LIBERTAS MATHEMATICA, VOL. XIX {1999)

AN ESTIMATE FOR THE RATE OF APPROXIMATION OF
FUNCTIONS BY CHEBYSHEV POLYNOMIALS

KAMEL AL-KHALED

Abstract.For a function f{x) fo be of bounded variation en =14 and Co(f; r)
the ™" partial swn of the epansion of flx) in o Chebyshev sevies of the second
kind, we find an estimale for the mte of econvergenee of the sequence {Colfia)} to
Ff(z+0) + f(z=0)).

1. STATEMENT OF THIS RESULT

Let be f{x) be a real-vabued Tonetion defineal on [-1,0]0 Let £ () b the Chelyshey
polynomial of the second kind that is delined Ty

sinl o+ 1 erccosr

U} =

sinfarecoss)

For f(x) to be s funetion of bounded variation on |11 sand ©y (0] the o™ partinl sum
of the expantion of f{x) in s Chelyshey sories of Che seeond kined defined s

Calfia) =Y Agla(r) (1.1)
TE ]
where
L -
Ay== / VI U e = 0,12, (1.2}
LI

The sequence {4 (f;0)} converges 1o flr) pointwise on (=1,1) and unilormly on every
closed subinterval of (-1,1) wherever f{e] is o contimmons Tanetion oo [F1,1)0 AL the end
points -1 and 1, however the sequence diverges,

Bojanic, B. and Cheng, F. 1L [3] have studied the belavior of Hermite-Fejor poly nomi-
als Hy(f;x) for Munctions of bounded variation on [-1,1] by taking the interpolation over
the zeros of Chebyshiey polynomials of Grst kind, They gave an estimate for the rate of
Ceonvergence of My (fx) al points of continnity of f and proved 1hat st points of discon-
tinuity where f(x +0) £ fla - 0) the I, 0 0) diverge. Al-Jareah [2] stodied Che sane
problem where the interpolation is takew over the geros of Che Chelyshey polynomials of
the second kind. We give here a similar treatment of convergenee problen where H,(f;x)
(seel2]) is replaced by O (f; ) as defined by (1) and (1L.2) We now formmlate our wain
theorem in Lhis paper.
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Theoreml1.1 Lel f(z) be a function of bounded variation on [-1,1] and cont innes ai
xE(--1,1).
Let

fz=t
flt)= flz—0), if-1<t<a
Then for every 2 € (—1,1) amd n = 2 we have

Sl = fle+0), fz<t<]
g:(t) =

Calf;z) - é{f{;r+l}}+f|[:ﬂ—u}]‘ < ﬂ_—li(h - Ltﬂ [ — 1%] |

;-—Zl o,z ¥ ) r | (+0) = [0

Vers, Wy [n,b) is the total variation of g,rl{!] on [ab]. It is ensy to see thet g, -
contiimous at £ = & amd of bounded variation on |-1,1].

2. PROOF OF THE THEOREM

We know frow (1.1), (1.2) th

Calfim) = Z [ V= U (U ()t
S
= f | (2 {0V, L, el (2.1)
where | .,
Vil t) = -j ;ffﬁ.{.g-]mm (2.2
Now we call o

by - / V1= g, (Ve )it
a ]
nE ¥ ';i e
Ky / V= g )V ()t
r lis=
ol —
ky = / VT = g 0V e, )t
ot I-;:
ky= fla— ﬂ”/ JI - -f:d“,i.!',l']iﬂ - i]
£ -

and

| :
ks = flr +u3|/ V1= 4 (e e =]
andd so by Lhe definition of g (8) and (2.11-], Fer any Dixed e (=1, 1) we hiave
|
Calfi) }{”r tUO)F e O)) = by by ok Ry R+ ke

To find an estitate for eacli of the above guantities &y, bo, by, by noed by, we procesd s
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follows.
By (2.2), the integral in k4 can be written as

T 2 T 2 n &
f V1 =12V, (z,t)dt = {;f V1 —t2dt) +(;ZU¢{m1f V1= t2U(t)dt) (2.3)
=1 -1 k=1 -1
evaluating the first integral in the left hand side of (2.3) to get
z —
?2:',[1 V1—t2dl = %.1 1—x2+iurcsi|1:;+ %

or, for x = coz 8, we have

2 re #  sin20

=z VI—=t2dt=1—=—

- [1 1-3dt=1 —+ (2.4)
also'the second integral in the right hand side of (2.3) has the value

f "rl"—_"_t“[fk{.‘,}dt 1 sin (k + 2)0 sinkﬂ}

k+2 k

and so the second term in the left hand side of (2.3) becomes

‘Zﬂk(ﬂf V1= 20U (t)ydt = _Tl ZE"’E"” L sin(n+ Dsinnd
k=3

p (n+ )msind

sin (n +2)0 uin. (n+1)f  sin2d sin E-ﬂuu&?&}
{n+ 2)msin & T ™
Now substitute the well known fact

Arcois r =

;- )

h.-l‘-1

or, for ¢ = arccosz, 0 < f < m
=73 - I %, substitule this into Fguation (2.4) to obtain
Lo x)

%fz ﬂeﬂ- _ é " Jsin '.»3!? -;mrlb' 1 1|:2H-i' (2.6)
-1

an v

=q

Using (2.5), (2.6). Equation (2.3) takes the formn

= 1 1 o= sin2kl sin(n+ 1)0sinnd sin(n + 2)@sin(n+ 1)8
v1—t2 —
j:l L= 8Va(m, t)dt 2+Wk§.| A m(n+1)sind * w(n+ 1)sind

Therefore for 0 < # < w
_ 1 = sin2kf  sin(n+ )¥sinnd  sin(n+ 2)0sin (n + 1)0
h—f{:{t—ﬂ}[— Z " w(n+ 1)sind w(n+1)sind ]

k=n+l

and
b =1 +0)[ = 3

k=n+1

sin 2kl sin(n 4+ L)fsinnd  sin (n+ 2)0sin(n + l].'?]
w(n+ 1) sind wn+ 1)sind ’
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To find abound for [k + ks, notice that

i:f: sin 2k
k

E=zn+1

2
g — <
wsin '

je, for0d < w1 o<1, and n =, we have

Pkl < s [ 4-0) = £ O) (27)

Mext, to find an estimate for ky, note that

Vila, )| < —- I
e (e rrpere
For t € [x - I:ll;—,J + ] and since g (x) = 0, we have
i | + & 1l -
lg=(t)] = |gclt) = ye()] < I'y.[-r _:;-_r‘]" 4 _”__i
and so, for —1 < < 1,n = 2 we have
G | +.r L=
P (e ¢ 1 T 0 e B R 98
|kg| < WJI_H?IQ'P e + . | (2.8)

Finally we estimate k; and ky.
By (2.2) snd a known formula, [6, p. 70 we hiave
Valx, 1) sin {n 4 2) arceos osin (0 4+ 1) arceost - i (n J}ur:mﬁi Hlu{n + 1) wreeos -
nlZ, ) = e bl M B il T .

mia []hill}it’l’ll.k‘-.r.‘-:.'IIHIHth

ko (1, y) [ = 20, Lo )t (o< g = 1) (2]

Applying the mean-value tworem, we can find w £ € [y, 1] such that wili o = con f we have

Fhm{n b ,.’]H . --Hm {1 4+ L) arceos

.ﬁ:"{::',_l;} = e / 3 R o -
ol

el

rr{y— il sin fl sy arceos

| i'.i S 2 1'
hm{_ni ,'I /'v,.- 2 ml,Jr’r e ”I

s arceos |
It is ensy Lo show Lt

2
"

T

jq; '.,‘rj] . ;'Zhil.l.!'rf..f..“.“.“.“m{,“
¥

s arevios f

and similarly

St areeos n4l

/.‘, v/l -fz :'iH[{-lj! + -3}1'.!.:{-|_-I:thd,r[ 2__
* hl d

sy Lt hey L, ) can b Bonedesd by

I
finffl)] & =
| | nmly - )1 - a2
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Also from (2.9) and gg(z) = 0, we have

! a
|k::1| = 1— tﬂﬂm{”“l{ﬂ:-.ﬂdt = |L+¥Qt{t}ah={xrﬂﬂ
l1-=x 1=z : _ 4
= Q:{m + ]kﬂ(:rrm-i_ N+ s Ikﬂ[miﬂl vg, Ei:,i}
4 1—x
Vo |z, x+ i,
m(l —x)vl—=x o 21 n I+ mw’l—::’ ,+;—_-I—.n Vel

But by a result to Bojanic [4, p. 77]

. 1 1 l=-x - |~z
. f L [ I -
f+ = V z.1] < — Vi lz, 1)+ 0V, [z, z + - I+kE_,|Vﬂ‘h11+ P ]

we find that

kgl =< V, A
Jﬂ_ﬂﬂl “J__TE: J£4+ (2.10)
The same way we can find that
16
2.11
il S o V= JZ ol = ==l (211)

The proof of the theoren follows now from substituting the inequalities (2.7), (2.8), (2,10)
and (2.11) into

Cul(f;x) - < kil + |k2] + [Ka] + ki + |Ks| .
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