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ON AN INTEGRAL INEQUALITY FOR CERTAIN
ANALYTIC FUNCTIONS

GHEORGHE OROS

Abstract.Let g be an analytic function on the unit disc U = {z; |z]| < 1}, with
g(0) =g'(0)—~1 =0, and let f(z) = f Q—%th. In [§], Petru T. Mocanu showed that
o :

. ) ) . 8 zf'(z) '
th ality |g'(z) — 1| € ———= = 1.362.. ., then -1 <1,
if g satisfies the ineguality |g'(z) — 1| 3T V8 )
I g(uz) 1 :
which is equivalent to Re 1gT;jdu = 5 Jor z € U. In this paper we ertend the
[} L
results under the additional condition g"(0) = ... = g"*'(0) = 0.
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1. INTRODUCTION AND PRELIMINARIES

Let A, denote the class of functions of the form:
f(2) =2+ ana1 2" 4+ ap422"™"

which are analytic in the unit disc [/ = {z; |z| < 1}.
In [3, Corollary 4.2] Petru T. Mocanu obtained the following resull:
If g € A, satisfies |g'(z) — 1| < 1, for z € U/, then

1
Hf:f 942 o Lt zew
o uglz) 2

k...

If we let

iU

o= [ I
then this last inequality is equivalent to
2f(z) _

f(2)

In [4], Petru T. Mocanu improvesd the above result, by showing that the same conclusion

1l<1, forzell

8
helds under the less restrictive condition |g'(z) — 1| < =y i 1.362.. ..
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In this paper we shall determine a positive number M, so that if g € A, and
la'(z) — 1| < M, then
zf'(z)
f(2)

f(z) :jﬂ #:z}du.

<1, forzel,

where f is given by

2. PRELIMINARIES

If f and g are analytic functions on [/, then we say that f is subordinate to g,
written f < g or f(z) < g(z), il g is univalent, f(0) = g(0) and f(I) C g(U).

We shall use the following lemmas to prove our results,

Lemma 1. [1, p.192] Let h be a convex function on U (i.e. h is univalent and h(U)
is a conver domain). If p(z) = 1 + pu2" + prsa2™' + . is analylic in U and satisfies
the differential subordination

plz)+ 2p'(2) < bz},

I. 3
'_I'.F{Z} - m/. h[t}tl"ru . ll‘“.
- o

Lemma 2. [2] Let E be a set in the complex plane C and lel g be an analytic and
univalent function on U. Suppose that the function H : C* x U -+ C salisfies
Hg(C).meq'(C): 2] £1
whenever m = n, (| = 1 and z € U1, If p(z) = q(0) + pp2™ + pyuir 2" + . is analytic
on U, and satisfies

then

Hp(2), 2p'(2);2] € 12, for z € U,
then p < gq.

3. MAIN RESULTS

Theorem 1. If f € A,, salisfics

Iff(z)+2f"(z) =1 < M, zel, (n
where M < M, with
i
M, = _._.___{lrj_...l.l._ — (2)
nin -+ 3)+ /(n + 1)% —dn
then o
j{f{}_] Al <1, 2l (1)

Proof. Since the inequality (1) can be rewritlen as
Filzy+zf"e) <14+ Mz, zel)
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z and

by using Lemma 1, we deduce f'(z) <1+ nf-fl

18 gy M

= “

Let p{z) = ;I,:{ 2) and P(z) = i ) Since (4) implies P(z) # 0, the function p is
analytic in U/ and the inequality (1) becomes

|P(2)[2p'(2) + P*(2)] - )| < M, z2€U. (5)
The inequality (3) is equivalent to
plz) <1+ = (6)
and in order to show that (6) holds, by Lemma 2, it is sufficient to check the inﬁquahty
[P(2)mg + (1 4+¢)* = 1| 2 M, (7)
forallm =mn, |(|=1and z € U/

If we let { = e'f
L(m,0,2) = |P(2)pmg + (1 +¢)*] — 1 = |P(2)(({ + C+ m+ 2) — 1|* =
= (2cos8 + m + 2){(2cos 8 4+ m + 2)|P(2)|* — 2Re[e” P(2)]) + 1.
From (4) we deduce

M
|P{Z]'—li‘:{ +|.:|2

and M
“']{.EH = {ﬂ_-+-|—}_2

For m > n we have
%%{ = (2esd +m + 2)|P(2)]* - Re|e® P(z2)] =
= (m+ 2)|{(2)|* + Rele" P(2)[2P(z) - 1) =
2 |P(z)|[(n + 2)| P(2)] - JIP{z} - li -1}z

= |P(2)] {[ﬂ+ 25|11 -

g {u+1}2 | ’J =
(n+4)M
2{.”['2‘” {I!—+l}—m?'— 0,
which shows that L is an increasing function of . Hence we deduce
L(m,0,2) = L(n,0,z) = (2cos0 4+ n + 2){{2cos 0 + n + 2)|P(2)|* - 2Rele" P(2)]} + 1 =

= (2cos® +n+2){(n + 2)|P(2)]* - 2Rele” P(2){P(z) - 1)] +1 =
2 (2cosf +n+ 2)|P(z)|{(n+ 2)|P(2)] = 2|P(2) - 1]} +1 =
=nll- M (n+2)|1- v"—--—ﬂM +1
71 i —— - 3 =
= [t 1+ 1)2 T+ 1)? (n+1)*
_on4d o 2n+3)M 7 _
T4 1) (n+1)? 41 = R,
Since 0 < M < M,, where M, is the positive root of the equation K{M) = M2,
we deduce L(m,#,z) = M2, which yields (7). Henee the subordination (6) holds and we
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obtain (3), which completes the proof of Theorem 1.
The following two theorems are integral versions of Theorem 1.
Theorem 2. If g € A,, satisfies |g'(z) — 1] < My, where M, is given by (2), then

zf'(z)
f(=)

=[98, [felu2)
J'L}—_[. ;d‘—[} “2) gy,

Theorem 3. If g € A, satisfies |g'(2) — 1] < M, where M, is given by (2}, then

1
He [ f“ﬂ-l-!-fldu = é forz el
o ug(z) 2

<1, forze U,

where

4. EXAMPLES
Example 1. Il we let g(z) = (sin Az) /A, then g € Az and we have
Bl
lg'(z) =11 =2

iz 0 alAz A
sin® —é‘i - :ae,n*’"f—l < zsiﬁlfl < My = = 2.198
for z € 7 and

2 2 =M T oy v

Al < In [1 + My + /My(M, +_2}‘ =1,83...
and by Theorem 3 we deduce

” |
510 2 2

I s -
. § z sin £
Sifz) = [ N i el
0 L1 0o i
The inequality (8} is an improvement of Example 1in [4].

Example 2. Il we let g(z) = (tan Az)/A, then g € Ay and we have
lg'(z) = 1] = | tan® Az) < tan® |Az| < tan® |A] < My

y Hor |z} < 1,84,

where

for 2 € U and
|A] < aretan M = 0077 ...

and by Theorem 3 we deduce

1

t 2

Hr:f a2y s L for 2] <0977, .
n tlanz 2

The inequality (9] is an improvement of Example 4 in [4].

()

(v
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