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NON-UNIQUELY EXTREMAL QUASICONFORMAL
MAPPINGS

Edgar Reich

“Ce-gi face omul cu ména lui, nu-i face nici dugmanul lui” ?

1. Introduction.

For a quasiconformal homeomorphism f{z) of A = {|z] < 1} onto itself, we denote as
usual the complex dilatation by

g (z) = ? sl < 1,

and the maximal dilatation by

_ 1+ ety lloo
K= T e

We denote by f* the normalized mapping with complex dilatation o for which f*{1) = 1,
Fe(i) = 1: f#(=1) = =1. The minimum of K [g] among all quasiconformal mapping s g for
which g g _f|a is denoted by Kg[f]. We call [ extremal (for its boundary values) if
K|f] = Kolf]. jé is wniguely extremal il it s extremal and if there are no other extremal
mappings for its boundary values; the alternative is that [ is non-uniquely exiremal.
For reference below, let L1(A) be the set of analytic functions belonging to L(A).
When ¢ € L1(A), we denate its L'-norm over A by

uw=[1wmw.
&

Classically, extremality and unique extremality were established by arguments based
on the length-area principle, or its elaboration, extremal length, With the help of this
"geometric” method, the first example of non-unique extremality was discovered by Strebel
{[9], page 316). By now, numerous additional examples are known, for example, the family

1 &1 would like to thank Cornel Constantinescu for t=acking me this important Romsanian proverb.
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of examples considered in [7]. Until recently the proof that there was more than one
extremal mapping required a very explicit construction of competing extremals. With
the appearance of [2],(3], and [8], a new “analytic" characterization of extremality of a
quasiconformal mapping became available in terms of a related problem for the class L (A),
but it did not provide a general way of deciding between unique and non-unigue extremality.
Historically, the next step were fairly broadly applicable sufficient conditions of analytic
type for unique extremality given by the author in [5] and [6]. Finally, necessary and
sufficient conditions of analytic type for unique extremality were found by BoZin, Lakic,
Markovié, and Mateljevié [1]. Il extremality has already been established, then a necessary
condition for unique extremality provides a sufficient condition for non-unique extremality,
and somehow its proof must involve an existence proof for additional extremals beyond a
given one. In order to better understand the proof in [1], our object s to rewrite it in a
more constructive manner in the case when the domain of the mapping is A. Namely, the
basic construction will make use of an auxiliary mapping that is obtained as a limit of n-gon
mappings.

In order to focus on essentials, we restrict ourselves to the technically simplest case, that
when the given extremal mapping f has |p;(2)| = k. This is actually the most interesting
common case, as, il e.g., for some k' < k, theset {z € A : |u,;(2)| £ &'} contained interior
points, the fact that [ is not the only extremal mapping is trivial. The relevant theorem
of [1], specialized to the situation when the domain of the mappings is A, is the following:

Theorem BLMM. [1, page 310] Suppose |pg(2)] = k. Then f is uniquely extremal
for its boundary values on 84 if and only if for every F C A with measure |E] = 0,

it { oz (R ) e asa) o e 23a) ol =1} =o.

Since we want to give as constructive as possible a proofl of the “only-if" part, our object
is to derive the following portion of the BLMM Theorem in as constructive manner as we
Car
Theorem. Suppose f* is extremal for its boundary values on 84, |u(z)] = k, and suppose
Jor some E C A, with |E| = 0,

1
s { s (5% [ e dwar) -0 € L@ el =1} 2> 0.
[ liel2)| d dy a’ ‘
(L.1)
Then there exists v € L™=(A), with ||v||.c < k, v # g, such that
i -
f |En ! aa
To a major extent we proceed by merely reworking parts of the analysis found in [4] and [1].
The author wishes to express his appreciation for the opportunity of numerous discussions
with V. Markovié in this connection.

(1.2)
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2. Construction of f“.

Following [1, page 303], we start by choosing r > 0, and defining a modified version ! a of
H, in terms of the set £ of (1.1) as

alz) = ’51‘55_51.11 ze A\E
uz), z€E

Lemma. Suppose f* is extremal for its boundary values on 84, ||p)|ee = K, and suppose
that (1.1) holds for some E C A, with |E| = 0. Then
l4+r+k 1=k v
Bl =, {cp L) 2.1

ol =17 ( T"'1+:k:#s:) (1)
Proof. Let z, = ™™™ w_ = f*(z.), m = 1,2,...n. The closure of A with the
distingnished sets of points, {2}, {wm}, respectively, defines the respective n-gons, A,
and A . Among the class of quasiconformal mappings of &, onte A2 for which 2, — wmy,
m = 1,2,...n, there is [10] a unique quasiconformal mapping g, with minimal K[g,]. If
we write the minimal value of K([g,] as K, = (14 &) /(1 = kn), then y,  is of Teichmilller
type,

z
Hyn{zj = kn #a(2)
_ . . w(2)] _ 1
If n = 4, and if y,(2) is normalized to have [, || = 1, ©,(2) is a uniquely deter-

mined rational function belonging to L1{A). It is easy to show that lim,, o i, = Kolf%)
Furthermore, the sequence, {g, }, will contain a subsequence converging uniformly in the
closure of A to an extremal mapping " for the boundary values f“|aa. Moreover [8,
Theorem 7], and for our purposes this is the most significant property of the constructed
sequence, {g, }. ,
’ |1 + a(z)en(z)/lvn (2]
Ko < [[ len(el e I sy, (22)
Setting A = /(1 +r), £ = k/(1 +r), we can write the right side of (2.2) as 4 + B,
where

: 1+ A . L+ pe, leall? 14 A o
A=j_/;“"ﬂ!| n /10| dmtfy,5=f_£:itpnlp +1eu/leull” [+ Aea/leull :Idm'dy.

L= A2 1= |uf* 1=

For A we have
1 5 2
< ki ie .
A< -y {r;l+t )+ ; +TE&]LM%¢M¢;}
L

s {asde s e-a [ pdasal )

1 8 2y _ _
=1 g {1+t + 2t 1+Tf'/;|~pﬂ|d;ndy}

14+¢ 2(1 + )y ﬂ
= o w | d: .
e il cans = ) AL

1 An analogous modification procedure ocours in [4, pp. 108-110) in & related context. There the

procedurs is referred to as "lifting” . and credited to Markovit.
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Furthermore,

_.2 2 |.“'| |9:'7r| o
2""*”]] A= P+ ) =

(147 + |u* e, )
N “*fL (= P+ )% - ] ¥

rk(l+r+k)
<
== “—k][i+f’ 2]./] |?’7LdedJ
Hence,

1+t 2 14r+k
Ares T~ (Q+r)P-k2 {“'FL 1k '“Jff]"?f}jﬂl%lfb-dy-

When 0 < r < (1 — k)v/[(1 + k)&], the quantity in the brackets is negative. We therefore
conclude that

Kolf™) = K[/ £ 1. (23)

Since f has the same boundary values as [, it follows that f* o {j'“}_] o f has the
same boundary values as f*. Since ¥ iz extremal by hypothesis, it therefore follows that

lli“ = KI/%) < KJ* 0 (%) o /7] < KIR)KL™) (2.4)
where h = f* o (f2)™". Since
rlelz)
s (F2(2))] = #2) —e(z) | _ | yrjar 2€A\E
1 —alz a(z)u(z) 0, ze B
we have 5
(43 ra -
e (S50 = i@ 2€4.
Thus,
l+k14+r—k
Kh =15 T+r+k" V4]
Substituting (2.5) into (2.4}, we conclude that
l+r+k&
e LETHE
KMz o
Together with (2.3}, the lemma follows. Iy

Proof. of the the theorem. We let
fr=pre(fr) e,
thus insuring that (1.2} holds. Since |u(z)] = &, it is clear, by the definition of o and the

Lemma, that i # o. Hence, f* # f*. On the other hand, since the inequality signs in (2.4)
are replaced by equal signs, K|[f*] = K[f*]. Therefore, [* is also an extremal mapping.

3. An example.

If one studies the foregoing construction, one sees that it is at least in the set B of (1.1}
where the new extremal mapping differs from the given extremal mapping. In the preced-
ing, A can be replaced by any simply-connected region {1 ol hyperbolic type, the various
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expressions occuring in the statements of Theorem BLMM and the Lemma being invariant
under appropriately performed transfers under conformal mappings. Boundary values are
understood as being taken on at prime ends of £,

To illustrate the theorem, we may use Strebel's example of the affine stretch,

folz) =Koz +iy, s=x+iyel, (Ko>1),
of the "chimney" region,
N={z:9z < 0or[Re| < 1},
referred to in Section 1. We start with the known fact that fy is extremal for its bound-
ary values on @11, and we will now show that if we take £ = {9z < 0} and § =
O\ E={z:|R=z| <1, =z = 0}, then

i { s (-2 [ @ ad) we L@ el =1} 27 ()

is satisfied for some v = 0, implying that fy is not the sole extremal mapping for its boundary
values 2
Since

et ___ffu—l
#Iu[z}=j“ﬂ_fcﬂ+1!

we focus attention on
1 =R [, pdrdy

. Il liel d ly v w e LalfY), ffltﬂldﬂrdyzl_

Since E is a half-plane, and ¢ € LL1(02) C L!(E), Cauchy’s Theorem implies that

ff pdrdy =0.

1- ?Rffsnpd:udy 1 - ﬂgiﬂm@ _ Mz Il dz dy _
Heleldzdy = [[gleldedy  [fg vl dzdy
So, (3.1) holds with v = kg. Whenever 0 < v = 1/ Ky, the construction procedure of Section
2 is guarantesd to yvield an extremal mapping with the same boundary values as fy that
differs from fp. Actually, it turns out that for this example no upper bound on r need be
sel.
Following the procedure of Section 2, setting Ty = (1 + r + ko) /(1 + r — kg), we obtain
Tox+iy, y=0
o -_

I = {Tux +(To/ Koy, y <0
For f7 the simplest choice is

fMz)=The+iy, s=x+iycll.
(Note that Ky[f®] = K[f"] = Tp, precisely as predicted by the Lemma of Section 2.) With
this choice of f, the extremal mapping with the same boundary values as fp that results
i

Therefore,

p_

- T +1 z
fi(z) = (foe (f*) " o 77)(z) ={£{E;I:Er}nﬁf}§, Gz<0

?  Since this is precisely what Strebel already showed in [#], we are of course doing this solely for the
purpaose of illustrating the particular construction procedure discussed above,
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