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1. INTRODUCTION

In the past few years, several papers have been devoted to the study of integral equations
on real compact intervals by different authors under different conditions on the kernel (see
for instance [4], [5], [6], [7], [10], [8], [13], [14], [17] and the references therein). However
very few results are available for integral inclusions on compact intervals see (1], [2], [5],
[7] and [14].

The fundamental tools used in the exisience proofs of all above mentioned works are
essentially fixed point arguments, nonlinear alternative, topological transversality or iter-
ative methods.

In this note, we shall be concerned with the cxistence of solutions on an unbounded
real interval for the integral inclusion:

ylt) Ej; K(t,s)F(s,y(s))ds + g(t) for t€.J:=[0,00) (1.1)

where F: J x RYN — R" is a convex-multivalued map, K : D -— IR,
D={(t,s)eJ xJ:t>s),and g:J — IR" a single-valued map.

We shall generalize to an unbounded real inteival the problem (1.1) considered by
O'Regan [15] on a compact interval. The method we are going to use is to reduce the
existence of solutions to the integral inclusion (1.1) to the search for fixed points of a
suitable multivalued map on the Fréchet space C(J, IRY) and we make use of an extension
to multivalued maps on locally con.ex topological spaces due to Ma [12] of Schaeler's
theorem [16].
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2. PRELIMINARIES

We will briefly recall some basic definitions and facts from multivalued analysis that
we will use in the sequel.
Jin is the compact real interval [0, m](m € IN).
C(J,R") is the linear metric Fréchet space of continuous functions from J into TRY with
the metric (see [3] )

27"y — zllm ; . N
d(y, 2) = 2 Ty =z, ek wzeCRY),

Mol
where
”y”m "Hup{ly[t}l te Jm}
tocl, IR™) denotes the Banach space of functions y : J —s IRY Lebesgue integrable.
U denotes the neighbourhood of 0 in C(J, ]H,N} defined by
Up = {y € C(J,R™) - |yllm < p}.
The omwargence in C(J,IR") is the uniform convergence on compact intervals, i.e. y; —
yin C(J,IR r} if and only if for each m € N, [ly; = yllm — 0in C(J,,,IRY) as § — oo
M C C(J,IR"™) is a bounded set il and only if there exists a positive lunction ¢ € C{J,IR)
such that
lu(t)] < ¢(t) forall teJ and ¥ EM.
The Ascoli-Arzela theorem says that a set. M C C[J, m" ) is compact if and only if for
each m € IN, M is a compact in the Banaeh space (C(J, RN, [Llm)
L=(J, 1R} is the space of essentially bounded measurable functions frt:||1 Jinto R.
Let (X,||.||) be a Banach space. A multivalued map @ : X — X is convex (closed)
valued if G(z) is convex (closed) for all 2 € X. G is bounded on bounded sets il G(B) =
UzegG(z) is bounded in X for any bounded set B of X (i.e. sup[sup[”y" weGlx)}} <

o).

@ is called upper semicontinuous (w.s.c.) on X if for each xy € X the set G(zg) is &
nonempty, closed subset of X, and il for cach open set B of X containing ((irg), there
exists an open neighbourhood A of zg such that (7(A) € B. (7 is said to be completely
continuous if G(B) is relatively compact for every bounded subset 2 C X,

If the multivalued map & is completely continnous with nonemply compact values,
then 7 is us.c. il and only if (7 has a closed graph (e 2, — 29, g —* Yo, U € Gy
imply yo € Go). _

(7 has a fixed point il there is x € X such that © € (e

In the following CC(IRY) denotes the sel of all compact, convex and nonempty subsels
of R,

A multivalued map @ : J — CCRY) is said 1o be measurable if for each z € MY
the function ¢ v— d(z, F(t)) = inf{|}x — y|| : ¥ € F(t)} is measurable For more details on
nmultivalued maps see [3]

Let us list the following lypotheses:

(H1) F:Jx BRY — COMRN )Y (0 y) — F(E 1) is mensurable with respeet Lo £ for



MOUFFAK BENCHOHRA, ABDELKADER BOUCHERIF and JUAN J. NIETO 121

each y € IRY, us.c. with respect to y for each t € J and for each fixed y € C(J,R"Y) the
set
Sk, = {v € LMJ,RY): u(t) € F(t,y(t)) for ae. te ..r}

is nonempty;

(H2) for each t € Jy, (m € {1,2,...}), K(t,s) is measurable on [0,t] and
K(t) = ess BUP{IK[E,S}I, 0<s< t}r

is bounded on Jy,;

(H3) the map t — K, is continuous from Jy, to L™(J, IR); here K,(3) = K(t, 8);

(H4) g: J — IRY is a continuous single- valued map;

0
(H5) there exist a continuous nondecreasing function ¥ : |00, 00} — (0, co) with f _‘::t} =
u

oo and p € L(J,IR4) such that
|F(t,y)) :==sup{lv] : v € F(t,u)} = p(t)e(ly]) forae teJ andall ye R,

By a solution to (1.1), we mean a function y € C'(J,IR") that satisfies the integral inclu-
gion (1.1} on J.

Remark 1 If J is a compact real interval then for each y € C(J, MY) the set 3}-_3 is
nonempty (see [L1] ).

The following lemmeas are crucial in the prool of our maio result (Theorem 3.1):

Lemma 1 [11] Let I be a compact real interval. Let F be o multivalued map sabisfying
(H1) and let T be a linear continuous mapping from L'([], MYy to (L, MY, then the

operator
FoSE: CLIRYN) — CO(C(LIRY)), yr— (Vo SE)y) = 1(S},)
i85 o closed graph operalor in l’.-‘{J‘,llt""} = (1, IliIN}_

Lemma 2 [9] Let [0,T] be a real compact aterval. Af poe L[0T R ) and g
R, — (0,00) w increasing unlh
/"' alit
e =
Jo W(u)
then the integrad equalion

t
z(t) = z.;.+f plad(z(s))ds, for L& |0,T],
o



122 ' AN EXISTANCE RESULT

has for each zp € IRy a unigue solution =. If n € C([0,T),IRY) satisfies the integml
inequality
¢

[uft)] < =0 +f pls)y(|ul(s)|)ds for te 0.1,
0
then |u| < 2

Lemma 3 [12| . Let X be a locally conver space. Let (70 X — X be a compact convex
valtied, u.s.c. multivalued map such thal there exists a closed neighbourhood Uy of O for
which G(Uy) is a relatively compact sel for cach pe IN. {f the et

M= {y e X:ape Gly) for some A= 1}
is bounded, then €7 has a fixed point

3. MAIN RESULT

Theorem 1  Asswmne the hypotheses (1), (H2), (103}, (1) and {5} are satasfied, then
the infegral inclusion {1.1) has al least one solufion.

Proof. A solution of (1.1 is s fixed point for the woltivabuesd wmap €8 (LYY
C(J, RN defined by

o
Gly) = {ne Cm®y ni - / K sdoshts 4 () e sty )
ST

where
H.il-',y = {”‘-‘ LAY ) e B i) fon e ok .f}.
We shall show that G0]) b reluiively compaet for encheoproe IN amd 6 s nse. with
convex closed values, The prood will be given in several =teps

Step 1: Gy) is convex for cach g & O, ™
Towebesmed, A6 M, B Do te C00apd soned 00 <0 B < Lo then B enele 1 e wae B

B
|Gt (1 - &Yh]it) / Bt spfheta) b0 Rpdadpds b oaglt).
1]

S -"lrf.-hI is convex (hecioee B has conves valies) 1l

whot (1 KMe (dy

Step 2: G/} s bonnded dn LI ) Tor each e IN

Indeed, it is enongh Lo show Pl Chere exisis o positive constant o soeh thad Tor each
he Gy € Uy one has ] = o,

ITh & Gy, then thore exisls ee &) ¢ I thaet Jow eaele 0 e A we hisive

Tl / ol sl sgeda 1 oplt)
5
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Thus for each t € J,, we have
¢
@) < j; 1K (¢, ) lu(s)]ds + 9(6)]

llpllz: sup K(t) sup ¥(lu(t)]) + sup |g(t)] == c.
t€Jm t€dm tEJm

1A

Step 3: For each p € N, G sends U, € C(J,IR") into equicontinuous set.
Let ty,t3 € Jm, t; < tg and U, be a neighbourhood of 0 in C(J,RN) for p € IN.
For each y € Uy, and h € Gy, we have

ta ty
e -l = | [ Ko, o(erda— [ K(es,o)olodda + o(ta) - ofen)]

Il

[ 1a,0) - K, e

+ ‘h K (ta, s)v(s)ds + g(t2) — g[h]l.
From hypotheses (H2)-(H5) we get
tm
Iht2) = h(e)] < K (E2,) — K, Ml [ lolo)lds
+ (laup K[t}) j:’ lu(s)lds + |g(tz) — glts)]

Edm
& (ta,.) = K(ts,.)lle=ll2lle: A w(lu(t)l)

+ p K(t)(ta — to)llpll. tﬂ:’l‘-‘ (lu(e)]) + lgltz) = a(ts)].

1A

As a consequence of Step 2, Step 3 ther with the Ascoli-Arzela theorem we can con-
clude that G : C(J,IRY) — C(J,R") is a compact multivalued map.

Step 4: G has a closed graph.
Let yn —= Yo, hn € G(yn), hn — ho. We shall prove that hy € G(yo).
hn € G(ys) means that there exists v, € Si,, such that

ha(t) = f K(t, s)vn(8)ds + g(t).
We must prove that there exists vy e?ﬁ'}m such that

ho(t) = fﬁ K(t, sjuo(s)ds + g(t). {4.1)
The idea is then to use the fact that ’
(1) hn — hg a8 n— og;

(ii) hm — g € (Sh,,) where
t
{l“u]{t'l::j'; K(t,s)u(s)ds.
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If T o S} is a closed graph operator, we would be done. But we don't know whether
I'o 5} is a closed graph operator. So, we cut the functions yn,hn, v, and we consider
them defined on the interval [k, k + 1] for any & € IN. Then, using Lemma 2.1, in this case
we are able to affirm that (3.1) is true on the compact interval [k k + 1], i.e.

SCE f K (t, syob(s)ds + g(t)

for a suitable L'-selection uf of F(t,yo(t)) on the interval [k, &+ 1].
At this point we can paste the functions v¥ obtaining the selection vy defined by
vp(t) = vg(t) for t € [k, k+ 1).

We obtain then that uy is a L'-selection and (3.1) will satisfied.
We give now the details.
Clearly we have

"{hﬂ-_y} _{hﬂ_g}”m —+0 a8 n — o0
Now, we consider lor all k € IN, the mapping

SLYE Ok, k+ 1), RY) — L'([k,k+ 1], R")
w—s Sp* = {f € LY([k, k + 1],IRY) : f(t) € Fit,u(t)) forae. te [k k+1]}
Also, we cnnsu:ler the linear continuous operators
Ty : LY([k, k+ 1), RY) — C([k, k + 1], RV}

v — Ti(v)(t) =j'; K(t, a)v(s)ds.

From Lemma 2.1, it follows that 'y o S,l,-'k is & closed graph operalor for all & & IN,
Moreover, we have that

(ha =g, ., € TW(SE,)
This, besides to y, — yg and Lemmn 2- I, k-llrlﬂ:illﬂ

|t,k+t]“} - L K (¢, s)ug(8)ds + a(t)

ho

for some uf € S}itn. So the Munction vy defined on J by
vg(t) = vf(t) for t€ [k, k+1)
is in Sk, since vy(t) € F(t,yo(t)) for ae L€ J.

It remaing now to prove thal the set
M= {yeCJmY): Aye Qy), A=1])

is bounded to conclude (by Lemma 2.3} that & has fixed points.
For this, let Ay € G(y) for some A = 1. Then there exists v € Shy such thal

t
ylt) = A 1/ Kt s)v(s)ds + A 'g(t) for all € Jy
o .
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In view of (H2), (H3), (H4) and (H5) we have for each t € J,,
L
W) < fu Kt 8)p(s)w(ly())ds + lgllm

1A

£
sup K() [ Do) ((6))ds + gl
As a consequence of Lemma 2.2, we oblain

“F"m = ”3”ms
where z is the unique solution on J,, of the integral equation

i
2(8) — flglls = sup K () [ p(8)(2(s))ds. (32)
i’:Jm o

So M is bounded.
Set X := C(J,IR"). As a consequence of Lemma 2.3 we can conclude that the multivalued
map ( has a fixed point y which is a solution to (1.1). O

Remark 2 The condition on ¢ in hypothesis (H3) with Lenuna 2.2 imply the ecistence
and the uniqueness of the selution to {3.2).
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