls—t) =20(s)C for all 5,t € R,
(ii) CO)=1
{(ili) Cx is continuous in ¢ on R for each fixed = € X.

Define the associated sine lamily S(t), t € R, by
i
S{t]lz:f Cls)zds, € X, L€ R.
4]

Assume the following conditions on A.

A is the infinitesimal generator of a strongly continuous cosine family C'(t), t € R, of
bounded linear operators from X into itsell and the adjoint operator 4* is densely defined
fe. D{A*) = X" (See [4]).

The infinitesimal generator of a strongly cosine family C(t), ¢ € R, is the operator A : X —

X defined by
4
Ax = ;ﬂ:ﬁ-C[i}.’E . , TE D{/'i},

where D{A4) = {x € A : Ct)z is twice cunLinunJ:u.ﬁi}r differentiable in t}.
Define E = {z € X; C(t)z is once continuously differentiable in t}.
To establish our main theorem we need the following lemmas.

Lemma 1. [14] Let (H;) hold. Then

(i) there exist constants M = 1 and w = 0 such that

2
Ne)] < Ve and ||S(t) — S(t*)|| < NU el ds| fort t* € R;
i

(il) S{t}X C F and S{t) < D(A) fort e R;
(it} %G{t}m = AS(t)x forz € E andt c R,
d‘]

(iv) E-L-ECI:E]:': = AC[t)x forxz € D{A) andt € R,
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Lemma 2. [14] Let (Hy) hold, let v : R — X such that v is continuous and let g(t) =
-I:S{t — s)u(s)ds. Then
q is twice continuously differentiable and fort € R, g€D{A),
q'(t) =£=C{t — s)u(s)ds, and q"(t) = Ag(t) +v(t).

Lemma 3. (Schaefer Theorem) [13] Let S be a convex subsel of a normal linear space ¥
and assume 0 € S, Let F: 5 — 5 be o complelely continuous operator, and let

((F)={ze S :z=AFz for some 0 < A < 1}.
Then either ((F) is unbounded or F has a fized point,

We make the following assumptions:

(Hz) g:J = X x X — X is continuous in ¢ and the function
f:J xJ— Ris measurable.
(Haz) There exists a continuous function n : J — [0,c0) such that
la(t,z, )| < n(e)2(llz] + |lpll), t €/ 2y € X,
where £1 : [0,00) — [0,00) is a continuous nondecreasing function.
(Hy) There exists a constant L such that ||A(t,s)|| < L, for t,s € J.
Hs) f(t,---): X =X x X — X is continuous for each t € J,
and the function f{.,z,¥y,2) : J — X is strongly mcasurable for each z,y,2 € X.
(Hg) For every positive constant k there exists ay € L'(J) such that

sup  ||f(t, 2,9, 2)]| < awlt) for aa. tE J
=l welh Bzl =k

(Hy) There exists a continuous funetion m : J — [0,00) such that
NF(t.z, v 2l < mit)Qolllzll + lwll + lI21), t € J, 0,2 € X,
where {1y : [0,00) — [0,00) is a continuous nondecreasing Munction and

T ds
J, s < [t
where mi(t) = max{M (T + L)m(t), Ln(t)},

M =sup{||C(t)|| : t € J}, and M = sup{[|AS(¢)]| : t € J},

and
o= (M + M*)lzol| + (1 + T)M o] + (1 + TYMTBI||[W=
(1]l + Mlzo]| + MT||yol|

T Tl
+87 [ 0t (Ja() + 1 + L [ w20l + 1) ) ds] -
] 4]

(Hs) Bul(t) is continuous.

(Hg) The linear operator W : L2(J,U) — X defined by

Wu =fT3{T — 5)Bu(s)ds
¥
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has a bounded invertible operator W' : X — L*(J,U)/ ker W.
(Hyp) C[t), & = 0 is compact,

Then the system (1) has a mild solution of the form (see [9])
2) = Clto+ Sy
+ futS{t —8)f (u,x(al[aj},l; h{s,T}g{T,I[asz}},’.:J{D';g{?']}:ld‘?',.’,r"{d.a,l:s}:l) ds

+ f S(t — 5) Bu(s)ds.
0
(2)
Definition 2. The system (1) is said to be controllable on J if for every xg € D(A), yo € E

and Ty € X there exists a control u € L*(J,U/) such that the solution (-} of (1) satisfies
ﬂ:(T] = Ij.

3. Main result

Theorem. Suppose {Hy )-{Hwn) hold. Then the systerm (1) is controllable on J.

Proof. Using the assumption (Hs), for an arbitrary function z(-) we define the control
T
ult) = W-?! Izl — C(T)xp — S{Thuyo —f S(T — 5)
o

I (s,m[nl{sj},f;hﬁs,‘r]g[?‘,:r{az{f}},II(Ug[T}}]dT, EJ{EN,{:J]}) dSI ().

Using this control we will show that the operator defined by
(Fr)(t) =

Otz + St +.[;; S(t—s)f (.5-,I{al{s}],/u-ﬁh{a,-r]g{r,x{nz{f}j,z;’(mh}]}dv,:c’[a.t(s}]) ds
53 :S(I — S}E“fr_l [z1 — C{T)z0 — S(T o

T &
_.[u ST -a)f (ﬂ,::{crl{t?j,j; h{E?Tjg(f,z[gg{'rj}~:ﬂ'[dg[f}]}dr,x'{aqfﬁj}) df?] {8)ds, t € J,

has a fixed point. This fixed point is then a solution of equation {2).
Clearly, { Fx){T) = z,, which means that the control u steers the system from the initial
state rg to x; in time T, provided we obtain a fixed point of the nonlinear operator F.
Consider the space £ = C'{J, X) with norm

Jlz|] = max{|jz], ||=']|}-
In order to study the controllability problem for the system (1), we apply Lemma 3 to the
following system as in [9,10]
}
"(t) = AAx(t) + Af (t,x{m{t]}.j; h{t,s]m{.-;s.z{dg{s_‘JLx’{dafs}]}{i&m'(m{t}}) (@)
+ABu(t), teJ, Ae(d1)
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Let = be a mild solution of the system (3). Then from
2(t) = A(C(t)zo + S(t)yo) + A /D S(t—s)
E0y| Eh(&TTQ(?IE{ﬂ'z(fﬂ:1-"(%("’)”(”&'(%@]]') ds
o

i i
+A [ S(t—s)BW |z — O(T)zo — S(T)wo —f S(T - 0)
i} 0

f(E,riﬁnﬂhfh{ﬂ,ﬂﬂ(ﬂ-'ﬂ{ffe{'f]l}-ﬂriﬂai’f}}]d’ﬂ?ﬁ'{ﬂd"?l}) dfl| (s)ds

we have
fl=()] < t
Ml|zo|| + MT|lyo|| + MT ; m(s) o (||lz( ()] + (|='(oa(s) )|

+L[n(ﬂ”(ﬂ$l’.ﬂa{ﬂ)ll + ||$'(Ua{‘r]l]||}d’r) ds+ MT#||B|[|[W| [l + Mlzoll + MT|yoll

T 5
+MT£ m(s) (Ilﬂ-‘{m{al}ll+|I&"{04{8}JII+Lj; ﬂli’f}ﬂill-'r{ﬂziﬂllHIIm’{USET}JH}d"‘)dﬂ]

Denoting by () the right—hand side of the above inequality we have
=)l < =(t)
and
0 = MO0 (I )+ 12O + L [ e etoa(o) + I/ (ea(sHhas).
But
#'(t) = AlAS(t)zo + Ct)yo]

A fu Cli—s)f (s.z{altsn, / “h(s,7)a(r, 2(oa(r), m'{aa{f)}}m,m’tmsn) ds

+;~fc:u — ) BW " [z, — C(T)zo — S(T)wo
o

T #
—j; S(T—-a1f (ﬂswiﬂifﬁl.fa r'%{fi‘."':lﬂ{’ﬂ.-TE-‘T::{T}LI'{Oa(ﬂ))dﬂfﬁ’{ﬂda}}) dd
Thus we have
la'(6)] < i
M*|lzo|| + M|yol| + Mfﬂ m(s)8 (|lz(a (s)| + =" (oa(s))]|

+Lfﬂ(ﬂﬂ{ﬂ${ﬂ2(ﬂ}ll + |I$’{Ua{73}filld?) ds + MT|B||[[W" || [zl + Mlzoll + MTljyoll
T

+MT s m(s)il (HI(J[(*‘-‘}HJ + [l (o4 ()] +qu n{T)Q|=(ea(T))] + H-'f:'{ﬂ'a{'r"]}'ll}df) dﬂ}
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Denoting by v(t) the right-hand side of the above inequality, we have

l="(E)] = (t)

and 7'() = M (=0 + /O] + L [ ne)2lata)] + I (o))as) e 2
Let
w(t) = w(t) +rit) + Lf n{8)vis) + r{s))ds, t € J

Then
w(0) =v(0) +r{0) =c, v(t)+r(t) < w(t), { € J,
and
w'(t) = v'(t)+r'(t) + Ln(t)Qv(t) + (1))
< MTm{t)Q(w(t)) + Mm(t)Q(w(t)) + Ln(t)Hw(t))
= (t)(So(w(t)) + Qw(t))), te J
This implies

wit} ds T ds
fwm e Tom S ”""53‘““’“’/? mEraE <

This inequality implies that there is a constant K such that
vit)+r(t) Sw(t) < K, te .l

Then
flzll” = masc{ llz|l, |||} < K,
where K depends only on T and on the functions m, n, {p and {3,
We shall now prove that the operator F'; X — Z defined by

F';I:}{t} = C(t)zo + X (t)wo
+f S(t—s)f (3 x(eo(s)), j his, T)g(r, z(o2(7)), z (oa(7)) }dr, ' (o4(5)) )

+ f S(t — 5)BW 1 [z; — C(T)zo — S(T)yo

L ST —ayf (E x{a;{ﬂ}f h{8, 7)g(r. z(o2(7)), 2" (oa(r)) }dr, z [cnl[r?}}) dﬂ:| (s)ds

is a completely continuous operator.

Let By = {z € Z, ||z||" < k} for some k = 1. We first show that F maps B; into an

equicontinuous family, Let x € By and &;,ta € J Then iff 0 < <t = T,

I(Fz)(t1) — (Fz)(ta)]l
& HC": 1) = Cta)|lllzoll + [15(t1) + S(t2)]lllvoll

| [S{tI —5) — S{ta — 8)|f (3 x(ery(8)) f his, 7)g(T, z(a2(7)), x' (ca(T)))dr, I‘[-:.r.;{s]l}) da
|M1 S(tg—s)f (.5,::{0‘1{3 },£ (8, 7)g(7, z(o2(7)), ' (ga(7)))dr, ' [54{5}]) ds

+ ‘Vh[s{tl —8)— 8ty — 8)|BW 'z — C(T)xo — S(T)o
o

T &
- / S(T - 6)f (9,m{a1wn~ / hw,rm{nxcmfn,r’{w{rn}d-r,z'{men) cw} (s)ds
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+

[ 5ta— 98w fz2 ~ (o — 5T

T ]

_£ S(Tr—-of (ﬂ,m{a‘i[ﬂ'}},-/'; h{ﬂ,TJQET?I{szTj},I"(ﬂ'a{:T}”dT?I'rl:D',L(E”) dﬂ] {s}dsH
§ = IC(t1) — Clt2)lllzall + 15(¢2) — S(t2) |||zl

+f 18ty — 8) — S(ta — 5)||ce(s)ds +f ||5(tz — 5)||xpls)ds

1]
£y T
+ 5(t, — s) = S(ta — s)[IB|| W] {III- |+ Mllzoll + MTyall + MTf Eﬂldﬂ} ds

T
+f.: 15(t2 — s)IIIBI][W || [Ilﬂ:l I + M]jzol| + M T ol + MT’fD ﬂkiﬁ‘}dﬁ'J] ds,
1

and similarly
Il(Fz)'(t) = (Fz)'(t2)]
= IC7 (1) = C'(E2)lllwoll + 115'(t1) — S"(22) | llwoll

¥ f (Ot =)= Clta = 5t (s,2(en(9), | Ao Tha(r (02t oa(r)r, ' (oa(sD) ) s
L f Clte — 8)f (s,x{al{s },£ his, 7)g(7,x(oa(T)), x'(os(7)))dr, =’ (o4(5)) )ds

hh
+ -/; [C(ty — 8) — C(ty — 8))]BW ! [z; — C(T)z0 — S(T)10

T i
~ A S(1—6)f (ﬂ,m{mwn, fﬁ f‘-{ﬁ'fT]ly{’hI[ﬂﬁ{’r]},E’{U:s{‘r}l]}tfﬂx'{m{ﬂ}l) do| (s)ds

tz
+ r Cltz — s)BW 1 [z1 — C(T)z0 — S(T)o
£y
i

.y ]
- A S(T - 0)f (&xta.[ﬂn. f hw,v}n(m{oz{fn,x'taatf}nmnz’fmwn)dﬂ (s)ds
< 1145(t2) — S(ea)lllwoll + IE(t1) - C(t2) ol '

+ f Ity — 8) — Clta — s)lon(s)ds + f IC(t2 - )l (s)ds

1
T
+| 10t — 8) = Clta — S)BIW lﬂm )|+ M]|zol| + MTlyol| + MT A akww] ds

iz T
+ [ etz - isl|w-| [Ilmxll + Mlzo]l + MTlyoll + MT f akfﬂ}dﬂ] ds.
£ 0

The right-hand sides are independent of ¥ € By and tends to zero as £ — I3, since
C(t),5(t) are uniformly continuous for ¢ € J and the compactness of C(t), S(t) for ¢t = 0
imply the continuity in the uniform operator topology. The compactness of S(t) follows
from that of C(t).

Thus F' maps B; into an equicontinuous family of functions. It is easy to see that the
family F By is uniformly bounded,
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MNext we show B Fy, is compact. Since we have shown F By, is an equicontinuous collection,
it suffices by the Arzela-Ascoli theorem to show that F maps By into a precompact set in
X,

Let 0 < t < T be fixed and £ a real numher satisfying 0 < £ < ¢, For & € By we define
(Fex)(t) = Clt)zo+S(te

+. L _ES{L —s)f (3 z(ai(8)), f his, 7)g(T, z(oa(7)), ' (ma(7)))dr, 2’ {o4(5)) )
+ft_f.=;(; — $)BW = 2y ~ C(T)zo — S(T)

o

T o
—fn S(T-0)f (H.${01{9]}1_£ h(*‘i'.ff]ﬂ(’nr[ﬁz[ﬂli’{ﬂz{’r}]}i’ﬂI'{m{ﬂ}]) ddff

Since C(t), S(t) are compact operators, the set ¥, () = {(F.z)(t) : © € By} is precom-
pact in X for every £, 0 < & < t. Moreover for every = € 5 we have

I(Fz)(t) — (Fex)(E)|
= 1._ St - s)f (s._.r[rr[s}},£ his, T}y[?‘,:ﬁ?{ﬂg{f”,J.'Ifﬂ'g[T}”d‘l',.rr{Jq{S”) ds

t
+ f 1St = 5)BW = [z, ~ C(T )0 — S(Thyo
t—e

T
_1; S(T-0)f (.l_? x(ery (), j.:; h{8, gl ,I{r‘!?l:"."}:l}Ij{ﬂ'siT\]}:IdT?I:I(ﬂ.;I{H]}) df
and

|(Fz)(t) — (F, z)(2)]
= f;_ Clt—s)f (-?15(01(51}1_[}. h[-hT}'y[T.;E{Uz{'r]'],ff'l[ﬁs[f}]']d?r&ﬂf(ﬂniﬁll})

ds

t
”C':ﬁ —8)BW ™! [z, — C(T)zo — S(T)yy

f S(T - 0)f (9 3(1(6)) [ h(0,7)g (T:-’rlicrzli‘r}}:ﬂ(cra{'rﬂ]ld?.urf[mtﬂll})dﬁ

Therefore there are precompact sets arbitrarily close to the set {(Fz)(t) : = € Bk}
Hence the set {{Fz)(t) : £ € By} is precompact in X,

It remains to show that F : X — Z is continnous. Let {z,,}7® € Z with =, — = in
Z. Then there is an integer g such that [[z,.(t}]| < q, ||z, ()}l < ¢ for all n and t € J, so
lle(t)ll < q, [|l2'()]| < ¢ and z,2' € Z. By (Hz]

f (t,z"[al[t}},ﬁ h(z,s}g{s.:r;ﬂ[aﬂs}],mﬂaﬂsjj}ds,:z::‘(m{z]})
ey _f(t,a:l{n(tj],/ﬂ Ja{&xsjy[s:I[Ug{s}],m’{ﬂﬂs]}}ds,:1:"{64{1]])
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for each £ € J and since

HJ’ (r.x,t{alm}, fﬂ ‘n{a,syg(a,mﬂ{az{an,w:a{aa{s}nds,z;{m{tn)

S 2qq|:ﬂs

=1 (o), [ At s)a(o,z(oa(o), = (aa(e))as, S20)
we have by dominated convergence theorem
||Fay — Fx|| =

[se-9 [7 (s:anter6, [ hts, ot (ot atostrar. #(0u)
=1 (5.2l [ Aot (o), 2 oa(r))r () ) |

= sup
teJ

of T &
_j S{E—S}Bw_lf [f (H,xa:{ﬂﬁ{ﬂ}},f h(B,7)g(r 2a(oa(r)), 2 (0a(7)))dr, 2. (0.4(0))
(1]

b (E Ty (8)) f e, 7g(r, zu{oa(r)), o, (oa( 7)) )dr, 2 (o4(0)) ):| diids

Ef:S(

f(31mn[:ﬂ'1{'q”:/ hl:s,"-"]g{'i",:I.‘.n[:Jg[T]},I:L{Ug{T:I}]IdT.I:?I::{'.M{S}:I)]
T T g
Sit - s}BW“j [f (H,mﬂ(cr:{ﬁ']}.f k(8 7)a(m, znu(o2(7)), 2y (oalT)) JdT, ivi.{ﬂ'-a{i?}])

&

‘—s) [f (s. Znl(01(5)), fu h(s,7)g(7, 2n(0a(7)), 2} (05(7)) T, m;n:ansn)

s

f (5‘, Tn (o1 (8)) f MO, 7)g(7, a(o2(T)), zp (oa(T)))dT, 2} (04(0)) )l difds — 0

and

l (P — (e =

If C(t — s) [_f (s,mﬂ(at{sﬂ,f hs. T)g(7,xu(o2(7)), zp, (@3(7)))dT, ;1.?.[04(5}])
n [4]

_f (s,xn{m{sn, f h(s,r}gtr.mutaz(ﬂhthua(T}nd-r,:r;{m{sn)

= sup
teJ

il 5

I T &
—f C'[t——.sr}BW“f [_r“ (H.xn(m{t‘?]},f hif,7)g(r, xuloe(T)), zn(os(7)))dr, z) (74(8))
0 o o

i
f (E Tal71(8)) f h{#, T)g(, In{Uz{TH-IL{Us{TlHL‘hIL(W(F)})] dbdds

e - s |7 (s:n(oa(6D, [ 16,7007, (02() 2 0n()tr 2 (e )
f(s Ta(02(8)), f hs, ﬂgtr soa(r)) e osr i,z oa(s) )| | as

o

Clt — 8)BW- f [ (a (o2 (0 h{E )g(r, wn(oa(r n,:cﬂ{aa(ﬂndnz,.mmn)
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8
i (H,Enfdlfﬂl}afu h(8,7)g(r, zn(@2(7) ,mL{Us{f}J}fiﬂwL(ﬂdﬂ}l)l df)l ds — 0

Thus F iz continuous. This completes the proof that F is completely continuous.
Finally the set {(F) = {z € Z : x = AFz, A € (0,1)} is bounded, as we proved in the
first step. Consequently by Schaefer's theorem the operator F has a fixed point in Z, This
means that any fixed point of F is a mild solution of (1) on J satisfying (Fz)(t) = z(t).
Thus the system (1) is controllable on J.
Acknowledgement. The work of thefirst author is supported by C5IR, New Delhi, INDIA
(Grant No: 25(89)97-EMR-II).
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