LIBERTAS MATHEMATICA, VOL. XIX {1999)

SOME DEVELOPMENTS OF STRONGLY NONLINEAR
POTENTIAL THEORY

NOUREDDINE AISSAOUI

Abstract./n thes erticle we establizh some relutions bebueen poderdoals and woe-
inal fenctions in Chlice spaces. We give a definition of grasicantinaily and oblain
deserption of quasicontinuons wepresentaliee e sore polealiod spaces. W alse give
a result on smeoth truncefion of polentials o Orlwez-Sobolee spoces god corpare some
copacifies  As u consegrence. o compae! fx oemarable oo Ovlies spaee for oo ellplie
linear operator of ovder ne wath constant coefliciends of eod ooy of ofs Bessel cagracity
of order ne s !

1. INTRODUCTION

The Nonlinear Polential 'Theory has Known oo greal developooent since the works of
N.G. Meyers [19] and those of Vo' Tavin and VO Klae'va [l li. Tl bk of 11LE. Admins
and L1 Hedberg [2] shows the fiportanee of Chis developanent. We havee introdieed in
iﬁ,ﬁ;i’] a Theory of Porentinl in Orlice spices, enlled Strongly Nonlinear Potential Theory,
developed later in some direetions. Tu this pagper we cont e this developaaent for ol her
components of this Theory.

We estalilish in 52 some voladveos Detween wasinamd Donetions soel Wiese anl Bassel
Potentials with the aid of Oelice worne Tl olained resolts generalize sunong of her
things, the celebrated theorem of B Muckenlonpt and L Whesden for 17 Lelusgue
spaces wilhoul weight.

The notion of quasicontinuity in Orlice spaces s iotraduced in 530 The polential is
guasicontinuons when the N-funetion delining the Orlice space verities Che Sy condition.
We show also unigqueness of e quasicontinmons representative Tor Bessel kernels aad for
any N-function,  The same resolt remmins ol Tor oy kernel Tt Teoeellesive Ovlies
spaces,

For reflexive Orlicz spaces, we show i 0 tht compesition of Bessel poteatiad with o
smooth operator, is a polential, This is an cxtension of aowell kuown Theorem of VoG
Maz'ya which is s substitube of e Gt Gt the Sobaoles spaces FEF (0 580 11 nre o
closed under contractions.  An innnediot e conseguence s e eguivalenee ol cnpacitios
N and By, 4 (see Theorem 2, 56). Note that in the cose of L7 Lebispgne spawes, Chis
two capacities are equivalent even il e s nol integer. (S |-'1-[]. The vorvesgpaelenl ease
for Orlicz spaees rommins open.



156 STRONGLY NONLINEAR POTENTIAL THEORY

We show in §5 that in reflexive Orlicz spaces, a compact set i is removable for an elliptic
linear operator of order m, with constant coeflicients, if and only if its Bessel capacity
is null (ie. B, 4a(K) = 0). This is the first relation belween the Strongly Nonlinear
Potential Theory, and Partial Differential Equations, We hope that other relations will be
established as in the case of the two Theories Linear and Nonlinear,

2. PRELIMINARIES

2.1  Orlicz spaces

We recall some principal delinitions and resnlis about Orlice spaces. '1'he classical
references are [4, 15, 16, 17].

Let A: R — R* be an N-function, fe. A is contimons, convex, with A{t) = 0 for
AQ _ o Al

im === = 400 aml A is even.
t t—doo |

t =0, lim
L-a
it

Equivalently, A has the representation: A(t) = fetf,.r'}e.',r,wllurt- a s B — Rt iy

L]
non-decreasing, right continuous, with a{ll) = 0, a{t) = 0 for £ = U Anwd r lim  aif) = +oo.
L
]
The N-function A* conjugaie to A is deflinal by A*(1) = f a*{a)dr, where a* is given
0

by a*(a) = sup{t : a(t) < s}.
Let A be an N-function and let £ be an open set in B We note £4(53) the set, called
an Ovlicz eclass, of measurable nctions £ oon §, such tha

S, A= III"“ Al f{x) e < oo

Let A and A* be two conjugate N-Tunctions aml let f e aomessuralde function delined
almost everywhere in {1 The Ovlicz o of £ oe |4 00 there is oo conlusion,
is definer ly

11114 = sup { f g g € £y (6) i p(f. A8 < u}

The sel L4(§1) of mensurable inctions f, such that ||f]]4 = oo is called an Orlicz
space, When 1t = Y | we sel Ly in place of La(ft™).

The Luremburg normn ||| f)|ag or 1] 00 there is no confusion, is delined in L ($2)
by

Ifllla = int {-r >0: [ <

Let. A be an N-function. We suy Lhat A verifies the Ay condition il there exists n
constant = 0 such that AC20) < CAL) for all £ 2 0,
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Recall that A verifies the Ag condition if and only if L4 = L 4. Moreover L 4 is reflexive
if and only if A and A* verify the Ag condition.

Let m be a positive integer. The Orlicz-Sobolev space W™ L 4(0) is the space of real
functions f, such that f and its distributional derivatives up to the order m, are in L4(£1).
W™L 4(9) is & Banach space equipped with the norm:

A Mllma = 3 1D Flllas £ € W™LA(R).

| €m

Let W~™L 4 (0) denote the space of distributions on {1, which can be written as sums
of derivatives up to the order m of functions in L4-(f2). It is a Banach space under the
usual quotient norm.

Recall that if A and A* satisfy the Ay condition, the dual of W™L4(R") coincides
with W-™L(RN)..

2.2 Capacity and Potential in Orlicz Spaces

We shall need some definitions and results concerning capacities and potentials in Orlicz
spaces. For more details, see [5, 6, 7).

Definition 1 Let T’ be a o-udditive class of sels, which conlains compact sels in RN,
Let C be a pesitive function defined in T,
A) C iz colled capacity if it satisfies the following arioms
(7) C(B) =0
(i) If X and Yare inT and X C Y, then C(X) < C(Y).
(i) If X;, i =1,2,... are in T, then C(UU X,) € T C(X:).
izl iz1
B) C is called an outer capacily if for every X €T,
C{X) = inf {C{O) : O open, X C O}.

C) Cis called an inner capacily if for every X € ',

C(X) =sup {C(K) : K compact, K C X}.

Let k be a positive and measurable function in BY, called a kernel, and let A be an
N-lunction, For X ¢ RY, we define

CeA(X) = inf{A(l|If{If4a) : f€ L} and k+ f > 1 on X}
Ci a(X)=inf{|[lf|lla: S €LY and k* f > 1 on X}

where k* f is the usual convolution. The sign + deals with positive elements in the
considered space. From [6] C} , is a capacity.

If a statement holds except on a set X where C a(X) = 0, then we say that the
statement holds Cy 4-quasieverywhere (abbreviated Cy 4 — g.e ar (k, A) — g.e if there is
no confusion).
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Let f and the elements of the sequence (f;); be valued real functions which are finite
Ck, 4 —q.e. We say that the sequence (f;); converges Cy 4 quasinniformly to f (abbreviated

fi— f Cra—qu)if

¥e=0,3X : Cpa(X) < ¢ and f; — [ uniformly on °X.

We call a function f in LY such that k + f > 1 on X, a test function for Cp 4(X).
Moreover, a test function, say L for €y, 4(X) such that for CL ,(X) = |lIf|l|a is call&d 8
C}. 4—capacitary distribution for X and k+ f is called a Cy., 4—capacitary potential for X.

M denotes the vector space of Radon measures. M, is the Banach space of measures
equipped with the norm || p ||=total variation of g < oo,

F will stand for the o—field of sets which are u—measurable for all 4 € M;F.

If p € M", we say that u is concentrated on X if u(y) = 0 for all sets Y which are
p—measurable and such that ¥ < <X

Let A and A* be two conjugate N-lfunctions. For X € F, we deline

Dy a(X) =sup{ll st ||: e € M, p concentrated on X and || k # i ||4- < 1}

where k * u is the convolution of & and u defined by (k« u)(x) = f k(x — y)du(y).

A measure p € M{" such that je is concentrated on X and || k# g |40 < 1 is called a test
measure for .DkrA{X]. Il in addition Dy 4 (X)) =]|| g ||, we say that uis a Dy g —vcapueitary
distribution for X and k * j is called a [y 4 —capacitary potential for X.

For the properties of Cy 4, C'f 4, and Dy 4, see [5, 6, 7].

For m > 0, the Bessel kernel, (7, is most ensily defined through its Fourier transform
F(Gm) as: [F(Gy)] (x) = (27) ¥ ([ ¥
where [F(f)] (x) = (2n) ¥ f Sle iy for f e L.

Gy 8 positive, in L and verifies the equality: Ce., = (3 0,

We put in the sequel B, 4 = (' 4 nnd Hm A=00 a4

Let A be an N-function i!.|u| = 0 We define llw*:puu' of potentinds Ly, 4 nst Ly 4 =
[ =Gn#*f:f €Lt eguipped with the novm |[|®][|w.a = I/ 4, when & =€, » f.

MNote that when m is integoer and A aned A® satisfly the &y condition, the spaces 10 L4
and Ly, 4 coincide and are of equivalent norms. For more detuils, see [10],

We note I, () =2 "™ ¥ the Riess kernel. We have (see |8, 9, 23))

o) -« Fala), when | a = O, with < m o< N, {1)
On the other haud, for every ¢ < 1,

(r'm{ﬁl.'_] ={XNr ""|J. when |.1' | — o0, with 0 < m. (2)
Another inequality which serves in Lhis paper is

Culz) < Clln(e+y), (222, |y L (1)
Pose Gz} = G(r) il r =] 2 |, We hinve the following belaviors of €7, near O and
infinity
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G (r) ~ —(N —m)Gp_1(r),m > 1, when r — 0, (4)
G (r) ~ —%r‘":?u e "~ =g Gr(r), when r — oo (5)

with b = (47) T [[(2)]"! and ¢ = 255270,

3. MAXIMAL OPERATORS AND POTENTIALS

Let f be a locally integrable function, The Hardy-Littlewood maximal function asso-
ciated to f is defined by Mf(z) = My f(z) =31:E]E‘{$.r}r' f |f (@) dy.

Blz.r)
Here |B(z,7)| is the Lebesgue measure of B(z,7) on RY.
The fractional maximal lunction associated to f is defined for 0 < @ < N, by M, f(x) =5uE
r>

BN [ 116
B{z,r)
And for 0 < a < NV, and § > 0, the inhomogencous version of these lunctions is defined
by Mo/ (&) = sup 1B [ 1/l
§zr>0

Blz,r)
For 0 < @ < N, and § > 0, we define the modified Riesz kernel, I, s by

Ios(x) = la(x),if || <8,
Ins(z)=0,if |z| =4

The Riesz potential I+, 0 < o < N, where g is a posilive ineasure, can be estimated
below by the fractional maximal function associated to g. In fact, for every r > 0,

|z —u*" du(y) = e —u* " duly) 2 du(y).
/ / /

l==pi<r fz—wl=r

The reverse inequality is lalse in general,

In the first part of the following theorem, we give a generalization to Orlicz spaces,
of the classical theorem of B, Muckenhoupt and R.I. Wheeden [20], which establishes the
opposite inequality in term of L? norms, Our method follows the one given by D.R. Adams
and L.I. Hedberg in [2, Chapter 3|, and by B.O. Turesson in [24, Chapter 3|. The second
part generalizes a result by B. Jawerth, C. Pérez, G. Welland in [13, p.86).

Theorem 1 Let A be an N-function satisfying the Ay condition, and lel 0 < o < N,
Then
1)There is a constant C > 0, such that for any positive measure p,

i C-! fA{an}d:r < f,quu ¢ W)dz < [‘?_[A[M,,;c}dx
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i) C~ || Mapllla < ||lfa * pllla = CllIMapll|a.
2)If § is a positive number, there are positive constants Cy, Cy and C3 such that for
any positive measure u,

L. |[IMas pllla < Crlllfas * pllla < CalllGa # pllla < Csll|Ma,s pllla-

Proof. 1. We remark that for any positive measure p, we have Mopu < Cl, + .
Hence C-* [ A(Map)dz < [ (Lo p)dz,and C= Mol < Vfa* il

We must prove the opposite inequalities.

i) First, suppose u with compact support.

Recall the so called " good A inequality” (see [2, Chapter 3, Th. 3.6.1]):
There are ¢ > 1 and b > 0 such that for any A>0and any ¢, 0 <e =< 1,

Ha : Ia * p(z) > A} < Be™5 [{z 1 I » p(z) > A} + [{z : Maps(z) > A}
This implies for any L > 0,

L L
[ e Lo @) > AN A A < 05 [z Las u(a) > N} AleydA+
[i] [i]

L
[tz s Manta) > ex}i Ateayan
i}

We have
L el
fl{:: Lo # p(z) > eA}| A'(cA)dr = ¢! f|{x t fow p(z) > A} A'(A)dA
0 [1]

and

L L
[ 1@ : Mas@) > X A'(enir < Ko ] {2 : Map(z) > €x}] A'(A)dA
[i] 0

el el
<K, f|{:: : Mau(z) > A} A'(e'A)dA < E“Klkgjl{x s Map(z) > A} A'(N)dA.
0 0
We obtain
el L
et jH.’r o # plz) > A A(A)dA < KbeW—s jH;ﬂ s I # p(z) > A} A'(N)dA+
0 0
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el
E“Kllﬁf”z : Map(z) > A} A'(A)dA.
o
Since the support of p Is compact, these integrals are finite.

We choose € such that Kbe¥=s < (2c)~1.
It follows that

clL &
(20" f [z : fo p(z) > A} A'(N)dA f“fﬁ""*f s : Map(z) > A}] A'(A).
(1]

When L — 400, we get fA{In w u)dr < C’fA[Mﬂpjd::.

If the support of p 15 not compact, we denote by u,, the restriction of u to the ball
BlOn)forn=12,..

Hence jA[Iatp“jda: < Cjﬂ{ﬂfﬂ;j}im‘v’n, with € independent of n. The monotone

convergence theorem gives 1).
#1) From 1), we deduce that for any positive m-asure i,

jA MF‘)d.-::-‘CCfA Jdz s

If € < 1, for any positive measure p, we get |||fa * pll|la < ||| Magll]a.

If C > 1, for any positive measure y, we get ff'l (zv:rm?-f—nr) dr < 1.

This implies [[|fo * p(l|a < Cll[Maplla.
2, As in 1., it is enough to consider positive measures with compact support. Without
loose of generality we must take § = 1. We begin by showing the following

NGa * pllla £ Clllza, » pllla + ClllMa;i |4 (6)
From the estimnates (1) and (2) for the Bissel kernel, we deduee

Go# (@) € Ty * ji(z) + C ] e " duly).

We pose I(z) = f{’. - dp(y). We estimate this integral.
RH

If B(z) = e ¥, then J(z) = E » p(x).

We consider the luncltion ¢ defined by ¢{z) = |B(0, 1})] Lir el £ 1, and (x) =0, if
jz| > 1.

Then, there is a constant 7 such that £ < CF » ¢,

This implies Ex p < CE+ g+ u< CE s M, 1, since ¢ pp < Ma 1.

By [10 or 21], we get [||E + pl|la < C|I|E * Ma,pllla € CllE]]IMa,apelll 4.

This gives (6).

Hence, for obtaining the desired resuli, it suffices to prove that
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e # pllla = Gl Ma plll 4.

For this goal, recall the so called * modified good X inequality” (see [2, Chapter 3, Th,
3.6.2]):
There are @ > 1 and b > ) such that for any A > D and any ¢, 0 < e < |,

Ha : Tas  p(x) > @A} < b5 |{2 : fuy « ef) > A) 4 {2 Maypulz) > €A}

We proceed by the same method as above and obtain 2.
This completes the proof. Il

4. QUASICONTINUITY

We recall the general definition of quasicontinuity.

Definition 2 LetC be a capacity on BY and let [ be a function defined C -~ quasieverywhere
on RY or on some open subset of RY . Then [ is said lo be - quasicontinuous if for every
€ = 0, there is an open sel O such that C(0) < € and [ |eg C07).

In other words, the reatriction of [ to the complenent of () is continuons in the induced
topology.

For Bessel capacily H-:n..i! we write (m, A)-quasicontinuous in place of B}, -quasicontinmons.

Theorem 2 Let A be an N-function satisfying the Ay condition. If f € Lya, then the
potential G * f, m = 0, is (m, A)—quasiconfinuonus.
Hence every element in erl.d has an (m, A) - quasicontinuous e presentaliee.

Proof. By |6, Théoréme 3] we know that €, (0] is well delined and finite (o0, A) g
Since A verifies Lhe Ag condition, there is asequence [ f ) of lunetions in D which converges
to fin La. { Here D = D{RY) is the space of O™ Tunctions with compael support in
RY). From [6, T'héortme 4] there is a subsequence (f7), of the soguenee (). suel thine
G fl = Gox f (i, A) = qu

Hence We == 0, AX : By, al XY <0 §oond Oy # [lo+ Gy o f unilonioly on X,

Since M, 4 is onter (see f.lil. § N TERTE 'J]. thiere s an open set O which contadn Y,
such that

Bu al0) < ¢ and (g % [ o Gy # f amiformly on "0

Since the elements of Lhe sequence (0, « ) are continnons, G+ s continmons on
). This achieves the proof. B

We denote by v the normalized chnrmeteristio fanetion of O vt ball Toaoeo 1 we
define x, by y (r)=7r Ny (%)

Theorem 3 Lot A be awny N-funection, del [ =00 v g Loy g o0 Than



NOUREDDINE AISSAOUI 163

lim by [ (0 =G % 0@
Bizr)
wherever Gy, * |g| (x) < oo, i.e., (m, A) — ge.
Proof, It is easily seen, by the estimates for Bessel kernel, that there is a constant K
such that x, * G < KGp, for all 7 < 1. In fact, il |z} < 2and r £ !;:fl, then by (1)

Blzr f Cm(y)dy < Gm (5) < KGm(z).
Bz,r)

On the other hand, if || = 2 and r < 1, then by (2)
wkey [ Gy < max Gnly) S KGn(z).
Biz.r) B

And il |z] < 2and r > %, then by (1)

miey [ Co)y < sy [ Omtd S Kem

B(z,r) @ B(z,3r)
<k(%) = <KGn)
The Lebesgue dominated convergence theorem gives
i ke [ @y =ty [ (3, s Cu)olz - My = G 0(2),
Bizr) B{z,r)

when G * |9] (z) < co. The proof is complete. B

Theorem 4 Let A be any N-function. Let f, and [3 be two (m, A)— quasicontinuous
functions, m > 0. Suppose that f\(z) = fa(z) almost everywhere. Then

Ni(z) = falz) (m, A)—quasieverywhere.
Proof. Suppose that f = fi — f3 is (m, A)—quasicontinuous and f(z) = 0 almost

everywhere, We must show that f(z) = 0 (m, A)—quasieverywhere.
By definition of quasicontinuity there are open sets (Oy)n such that

Jim B A(0y) =0and f|¢(0n) € C(°(On))-

Hence, there is a sequence (W, ), C L} such that
Jim | ¥allla = 0 and @, (z) = G * ¥n(z) 2 1 on Op.

By [6, Théoréme 4] we can suppose that .."“.:‘.u @n(z) =0 (m, A) — ge.
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Let z be such & point, By the previous theorem, we can suppose, for all n, that

Yimy (5 f Pa)dy = pn(2).
B(z,r)

Thus, for a large n, we have

lim sup Eﬁ%’ﬂﬂ <limsup gty f @, (y)dy

r—0 r—i
Bz, r N0y

<limsup rgrioy / @ [¥)dy =, (z) < 1.

r=0
B(z,r)

This implies that F, = B(z,r) \ O, has a strictly positive Lebesgue measure for all
r = 0. By hypothesis, this means that there is ¥ € Fy, for all » > 0, such that f{y,) = 0.
But x €° (O,) and f € C(%(0y)), show that f(z) = 0. The proof is complete. B

Let f € Ly 4, m > 1 and suppose that A satisfies the Ay condition. Then f is
(m, A)—quasicontinuous. Denote by Df any partial derivative of order 1 of f, taken in
the distributional sense. Then Df € Ly, _1,4, 8nd hence Df is (m—1, A)—quasicontinuous.

Corollary 1 Let A be an N-function satisfying the Ay condilion. Let f,g € Lm a,
m > 1. Then
D(fg) = f(z)Dg(z) + Df(z)g(z) (m— 1,A) — q.e. (7)

Proof. The derivatives of f, g and fg, in the distributional sense, are almost everywhere
equal to the pointwise derivatives. Hence the two sides of (7) are alinost everywhere
equal, by the ordinary formula of the derivative of a product. But the two sides are
(m—1, A)—quasicontinuous, because the sum and the product of quasicontinuous functions
are quasicontinuous.

This completes the proof. ll

We extend the last theorem for any kernel and with a less restrictive property that the
quasicontinuity; but for reflexive Orlicz space. This is the tribute to pay!

By B(R"™) we note the family of Borelian sets in R".

Theorem 5 Let k be any kernel and suppose that the N-function A is such that A and

A* satisfy the Ay condition. Lel g, and gg be two functions verifying the following: Ve = 0,

3X € B(RY):Ck,a(X) < ¢ and the restrictions of g, and g to °X are continuous.
Suppose that {z : gy(x) # ga(x)} € B(RV) and that g,(x) = ga(x) a.e. Then

ai{z) = ga(z) (K, A) - qe

Proof. We follow Sjtidin's method in [22] relative to the [P Lebesgue spaces case.

We pose E = {z: g,(z) # g2(z)} and suppose Cy 4(E) = ¢ > 0. We suppose also c
finite. Let € > 0 be such that ¢ > 2¢ and E; € B(RY) be such that Ck, a(ls) < € with
the restrictions of g; and gz to °E; continuous. By [7, Théoréme 1] Cy 4 Is subadditive.
Hence Cy 4 (E\ E)) > c—¢.
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By [5, Théoréme 3] Y £ is capacitable. Thus, there i a compact K © E Y By, such
that €7 ((K) > e —c

By [-;?l, Theéoréime 4] we have the equality Goall) = D 4(K), amd K has s distribu-
tional measure p, for Dy 4 Hence ||u|| = 'y ((K).

Let ¢ € D(RY) be with support in the unit ball aud such that ||¢f], = L. We
pose ¢ (x) = iVgliz), g, =pe g, (i=1,2,.), and K, = {re Y dist{e, K) < i '}

This implies that g, is a test measure for Dg (K08 1) sinee it is alsolutely continuons
with respect to the Lebesgue measure m, and m(&) = 0 and on the other hand we have
by [21] (see also [10] for a simple proof)

Ik g g == A e e llge = 1K * pella- ]l
We get O J(Ki\E) = D a0\ B) 2 gl = el = €5 4 () 2 e e
Heuce ('1.4 (KN EYN B = e 2e 0, which implies (KA BB £ 0 fore =12,

Let (xy), be a sequence in (K8 208 1) sud (yy),, be avother sequence in K such
that o, — | <p ', p=1,2, ...
Sinee K s a compact set, there by & R osuch that lim gy = g 'This implies lim
P P
Ly =Y. We have

lon () — galw)] < loule) — i) |+ |l — gl )]+ lgalern)  walid) p = 1,2,
But g.{.r],} — galry) = 0, and by continnity we gt

loa(w) = galxp)l -+ O ol |galz,) - galu)] +Wasp oo

Thus gy(y) = ga(p), and we have a coptradiction,
The case ¢ = oo reduees easily Lo the proecedent one The proal is Hoished.

5. OPERATIONS ON POTENTIALS

We: neesl the Tollowing ke,

Lemma 1 Lel A be ang N-funetton. For all woaltiondives £ suwch that |£] 2 m <" N, thers
i o constined O siech that for all { & Ly awd for abmost ceery o,

| (Cn )] = CMS R (o) (o)

Fraaf. 'T'he prood is exactly e saoe s o [2, Chiagpter 3, Propesition 300 7] for the LY
el vies sppeces aspse:

I M) = oo, there is nothing Lo prove. Consider the ciase A1) < oo By (1), 12)
e Lhe estimate

/ ..xf'f‘_*’?rt?;iﬁ_-l < DA™ M f(x), (8)
vy
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where [ is & constant, there is a constant € such that

Gurlfi@sc [ o [ yee e

z—y" "™
|z—wl=1 E TS
<C'Mf(z)+C'y et f |f (w)l dy
=g ylcin

< C'Mf(z) +C'Mf(z) i(:’ +1)Net = CMf(z).

=1
Hence by (4}, (5), (2) and (8), we get for every § < 1
DtGmen@lsC [ s [

jx—pi<d dsjz-y| <)
0 [ Gnla-w)If)la
lz—y|z1
Whence | D(G, + f}{.’l:}| <C (.5m—IEI‘qu{I] + 679G | f](z) + G * ]l {:!;]) )
We choose §™ = E-"‘—*-M Hence § < 1, and we obtain the lemma.

CM f(x)
The LP version of the following Theorcin can be found in [1] for m € R such that
0<m< N :

Theorem 8 Lelm be an integer such that 0 < m < N and A be an N-function such that
A and A* satisfy the Ag condition. Let k be an integer such that k > m and T € C*(R*)
verifies the following condition .

sup [z TUNz)| S L <00,i=1,2,..,k

Then T o (G, * f) € Ly, 4, for all f € LY, and there is a constant C', which depends
ondy on A, m and N, such that

Il“ a {Gln * IHHIFI,A = l‘:“'L”l("‘lwl * .Ir”lm.:\ = (Tflll.””zi

Proof. We begin by the case where f € D(RV) and f = 0. Let u= Gy, + f; then u is
positive and hence T'o u is well defined. Let £ be any multiindice such that, €] = m. By
the calculus of partial derivatives of the compositions we obtain

T
[K(Tou)= ZT“} nuzqfﬁlu...ﬂfiu,

i=1
where the sum is for the multiindices {£,, ..., £;} such that £+ ...+ &, = £ and |'.Ej| >1
¥j. The value of the coefficients ¢ is of no importance.

m

By hypothesis |[D¢(Tou)| < CL Zu' - Z | DFrae. D¥eu|.
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For i > 1, we estimate these derivatives with the aid of precedent Lemma. We get

| Désu| ona - B
i
SinceZ(l—Ell)zt’— 1511:1— I, we obtain

m
J=1
m ™
Yow Y D Do S CYut Mf o = CMS.
i—1 i=2

By adding the terin for 1 = 1, we get 1.{.'-"'5{'1"0:1“ = ['-"L{IM_H + |D* J.:” .
From [10] we know that |||[M f|||a < C|l|f]]|.a, and that

NG * N4 < CliLSa, For [§] = m.

"This achieve the proof for f € D(RY).
Let us treat the general case when [ € L;. Sinee A verilies the Ay condition, there is
a sequence of positive lunclions [, € D(RY), i=1,2, ..., such that lim |||fi = fllla =0
e

Hence |||T o (€0 * [)ll|m, 4 = CL|| S]]l 4 for sufficiently large i

That if we pose To{(7,, * fi) = (0, #g,, we can cssume Lhat the sequence (gi )i converges
weakly in L4 to an element g, with |||g]l]la < CLIS)] 4. H

We have to show that (0, « g = To ({7, = [).

From [10 or 21], |Gy # (f = filllia S G 1l 1L = Sillla-

This implies that the sequence (€7, + g), converges strongly in Ly to 5, + f. Hy
considering a subsequence, we can assume Ut Tim O« fi =6 fae

1 T
The continuity of 7" gives lin 7, ¢y = To (i, + [} a.c.
e
The weak convergence of the sequence (), implies that €7, « g is the limit of the
sequence (G, * g0 In fact pose Tor any &, by = g0 - 4. Then fer oy 0 = 0 wee Tive

G 2 i) = [ Clr by by / Gl - w)h(widy
I wl el

Sinee (7, & Log- ont the origin, we hove by Talder ineguality in Celics spauces

N / (ol = yhf (g )edy =0,

| gl e

By Fatou's Lemina we gel

I i Gy B flLa Tininl ] / o id D it~ ) | )]
lyl <
‘_;hl”j |F|*'*|Ei|4 / (:m{!;li“,l.
) <

which is arbitrarily small.
Hence for alimost all &,
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G * g(z) =il-i4|[2u G * gi(z) =iEncL To(Gm * fi)(z) =T o (G * f)(z).

The proof is finished. Il

6. OTHER DEFINITION OF CAPACITY AND REMOVABLE
SINGULARITIES

We begin by the following definitions.

Definition 3 For X ¢ RN, we pose

Ni,a(X) = inl {A(]|l&lllx,4) : ¢ € 8 and ¢ = | in & neighborhood of X'}
NL,A(X} = infl {|||ll|k.a : ¥ € 8 and = | in & neighborhood of X}.

Here 8 = S(R") is the Schwartz space of rapidly decreasing functions.

If £ = G, we write N,, 4 = Ng_ a.

Definition 4 Let K C RY be a compact set, and let P o partwl differential operator
defined in a neighborhood of K. Then K is said to be removable for P in L ¢f any solution
v of Pu =0 in O\ K for some bounded open neighborhood of K, such that v € La(O\ K},
can be extended to a function @ € La(0) such that Pi =0 in 0.

We give a result that can be proved, as in Lhe Lebesgue spaces case, withoul going
deeply into the theory of partial differential equations,

Theorem 7 Let m be an integer such that 0 < m < N Let K ¢ HY be a compact
set, and let P an elliptic linear partial differential operator of order m with conslant
coefficients. Let A be an N-function such that A and A* satisfy the Ag condition. Then
K is not remouvable for P in Ly if By, 4-(K) = 0, and it is removable if Ny, 4 (K) = 0.

Proof. Assume that By 4-(K) = 0. Then by |5, Théoréme 4] there s a nonzero
u € M*(K) such that €, * i € Ly. Let § be the lundamental solution of P. By the
properties of fundamental solutions of elliptic lincar operators, there is o constunt € sach
that |9(z)| < ' |=|™" N for small x| See [14, pp 61-65]. 10 Follows that 5+ 3 & Ly p.
Moreover, S+ g is a solution of Pv = 0 in “K, which proves that IV is not renwwable,

On the other hand, assume Lhat Ny, q-(K) = 0. Then [K] = 0, otherwise we conld ose
Lebesgue measure restricted to i in Lhe first part of the prool. Hence, agiven solution »
in O\ K is defined e, in O, so it can be considerad ns o distribution in €7

Let ¢ = 0 and lel 3 € 8 be such that y = 1 in a neighborhood of K sonl satisly
"ix“lml)‘. < e Let o & DY) We cluim Lhad

/ uPtyle = 10, (ny

P* dencting the miljoint operator of P
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We have (1 — x)y¢ € D{O Y K), and hence f‘l.ll'-'" ({1 — x)p) dz =0

Hélder inequality in Orlicz spaces gives

[ vepas| = [ vB*(xeta| < ollaoliie* el

The Leibniz formula and the equivalence of norms in L, 4- and W™L 4. give a constant
C such that |||P*(xp)|]la- < Ce. Since ¢ is arbitrary, (9) follows. Thus v is a weak
solution in O, and we obtain the theorem by the regularity theory for elliptic equations,
see Hormander [12, Theorem 4.4.1]. H

We remark the immediate inequality By a(X) < N, a(X). In view of the last Lheorein,
it is of considerable interest that these set functions are in fact equivalent.

Theorem B Let m be an integer such that 0 < m < N, and A be an N-function such that
A and A* satisfy the Ay condition. Then there 13 a constant C' such that for all X C RY

By 4(X) = N, a(X) € CBpyalX).

This means that a compact K © R, is vemovable in Ly for an elliptic linear operator
of order m with constant coefficients if and only of B, 4(K) =0,

Proof. Let £ = 0. Then since H,, 4 is outer, there is f € L; such that (5« f 2 1 on
a neighborhood of X, and A(]||f]||a) £ B, a(X) + ¢

Let T € C*(R) be a function such that 0 < T < 1, T(z) = 0 for 0 < 2 < § and
T(x) =1 for | <x. An application of Theorem 1, §5 gives the desired result. W

T'he first L? version of this theorem was been proved by V.G, Maz'ya [18, Chapter 9.3].
The LP version for general m is due to 1R, Adams and J.C. Poking [1]. 'T'he general case
when m € R is such that 0 < 9 < N, remains open
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