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SOME SIMPLE CRITERIA FOR STARLIKENESS AND
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Abstract

We find some criteria invalving f' and [ only in determining the starlikeness
of order o or convexity of order @ of f or of F = I[f], where [ is a certain integral

operator. Far o = 0 these criteria were obtained by P.T. Mocanu in [2].
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1. Introduction

Let 4, dencte the class of functions

.I'r(:]' =z dpg 2
that are analytic in the unit disc U/ = {z € C; |2| < 1} and let A = A;.

For o < 1 let )
Sala) = {f € Ay : ez}f{? > a, zel-f}

31’ f.'lin

= 1. : R
Kale)= {1 € s RS
In [2] the following criteria for starlikeness or convexity were obtained,
Theorem A. Let ¢ > —1, let n be a positive integer and let us define

M’=Mﬂ{c}=—-— n+o+1
(e+1) [g’(n+n+l}"" (e+1)* +|c|}

L OO =1

and
+1l=a 2zl

Iffe A, and
[filz) =1 <M

then 1.[f] € K.(0D), where I, : A, — A, is the integral operator defined by F =

F(z) = H‘lff e Vdt, zeU.

L[ f], with
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Theorem B. If f € A, and
[f"(2)] < — ., for z€U

n+

then f € K, (0). This result is sharp.
In this paper we extend these results for any o < 1.

2. Preliminaries

Let F and & be two analytic functions in U7, If 7 is univalent, then we say that /' is
subordinate to G, written F < G, or F(z) < G{z), ilf F(0) = G(0) aud F(U) C G(U).
We shall use the following lemma in order to prove our main results,
Lemma. (1] Let ¢ > —1 and let q be convex in U, with g(0) = 1 and let P(z) =
1+ pn2™ +. .. be analytic in U. If

Pz) +

: o
= lzf-' (z) < q(z)
then P = 3}, where

o+ 1 = 2t
Q[Z}I = mﬁ I'.IH]I."."— dtr

3. Main results

Theorem 1. Let o < 1, ¢ > —1, let m be o positive inleger and let us define

3] M= M(n,c,a) = . {1—'3][”4-1:+1L ,
(c+ 1) [V et DE (4 1 +Jn -+

iffed, and
(2) IF'(2) = 1] < M,
then I.[f] € K, (a), where I.: Ay — A, is the integral operator defined by F = I.[f], with

=z 1
[ =) [ r@peta, seu
0 0

c41
2{-

(3) F(z) =

Proof. Letf € A, satisfy (2}, with M given by [1). From {3) we deduce
zF' +eF ={c+1)f
and _
(4) 2F" 4+ (c+ 1) F = (e+ 1)f".
If we set £ = F', then (2] is equivalent to

1 2 .
P(z)+ 71 1:rF"{:/:] = f'(z) < 1+ Mz = q(2)
and by Lemma we deduce P~ ), where
c+1 [F etl (e+ 1)M

..I
= — n di, == ]_ + L
Ql=) nz =2 b a(€)¢ n+c+l -
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If we let (c+ )M
= . C 4 i
(3) T on4eo+1]
then
(6) |P(z)—1] = R
Since R < 1, we deduce |[F'{z) — 1| < 1, which shows that F is univalent. Therefore, if
we put
zF"(z) - _
W%-l—““ﬂ'w(zj-l‘ﬂ:

then the function p(z) = 14 pps™ + ... is analytic in U and from (4) we deduce
(T) Pll=a)p+c+a]l=(c+1)f.

Hence (2) becomes

|P(z)[(1 —o)p(z) + e+ a] —(e+1)] < (e+ 1) M.

If Rep(z) /40, then there exists zp € I/ such that p{zs) = is. Therefore, in order to
show that (7) implies Rep(z) > 0, it is sufficient to check the inequality
(8) |P(2)[(1 — e)p(z) +c+ o] — (c+1)] 2 (e+ 1) M,
for all real 3 and all z € U7,

If we let P =u + fv, then

E=|Pll-a)is+c+al-(c+1) =
=(1—a)*(® +v¥) +2(1 —a)(e+ s+ |(c+a) P - (c+ 1)%
On the other hand, from (6) we deduce
{e+a)P—(e+1)|21—-a—|c+alR,
hence
E = (1=a)*(u? +v?)s® +2(1 —a)(c+ l)vs + [l — a = (c+ a)R}?
and the inequality (8) holds if
E—(c+1)°M? > (1 - a)?(v® + v%)s® + 2(1 — a){c+ LJus+
+l-a—(e+a)RF - (n+c+1)°R* >0
and this last inequality holds il
A=(l-a)le+1)%% - (1 - +v)[1-a-|c+o?R)? - (n+c+1)*RY <0,
ie. if
(9) e+ 12+ (n+e+1)°R2—(1 —a—|c+alR)?] <
< w[(l—a-|c+a|R)E - (n+c+1)2RY.
From (G) we deduce

‘U2 HE
10 — =
(10) L
and a simple calculation, using (1) and (3), yields
R {i-cr—]c+cr|H}2—(n+c_-!:_‘uE:'i_’2

1—R2 = (c+ 12 +(ntct1)PRP—(1—a—|c+a|R)2
Hence, by using (10, the inequality (9] holds and from (8) and (7] we deduce Rep(z) =
0, which shows that F € K,(a). O
Corollary 1. Let o < 1, ¢ = —1, and lel n be a positive inleger.
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If fed, and
If(z)] < nM
where M is defined by (1), then I.[f] € K. (), where I, is defined by (3).
If we take ¢ = 0 and use the fact that F € K,(a) < f & S,(a), then we deduce the
following criteria for starlikeness of order o
Corollary 2. If f € A, and
(1-a)(n+1)

iz =1 < LR+ + o
then [ € 5} ().
Corollary 3. If f € A, and
| (=)l =

(1 -ajn(n+1)

/Sy e
then [ € 8! {a).

Corollary 4. Let o < 1, ¢ > —1 and let n be a positive integer. If [ € A, and
(11) (f'(z) —1] < l=a)n+1)nt+ec+1)
- +]:I-1,a"'{ft+l}j+l+|r_'r]

then 1.[f] € S {a), where I, is defined by (2).
Proof. From (4) and (11} we deduce

a){n+1)n+e+1)

1 1-
F' 4+ zF‘“=_;"’—-<l+{‘

c41 {c+1]|-.,.f{11+1}'3+1+|r:rik
and by Lemma we obtain

1 — 1

Fi() <14+ —a=olnt ]
1,.-'{?1,+1}£+l+|rr|

Hence

1- I L

|P(e) 1) < =t

(n+1)% + 1+ |al
and from Corollary 2 we deduce F € 5 ().
Theorem 2. ff e << | and if [ € A, satisfies

i n{l — ox)
<< — R B
(12 (@) < M = Maf) = 2=
then f e Kn(a). This resull is sharp.
Proof. By Schwarz's lemma we have
77()] < Mz
Hence
rz 1 1 M 1—a
" - " =1 - == .
“LI{C}{#Q‘—Z-[HI{EZ}JI ﬁM./;.t di o = e
Since N
D=1+ [ 10
we deduce
1l — o T

uunrbjff” ]2 1-

+l—-a “h+l—a
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Therefore (2)
=z
— =]l =
6 <
which implies f € Ky ().
The function -
- — n+1
i) =w ['u+1}{1'1+l—0:]|2

shows that this result is sharp. O
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