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1. Introduction

The Complementarity Theory is a relatively new domain of applied mathematics, with
deep relations with several chapters of fundamental mathematics as for example: the fixed
point theory, the theory of variational inequalities, the topological degree, the functional
analysis, the theory of cones in topological vector spaces ete., [4], [7], [11]}-[13], [25].

The main goal of Complementarity Theory is the study of several kinds of complementar-
ity problems. Each complementarity problem is a mathematical model for several kinds of
practical problems from economics, optimization, game theory, engineering and mechanics
among others, [4], [7], [10], [11]-[13], [22], [25], [27].

Recently in [18], [5] we introduced a new topological method in the study of solvability
of complementarity problems in Hilbert spaces. Our method is based on the concept of
"exceptional family of elements” (shortly denoted by EFE). This notion is based on the
topological degree and more general on the concept of "zero-epi mapping”, [13], [14] and
because this aspect, it is different of the notion of "exceptional sequence of elements”
introduced in [27], which is strongly dependent of the Euclidean structure in R® and of the
ordering defined by R2.

By applying the notion of [ £FE) several existence results for the nonlinear complemen-
tarity problem are proved in [3], [6], [14]-[22], [28]-[31].

In our papers, [15], [17], [21] it is shown that in the method of (EFE )} we can replace
the topological degree by Leray-Schauder type alternatives. By this way the proofs are
substantially more simple.

Now, in this paper we will present two new applications of Leray-Schauder type alter-
natives to the study of complementarity problems.

In the first application we will obtain two new existence theorems for the nonlinear
complementarity problem, while in the second application we will obtain a generalization
to a-condensing fields of the main existence result proved in our paper [14] for k-set fields.
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2. Preliminaries

Let (H,< -,- =) be a Hilbert space and K C H a closed pointed convex cone, e, K
is a non-empty closed set satisfying the following properties: (1) K+ K € K: (2) AK C K,
for all A € Ry and (3) K N (=K) = {0}.

The dual of K is, by definition, K* = {ye K| <z,y>=0forallz € K} . It is well
known that K™ is a closed convex cone. If K C H is a closed pointed convex cone, then the
projection onto K, denoted by Pg, is well defined for every x € H, i.e, for every x € H,
Py (x) is the unique element in K such that |lo — Py {z)|| =F|J.:'if? Nz —ul.

A classical result says that the projection operator Py is characterized by the following
properties. For every x € H, Py(z) is the unique element in K satisfying the following
conditions:

(i) {Px(z) —z,) =0, for all y € K,

(it} (Pic(z) - 3, Py () = 0.

3. Leray-Schauder type alternatives

One of the most important theoremn of Nonlinear Functional Analysis is the Leray-
Sehouder Alternative, which was proved initially in Banach spaces by the topological degree
in 1934 [24].

Now, there exist several kings of Leray-Schauder Alternative proved without topological
degree 12}, [3), [9), [26].

It is also well known that the classical Leray-Schauder Alternative has many applications
to ordinary differential equations and to partial differential equations.

Our applications of Leray-Schauder type alternatives to the study of complementarity
problems represent a new direction of applications of this classical result,

In this paper we will apply the following Leray-Schauder type alternatives.

Let (H,< -, =) be a Hilbert space, X C H a non-empty subset and f : X — H
a mapping. The mapping f is said to be compact il f(X) us relatively compact. We
say that [ is complefely confinuous if [ is continuous and for any bounded set 8 C H,
f(B) is relatively compact. We will use also the following classical notion. We say that a
mapping f : H — H is a completely continuos fleld, if { has a representation of the form
flry=x—T(z), forevery t € H, where T H = H is a completely continuous mapping.
Given a non-empty subset X of H, we will denote by X the closure of X and by 8X the
boundary of X.

Theorem 1 [Leray-Schauder Alternative] Let ' C H be o conver set, U a subset
open in ' and such that 0 € U7, Then each continuous compact mapping [ - U — C has
at least one of the following two properties:

(1) f has a fired point,

(2) there is (z,,A,) € OU-]0, 1] such that =, = A, f{z,).

Proof. A proof of this result based on transversality theory is given in [9]. W

Let K € H be a closed pointed convex cone. For any v = 0, {r € R} we denote
by Ky = {x € K|||j|| £ r} U f: K, — £ is a mapping, we recall that f iz a-
condensing (where @ is the Kuratowski ineasure of noncompactness (1]}, if f is continuous
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and a(f(B)) < a(B), for all B C K, such that a{B) > 0. For more information about
a-condensing mappings the reader is referred to [1].
The next Leray-Schauder type alternative is based on the following fixed point theorem.

Theorem 2 [Deimling] Let (E,||-||) be a Banach space, ¥ C E a closed pointed
conver cone and [ : K, — F an a-condensing mapping. If the following assumplions are
satisfied:

(1) zcdK, ||z|| <r, z* € K* and z'(z) =0, then

(2) f(z)£Az on ||g]| =7 forall A= 1,
then f has a fized point (in K. ).

Proof. A proof of this result is in [8]. W
A consequence of Theorem 2 is the following Leray-Schauder type alternative.

Theorem 3 Let (H, < -,- =) be a Hilbert space, I C H a closed pointed conver cone
and h: K — H a mapping such that h{z) =z - T(x), forall z € H, where T : H — H
is an q-condensing mapping.

Then, for any v = 0, for the mapping f(x) = Pr [z — hiz)], at least one of the following
two situations is sobisfied:

(1) f has a fized point in K,

{2) there exist x,, with ||z.|| = r and A, €]0,1[ such that z, = A, f(x.).

Proof. Since a (Px[I'(B)]) < a[T(B)] < a(B), for all B C K, with «(B) > 0, we have
that f is a-condensing and all the assumptions of Theorem 2 are satisfied. W

4. Complementarity problems

Let (H,< -,- =) be a Hilbert space, &' C H a closed pointed convex cone and i
H — H an arbitrary mapping. The Nonlinear Complementarity Problem defined by the
mapping f and the cone K is:

find x, € K such that
NCP{I,K}:{ flz,) e K" and
{Te, flz:)]} =10
The problem NCP{f, K) has many applications and generally, it is related to equilib-
rium problems in the physical or economical sense [4], [7], [11]-[13], [22], [25], [27]. If the
mapping f is an affine mapping, i.e., f{z) = A(x) + b, where 4 : H — H is a continuous
linear mapping and b is an arbitrary element in i, we have the lincar complementarity
problem, denoted by LC'P(A,b K). The problem LCP(A, b ') has been very much studied
in the Buclidean space (R™, < -, - =).
In the Complementarity Theory, the study of the solvability of the problem NCP(f, K')
is the first important problem, because the solvability of this problem is absclutely not
evident, [4], [7], [11]-[13], [25].
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5. The solvability of complementarity problem for
p-quasi-bounded fields

Let (H,< -,- =) be a Hilbert space, and T : H — H a mapping. We say that T is a
quasi-bounded mapping if

T .
IT|,p :=inf sup I (frilm < +oo

>0zl
The real number |7 is called the quasi-norm of T. The notion of quasi-bounded
mapping was introduced by A. Granas (see [9] and references).

Definition 1 We say that a mapping { : H — H is a g-quasi-bounded field if f has
a representation of the form f(z) = pr — T(z) for all € H, where p € R\{0} and
T:H — H isa completely continuous quasi-bounded mnapping.

; Tlx
Remark If, for a mapping T : H — H, we have that 7 = lim )]

< =00, then
Nell—ee |||

we have that |T|qb =3

Theorem 4 Let (H, < -,- =) be a Hilbert space, K © H a closed pointed conver cone
and f: H — H a p-quasi-bounded field with the representation f(a) = px — T(x), for all
x € H. If |T|,, < p, then the problem NCP(f, K) has a solution.

Proof. Consider the mapping ®(z) =, for all * € H and ohserve that the problem
NCP(f, K) has a solution, if and only if, the mapping & has a fixed point.
We have that

1 1
P | =Tz} = |1 T}l
. lle{z)|| . H (.ﬂ : £ 1
&| , =inf sup ———— =inf sup —————~L8 inl sup == [T, = 1.
l l'?b "?‘”u.zngr Il reighar [k L P ||z} F’l !qb
Henee, there exists g > 0 such that
iz ()] < 1, for all z with ||z} > r. (1)

€T
We take €' = H and U = {z € H]||z|] < r}. We obtain that, there is no x, € U and
0 < A, < 1 such that z, = A, ®(x,). Indeed, il a such x, and A, exist we have

lles ]l = As (|2 () < (@)l

which is a contradiction of {1).
The assumptions of Theorem [ are satisfied for &. Therefare, by Theerem 1 the mapping
& has a fixed point, which implies that the problem NCP(f, K} has a solution. W

The following result is a consequence of Theorem { and it is an existence result for
nonlinear complementarity problems depending of a real parameter.

Theorem & Let (H,< -,- =) be o Hilbert space, ¥ C H a closed pointed conver cone.
Consider the mapping f.(z) = pr—Ty(z) — eTe(z), for all z € H, where p is o positive real
number and £ is a positive real parameter, Ty : H — H is a complelely conlinuous linear
operator such that ||Ty|| < p and Tz : H — H is a completely continuous gquasi-tounded
TRapp g,

Then, there exists g > 0 such that for every £ €]0,e0] the probleme NOP(f., K) has a
solution x,(g).
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Proof. The operator 77 — &7} is completely continuos for every & > 0. Since ||T1]] < p,
there exists g5 = 0 such that for all = £]0, 5], £|Ta]e < p— ||T3]]. Since, |T7 + €T3l =
|T1]) + €] T2lqs < p ., for all € €]0,20(, then by Theorem { we have that for each ¢ £]0, zal,
the problem NCP(f., K) has a solution z,(c). W

Remark The operator f. is a generalization of the Von Karman operator f{z) =z —
AL(z) +T(z) used in the study of the post critical equilibrium of thin elastic plates. In this
case the mathematical model is the problem NCP(f, K) [12], [13].

6. Exceptional family of elements for a-condensing
fields and complementarity problems

Let (H,< -,- =) be a Hilbert space, I C H a closed pointed convex cone and [ : H —
H a mapping. Consider the problem NCP(f, k') defined by f and K.

Definition 2 We say that a family of elements {x,},~0 & an exceplional family of
elements for o mapping [ : H — H, with the respect to I, if for every real number r = 0,
there erists a real number p. > 0 such that the vector w, = p, 2, + f(x.) satisfies the
following conditions:

(1) u. € K*,

(2) {ur,z:) =0,

(8) ||zr|| — 400 as r — 400,

We have the following alternative theorem for complementarity problems.

Theorem 6 Let (H, < -,» =) be a Hilbert space, i C H a closed pointed conver cone
and f: H — H o mapping. If [ is an a-condensing field, ie, flz) = = — T{z), where
f: H— H is an a-condensing mapping, then there exists either a solution lo the problemn
NCP(f,K), or an exceptional family of elements for f with respect to K.

Proof. We consider the mapping
&(z) = Pylz — f(z)] = Pg|T(z)], forall z € H.

From the complementarity theory, we know that the problem NCP(f, K) has a solution,
if and only if, the mapping & has a fixed point (in &), [11]-[13].

Therefore, if the mapping ® has a fixed point, then the problem NCP(f,K) has a
solution. Suppose that the problem NCP(f, K} is without solution. Obviously, in this case
the mapping & is fixed-point free.

We ohserve that the assumptions of Theorem ¥ are satisfied. Then for any + = 0 there
exist, &, with ||z.|| = and M. €]0, 1] such that x, = A, F[T(x,)]. We have

1
TL = Py, — f(x)]- v (2)
Applying the properties of F_:;-,rwe obtain

<%-’Er - {Er - I{Ir}} ry> 20, forallye K

and
<113”:1‘ — (zr = flz+)) riEr)

0
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which implies

<(% - 1) o f{x,},y> =0, forallye K

arid (3)

(-0

If in (3) we put g = 5 — 1, it follows that sz, + /(2,) € K*, {u,2r + f(z), 2:) = 0

and since for any r > 0, [|z.|| = 7, we have (because , € i) that {x,},z0 is an exceptional
family of elements for f. W

Corollary Let (H,< -,- =) be a Hilbert space and K C H a closed pointed conver cone.
If f:H — H is an a-condensing field withoul exceptional family of elements, with respect
to I, then the problem NCP(f, K) has a solufion.

Considering the Corollary of Theorem 6 we deduce that an important fact is to know,
what lunctions are without exceptional families of elements with respect to a given convex
cone,

The reader can find in our papers, [14], [17]-[20] and in our book [13] that several classes
of functions are without exceptional family of elements. It is known [18] that any coercive
function is without exceptional family of elements, but there exist functions without family
of elements, which are not coercive.

Now, we recall a condition, introduced in [14] and [19], which implies the non-existence
of an exceptional family of elements.

We say that a mapping [ : H — H satisfies condition (#) with respect to a convex cone
K C H if there exists p > 0 such that for each v € K with ||z|| = p, there emists y € K
with ||yl| < [|=|| such that (x —y, f(z]) = 0.

We proved in [14)-[17] that, several classes of mappings used in complementarity theory
satisfy condition (#) and we proved also in [14] that any mapping satisfying condition ()
is without exceptional family of elements.

In conclusion we have the following result.

Theorem 7 Let (H,< -+ =) be a Hilbert space and [ C H a closed poinled convex
cone. If f: H — H is an a-condensing field satisfying condition (#), then the problem
NCP(f,K) has a solution.

7. Comments

It is interesting to discover new classes of mappings without exceptional families of
elements. By this way we can obtain new existence theorems for nonlinear comple- mentarity
problems. Because, the method of exceptional family of elements is now used in the study
of solvability of variational inequalities, [21], [28-[31], it is interesting to know if we can
extend to a-condensing fields the results obtained in [21], [28]-[31].
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