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AN ASYMPTOTIC EXPANSION FOR SOME SECOND
ORDER DIFFERENTIAL EQUATIONS IN HILBERT SPACES

N. C. APREUTESEI

Abstract. An asymptotic expanston (series) for the solution u, of the boundary
value problem (A;) below is constructed. The n-th partial sum of this series is an
asymptotic approzimation for we in [0,7] to within accurucy of the order e" V2 In
particular, w, approaches the solulion u of the first order problem (Ag), in the entire
interval [0, T, if b = w(T) and m [0,6], for some positive 8, if b # u(T).

1. INTRODUCTION

In this paper, we intend to compare the solution of the boundary value problem:

eu; — t, = Au, + [ ae. on [0,7]

u(0) = a, u,(T)="b, (4c)
with the solution of the problem

u+Au=—f ae on 0T

{ u(0) = a. ! au (4o)
Here < is a small positive parameter, 4 is a linear operator on s Hilbert, space I, f is &
given function and a,b € D(A) are given. Il in (A4, ) we take £ = 0, we obtain the problemn
{Ao), so (Ag) is called the perturbed problem and (An) is the nnperturbed problem.

Our main goal is to show that the difference u, = w (in a soitably chosen measure)
approximates zero on a subset [0,8], for some &, with 0 < 8§ < T Moreover, since u(f)
does not approximate w(f) for small £ in the so - called boundary layer (8,7, we shall
construct an asymptotic expasion (or asymptobic secies) for u, (8}, that s vadid in the entire
interval [0, T}

First, let us establish the hypotheses under which we work sl recnll some existence
results concerning Lhe solutions of (A, ) and {Ag).

We are given a real Hilbert space 17 {with the norm || |]) aned oo operator A - 4 s 1
such Lthat
(T1) A is a single-valueld, huear, densely delined, svunnetrie and positive dedinite aperator,
i.e., Lthere iz a positive mnber w0, soeh thal

{Ar,r) 2w, (¥)a e K (1.1)

(12) a,be inA) (1.2)
(I13) fe W' (0,T:H), ie. [0 € L*0,T 1) {1.3)
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We know that, if A is maximal monotone set in HxH, a € D(A) and f € W41(0,T; H),
then (Ap) has a unique strong solution u, which belongs to W'>°(0, T, H) ([6], [8], [9],
[10)), i.e. u(t) is absolutely continuous on [0, T and du/dt € L>(0,T; H).

The problem Ae is a particular case of the more general boundary value problem

pu”" +ru' € Au+ f, ae on [0,7]
{ w(0) € a(u(0) — a), w(T) € —B(u(T) - b),
where A, a, § are maximal monolone operators in a real Hilbert space H, with 0 € D(A)N
D(a) n D(B), 0 € a(0), 0 € B(0), a,b & D(A), fe L*0,T;H) and p,r : [0,T] — R,
p,r € W10, T). One also assumes that, if A is the Yosida approximation of A, i.e.
Ayz = (1/A)(z — (I + AA)'z), then
(Asz— Ayy,2) 20, (v)z € a(r—y), where -y € Da),
(Axz— Apy,w) 20, Vw e -3z ~y), where z—y € D(J).

The existence of the solutions of (1.4) was studied by L. Véron [12] and by R. Aftabizadeh
and N.H. Pavel [2], [3]. One of these results ([2]) establishes that, if A is maximal strongly
monotone operator in H, then (1.4) has a unique solution u € W%(0, T; H).

Similar results for second order differential equations on half-axis, were obtained by N,
Apreutesei [4], [5]. We recall one of these theorems, which we need later. Consider the
problem

(1.4)

{ pu’ +ru' € Bu+ g, ae on |U,00) (1.5)
u'(0) € a(u(0) — a), '
where B and & are maximal monotone operators in H, with 0 € D{B) N D{a), 0 € «(0),
a € D(B) and p,r € W"™(0,00), p(t) =2 ¢ > 0, r(t) 2 rg > 0, (V)t € [0,00). Let 7 be the
function given by

0 =eo( [ '{r{s};’p{a}}dﬂ) (1.6)

and LE{D,QO;H} be the space L*(0,00; H) with the weight function 7, i.e. the inner
product in L3(0,00, H) is

& U, E= f"”ﬂ”[“{“‘ v(t))de, (Vu,ve Li{l},oo; H}. (1.7)
[

THEOREM 1.1. [f the above hypotheses hold, () is bounded in H, f € L2(0,00; H)
and
(Axz — Ay, z) 20, Vz € a(z —y), where x~y € D(a), (1.8)
then (1.5) has at least one solution u € H2(0,00; H) = {ufu,v',u" € L(0,00; H)}.
We come back to (1.4) and put « = 3 = 35, where j : H — (—o0, o],
a0 x=0
jlz) = { +o0, otherwise. (1.9)
Then D(37) = {0} and 85(0) = H, so the boundary conditions become u(0) = a,
u(T) = b, as in (A=). Taking p(t) = ¢, r(t) = -1, (¥)t € [0,T], we obtain the problem
(Ae).
Therefore, under the hypotheses (11)-(13), the problem (Aec) has a unique solution
u, € W30, T, H). Moreover, as we shall prove in section 2, if f € WL2(0,T; H), then
u, € W2=2(0, T: H) (see Theorem 2.1}
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The motivation of this paper is:

1. First of all, the elliptic equation from (1.4} is too abstract. I we particularise
p=¢g r=-1and A a0 as above, we obtain the problem (Ag). s solution, wu,,
converges Lo the solution u of (Ap) and the problem (Ag) is the model of many physical
phenomenon. Therefore, {A,) can be interpreted as an approximation (in a certain sense)
of the mathematical models of these processes or phenomenon

2. On the other hand, we shall prove that, under the assumptions (11)-{13), u. is in
PV“L“"’{U, T; H), so the solution w € W= (0,T; H) of (Ap) is approximated by the smoother
function u,. This justifies the necessity of the elliptic regularization.

3. We show that, if b = w(T), then u, — 1w — 0, a5 ¢ — 0, in C[0, T; H} and, moreover
this difference is of order £ to a posilive power; il b £ u(T), then v, approximates u just
outside of a neighbourhood (§,T] of T.

4. Moreover, we construcl an approximation with higher acenracy and the complele as-
ymptotic expansion for the solution of the prablem {A.), in the apirit of A Vasilieva, V.
Butuzov and L. Kalachev [11].

Other papers which deal with the approsimation of the solutions of an unperturbed
problem by the solutions of a perturbed problem wre 1], [7).

The structure of this work is the following. In Lhe second seclion, we give a regulariza-
tion result for the problem (A, ). The next paragraph i concerned with the constroetion
of the asymptotic expansion (series) of the solution u, of the perturbed problem (A, ). In
section 4, we justily Lhe asymplotic expansion amd we estimate the remainder term, In
the last paragraph, an application of this theory ta s partinl ditferentiol equation is given

2. A REGULARITY RESULT

As we mention above, the solution w, of (A.) is in W20, T, 1Y We shuall astablish
that, in fact, u, belongs to W*=(0, T, H), which explain why we approximate the solotion
ue Whe(0,T; H) of (Ag) by the solution u, of (A,) More exactly, we give

THEOREM 2.1. If [ & H'LE[LU,'T'; Y and A is a linear operador satisfyirg condition
(11), the solution n, of (A.) s in W20 1 H) and, for every = = O, we have the cstimate

€ vova _ | gy 2 g B S ighe o
§||“f_- () = ;:!iu! (ON* + ~liAall” & (i + E/ (N ET e
£ 1 (1)

f :
-|-/ Wr ()P ets + i sup (Awl (t)al (0)), e J0 T
J0 2 i |I,i.".|"'l

Proof. We know thnt, for every lixed positive ¢, n, < WS20,0 1), w0 u, ol ¢
L=(0, T H). Without loss of generality, snppose that A s a0 bounded opesator, 15 nob,
we replace A by Ay, we denote by wy Lhe solution of Uhe correspanding approsisied ion
problem and we take the limit Tor A | O taking into seconni the Tt that ay !
H:-JL —+ Tf:, “:—IA ' e Ajw,y — Ang g thes we obibnin (200 Bt os show nowe Bl
ul' € L0, T H) and {2.1).

T o Chis, we write the ogquation in EF 8 and o 6 we subiraet theos and we snliply
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this difference by ul(t + k) — u'(t). One obtains

e(ug (t+ h) —ug(t), ul(t + h) — ug(t)) — |lug(t + k) — ul ()] =
(Auc(t + h) — Au(t), ul(t +h) — ul(t))+ (2.2)
+(f(t+h) = f(t), ui(t + k) — ul(t)), ae. on (0,T - h).

One integrates (2.2) on [0,2] (with 0 <t < T'), one uses the linearity of A and the fact
that, for v(t) = u.(t + h) — u.(t),

fﬂ ‘(Av,v')ds = %mum,ﬂ{m - %{Au{{]},v[ﬂ}}, (2.3)
We deduce that
e+ 8) — O = ()~ O = [ (o -+ 1) ~ wi (o) <
< 2 (At 4 B) = ue(t), et + ) — () + (24)
+f[f[a+n} ~ f(8), uL(s + h) — ul(s))ds, a.e. on (0,T - h).
Let us E:Atimate now |[ul(h) — ul(0)][*. Integrating the given equation on [0, h], we find

h h
ellul () = w.(O)] < fuc(h) — u (O] + f Auc(o)lds + [ 11(6)ids,

50
2

h o h
§||u2(h)~u:{ﬂ}||“géuuc{h}—uftmuhg( / ||Autt-1||da) +§( / -IIJF{aJIIda) 1

(25)
The inequalities (2.4) and (2.5} imply

. h LA g ! .
i+ ) — (O < Slhuc(h) — uelO)I? + = ( / IIAucia‘.illds) +§( / Flf{s}ﬂds) i
+f0 lul(s + k) — ul(s)||*ds + é{fl{uf{t + h) — ug(t)), ue(t +h) — ue(t))+

+f (fls+h)— f(8),u (s +h) — ug(a))ds.
1]

(2.6)
We divide by h? and let h — 0. In view of

h
A"_'ﬂm-l-j{j; [| Aug(a)||ds)? = || Au (D)2

and 1 h
iz f I£(s)llds)? = [L£(O)IP,

we see that (2.1) holds, so u) € L™(0,T; H).
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3. THE CONSTRUCTION OF THE ASYMPTOTIC EXPANSION OF

Uy
Let us give now some formal definitions. Consider the equations
Lou = fo, (R)
Lou, +eLyu, = fo+efy, (Fe)

where Lg, L, are two given operators, fo, [ are known functions, € > 0 is a small parameter
and u(z),u.(z),z € D are the solutions of these problems, satislying some initial or
boundary conditions.

DEFINITION 3.1. We say that (F;) is regulsrly perturbed in the domain 0 if

n?gllutir} ~ ugfzx)j| =0, as ¢ — 0. (3.1)

Otherwise, (1%) is called singularly perturbed problem,

Remark 5.1, We see that, in the case of the regularly perturibed problem, the solutions
u and u, of (), (F,) are close to ench other and in the case of singular perturbations, u
will not be in the proximity of (1, ), ut least on & subset Ly of D, This subset Dy s called
a boundary layer.

Let Dy be a subset of D and U (z) a Minevion which is defined on Dy, In particular,
Dy may coincide with D,

DEFINITION 3.2. The function U, () is said to be an asymplotic approximation
for the solution 1, of (F;), with respect to the parameter g, in the subdomain Dy, il

sup |l (z) = U (z)|]| = 0, as € = 0. (3.2)
€y
Furthermore, if
sup [, (£) = U (z)]] = O(*), (1.2)
F IR

then we say that U, () is an asymplotic approximation for u, (2) in 2y, w within scenracy
of the order e*.
The symbol a(e) = ({e*) means that, there exists o, g5 = 0, sneh that,
ale))l < =, forall 0 < ¢ < g
In this section, we shall prosent nomethod for the constrnetion of an asymptotic ap-
proximation for the solution n, of (A, ), in entire interval [0, T Namely, we shall consider
the series

Tmd
> _eFult), (2.3)
k=il
where uy, € L3(0,T; ). The n-th partinl sum
L1
Une(t) = ZEkuk“], (3.4)
k=0
will give us the asymptotic approximation of u, with an aceuraey of order "% s we

shall see in section 4.
DEFINITION 3.3. The series (3.3) which satisfies the above condition is callod the
asymplotic expansion (asymplotic serics) for w, in the domwin £, e = 0,



110 SECOND ORDER DIFFERENTIAL EQUATIONS

When we refer to the asymptotic series, we often mean an algorithm which allows us to
find the terms of the asymptotic series, until a certain order n. We say that the asymptotic
series is constructed when such an algorithm is presented.

Now, we come back to our problems (Ap) and (A¢). It is natural to ask whether u(t) is
the asymptotic appraximation for u.(t) as € — 0. Observe that u(t) will not in general sat-
isfy the boundary condition w(T) = b, therefore the problem (A,) is singularly perturbed,
i.e. at least in some vicinity of the final point £ = T', the function u(t) will not be close
to u.(t). This vicinity (8, T is said to be the boundary layer. But does u(t) approximate
¢ (t) outside this vieinity? We wish to construct an asymptotic approximation for u,(t),
which is valid in the whole interval [0, T'] and we also want to find its order of accuracy.

To this end, we are looking for an asymptotic expansion for the solution u, of (4;), in
a form that is quite typical for singularly perturbed problems:

us(t) =u.(t) + 1{7), with 7= (T —t)/e, (3.5)

where %, (t) is the regular power series and II(T) is a boundary layer series in the neigh-
bourhood (6, T] of t =T, i.e

Te(t) = up(t) + s (t) +. .. +Funlt) + ..., (3.6)
(1) = Mo(7) + el (7) + ... + ¥ Mlk(r) + ... (3.7)
S0, the asymptotic expansion has the form
u (t) = Y e (ur(t) + Me(7)). (3.8)
k=0

Here, I1;(7) should be boundary functions, which means that they approach zero as
T — oo. Hence, we assume a priori that

Mi(oo) =0, n=0,1,2,... (3.9)
The functions 11x(r) are important only in a neighbourhood of t = T (ie. T = 0),

namely in the boundary layer (8, T].
Using (3.5) in the differential equation from (A.), it follows via the linearity of A

eu, (t) + E—lzﬂ”{’r} —iL(t) + éll'{f} = A (t) + All(T) + f(t), ae on [0,T]). (3.10)

Substituting the series (3.6) and (3.7) iuto (3.10) snd equating the coellicients of like
powers of £, separately for the terms depending on £ and on 7, respectively, we infer
up(t) + Aug(t) = —f(t) ae te(0,7T]
uy () + Auy () = ug(t) ae te(0,7]
ul(t) + Auk(t) = uy_(t) ae te|0,T)]
and )
Hi(r) + Hgi{t) =0 se 7€ |0,00)
I (1) + (7)) = Allp(7) ae 7€ [ )

(7)) + (7)) = Alle 1 (7) ae. 7€ [0,00).
Now, lel us substitute the expansion (3.8) into boundary conditions of (A, ) and take inlo
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account (3.9), we obtain
uﬂ{D} =a, uk{ﬂ} = u+ nz= ]1
ug(T) + Mp(0) = b, we(T)+ 1 (0)=0, k=1
If this equalities hold, then the series (3.8) satisfies the boundary condition uc(T) = b,
hence we can say that the role of the series (3.7) is to satisly, together with the series (3.6),
the imposed boundary condition w.(T) = b. Thus, the II-functions compensate for the
discrepancy introduced by the regular part of the asymptotic expansion to the boundary
condition u (T) = b.
Unless (3.9), we need to require on the boundary unctions the condition

1, € H*(0,00; H), k >0, (3.11)
Le, T, T}, 118 € L3(0,00; H). It is known that, if P € [*(0,00; H), then
Jim [[P(e)) =0, lim L) = 0,

so (3.11}) is stronger then (3.9).

Now, we can write the problems for the terns of the serics (08). For the leading
term ug(t) of the regular part of the ssymptotic expansion, we obitain the houndary value
problem

{ ug(t) + Ang(t) = = f{r), wae on [(,7) o e
(3.12)
up(ll) = a,
which evidently coincides with the nuperturbed problem (Ag).
For we(t), & = 1, we daluee n problem of the same form with (.12

w () 4+ Awg(f) = (1) ne on [, 1] ()
i (0) = (. o
In the zeroth order approximation of the boundory layver sevies, we Tive
HE(r) + Uy (r) =0 ne on [1),00) (1)
Mo(0) = b — wy(77), o € H* 0,00, ) e
and for the higher-order terms W (r), & 2 Lol the series (0T, we nrrive al
HE(ry+ Mty = Mg o7} ne on il oo) (415)
M () = —ue (1), Ny & HZ0,00, H). o

Replace the hypothesis (EV) by the more restrictive condition

(I13)' forsome fired few o sy e, £ 0 ™ e L3011

n=l.

(14} @ = =% D)+ ALS% 20) - - 0EAR (-0 A e e I, k=T

Let us show that ench of these problems has aonnigue solution guneder Ehe assaptions
(1}, (12), (13)", (14)).

Firat, (3.12) has a wnigque solution ng == o e WS008 1), nsowe explained i Todeo
duction.

Remark 3.2, Let w e W 1**{[!. 15 0 ) be the solution of

w' + Aw =~ e 0,7
() = o,
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Using the constants variation formula, we can easy see that v'™ = w, sou € W™HL2(0, T H).
Let us show now the uniqueness of the solution for (3.14) and (3.15).
PROPOSITION 3.1. If (3.14) (or (3.15)) has solution [, € H%(0,00; H), then it
is unigue.
Proof. Let I, Qx € H?(0,00; H) be two solutions of (3.14) {or (3.15)). Denoting hy
P the difference P = P, = I — Qx, we observe that P verifies the problemm
P'”l[l’:i + P'rliT} =0, ae on |U1C'Q]
{ P(0) =0, PPe HY0,00; 11).
Let T be a given number in [0,00). Multiplying (3.16) by P and integrating over |7, c0),
we have

(3.16)

o
f (P, P)+ (P, P))ds = 0
or, equivalently ' .
(P Py I 1 [ 1P (317)
Using the fact that (P, P){oo) = 0 and || P{oc)|| =0, it follows tha

(P(r),P(T)) = —%HP{T}H” = [ 1)) fds <0, 720 (3.18)

so, the function 7 — [lf‘&'}i].‘:"{‘l",]||2 is noninereasing on [0, 0a). This implies that P{7) = 0,
for every 7 € [0,00), hence we have Lhe unigueness.
Now, we want to solve the problem (3.14). To do this, we shall prove that there is
x € H such that Ty(7) = ¢(7)x verifies (3,11}, where g : [0,00) — B is the solution of
the boundary value problem
{ $"(T)+ @' (T) =0, 1€ |0,00) (3.19)
$(0) =1, Pfoo) =0

The solution of (3.19) is ¢(1) =¢ ", 50 llg(r) = ¢ "x. From Hg(0) = b - up(T). we find
Ho(r) = (b= uplT)e 7 € [0,00). (3.20)

Remark that ||Ilg(7)|] < ee 7, (V)7 2 O, wheve o = [|b o wg(T)] = 0 The condition
Iy € H%(N,00; H) is also satislied, hecanse

’ , y 1 ’
2 2 2 . )
| Hao IL"’[U.m;szl I |:.1lu,.-...;HJ:| y LAl .E“E' (1Y) < oo

Therelore, we can slate
PROPOSITION 3.2. The unique solution Uy of (1. 14) is given by (7.20).

Remark 5.3, Similarly, we can find the anigque solution of (3.15) for &= 1, namely,
(7)== —t TPy —1e "Alh - (1)) (4.21)

For an arbitrary & € IV, we cannol fimd the exnct solution of (3. 15), but we can apply,
for example, Theorem 11 to deduce Chal (3 15) has o solotion Hg € 140,00, ). Indeed,
we put #(7) = €7, via (1.6), B=0(s0 B, =0), c as in (1L.9), p=» = L and g5 = All,

In view of the mathematical induction method, if Uy € LE0, 00, H), it follows that g, €
L2(0,00; H) and, according to Theorem 11, we find Hy & HED 00, H) € H2(0, 00; H).

So, we dedueed that Lhe probilems CLT2) - (30105) Teve unigue solutions ug € W0, T MY,

I & H""f{l,m; il = i n T'hs, the adgeritboo desevibad allows one Loodedine the terms
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of the series (3.6) and (3.7) up to the order n, inclusive (under the hypotheses (I1), (12),
(13)').

Remark 8.4. I1 f € WL2{0, T, H) (i.e. we have (13), not (13)"), we can find only the
zeroth order terms of the series, uy and Ty,

4. THE JUSTIFICATION OF THE ASYMPTOTIC EXPANSION

Let us denote by 5, the n-th partial sum of the series (3.8), and by v, the remainder

term, i.e.
"

Sne(t) = Y *[un(t) + (7)), (4.1)
r.(t) I:Tr,-{tl — Suelt). (4.2)

We desire to estimate sup ||re(f)|]. The remminder term verifies the boundary value
0<I<T

problem (which has a similar form to (A, )):

Er':’.— = Ar. + 2" (AlllT) = sull) s on [0, ,
- (1.3}
rAM) =7, (TY =0
Remark 4.1. First, observe that, for oogiven 1 € IV, v & L2077 1), via Renark 3.2,
Then, the solution 1, of (315} or (311} s in L20,00; ) Moreover, sinee 7 = (T 1) /e,
Lhen

T o
f||.4|1,.{r:||”.n [ AN (1) |[Adr < oo,
A1)

i
Then, there exists A, = O such Chat

[ g 5 G
_/ AL, (-" ’-') cul (Ol < 2A1%, (1.1)
(4] =

e, All(7) - sull(2) € LA0OT 1Y Therefore, the problem (L3 s o nudgue solution
re € WE2(0, T3 H).

Now we can state the modn resole of this section, which will Tae the answer of e
questions from Introduetion.

THEOREM 4.1. hwder the hgpotheses (1), (12), (80, (1) fur saflice ntly small
g, the series (1.8) is the asymplotic crpansion (series) of e solufior w0l () in the
interval [0, 7], as e —+ 0, i.e. the following cstimate holds

s i (1)~ S (0] = 0(="172). (15)
<< T

Proof. Without loss of generality, suppose Chat 0 = At}

Mulliplying the equation of {0.3) by e integrating oo e 0 (Tor o lixed o € 8V,
we dednce, vin (1.4)

fi)

T | T . " 5 ) Iy
f (Ar, v )l + f f”?'.”‘]'r“ < / (e e bttt AL, (/ [|o || 7ol
(1] 2 1 g0 Jr

Lenote by | . | Lhe o in I."[ll, 5 0). Sioee A s positive delinicive, es (9, then, Bl
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sbove inegality and the boundary conditions r-(0) = r.(T) = 0 imply
wlre|<e|rd| 4™ M,. (4.6)

Next, one multiplies the equation in (4.3) by Ar, and one integrates over [0,7]. But
A s symmetric, so, integrating by parts, we have

T
f {Ar, v )dt =0 (4.7}
0
and
T T
[ rartia < —o [ripac<o (4.8)
n o
Then,

T T T
f |l Ar.||2dt = Ef (ry, Ar,)dt — r:"f (AL, (7) - gup(t), Ar (t))edt.
i 0 0
hence (4.8} and (1.1) give us
| Ar, |* 4we | 7t P< ™M, | Are | {4.9)
From this inequality, we inler

| Ar, |< ™' M, (4.10)
and then, coming back to (4.9}, one arrives at
! P et M2 fw. (4.11)

Let us multiply the equation from (4.3) by r) and let us integrate over [0, 7], to oblain,

with the aid of (4.8) and (4.4),
|0 <) vl | 467 My,
According Lo {4.11}, Lhis leads to
e? | ! P 2MZ (1w + ), (4.12)
therefore (4.6} implies _ )
- | - |f: h.lsqzlw 1)i2 +4 " +1 M, {l: |:t}
where K| is a positive constant, independent of £,
¢
But, [jre ()| = :s:[ (re(s), v {8))ds < 2| 7, || 7"
A0
it follows that, there is a positive K, independent, of €, such that
il ()] < Kae®™ !, tefo,T], (4.14)
which leads to (4.5), as claimed.
Remark {.2. Observe that | dr, |[= O(e"Y), |r! |= O™ "9, |r,|= OEe"TV2).
Remark .3 For no= 0, we lave Sy (t) = alt) + Hp(r), henee, taking inte account
(3.20), we get

e (6) = ()] < fs (1) = Soe (O] + W0 € Kav/e + b —alTYelt T (4.15)
with K3 = O independent of . It is elear that, for every t € [0, 7],
(1) = n{t), ns e — 03 {116}

. Then, in view of (4.11) and {4.“‘]}.
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but
200 lfue(®) = u(O)] < KovE + o= u(T) = o~ w(D)], as €0 (417)

Evidently, if b = u(T"), this supremum has the limit zero and it is of order /g; therefore,
the problem (A.) is regularly perturbed in [0, T]. If & # (T}, then u, approaches u just
outside of a neighbourhood (8, T) of T (for some £, 0< § < T, because

sup |luc(t) — ut)]] € KavE 4 ||b—u(T)||- e "W 50, as e = 0. (4.18)
te [, 5

In this case, (A,) is singularly perturbed.

5. APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

We are given two real Hilbert spaces V' and H, such that V € H and the inclusion
mapping of V¥ into H is continuous and densely defined. The space & is identified with its
own dual H' and V' denotes the dual space of V. Then, the following inclusion relation
holds:

VCHcCV.
It is known that, il 4 is a maximal monotone subset in V' x V', then Ay defined by
D(Ag)={veV; Ave H}
Ayv = Av, (Vv e D{Ay),
is & maximal monotone subset of H x H.

We take V = H} (), H = L3(0), V' = H (1)), where (0 is a bounded domain of RN

with smooth boundary 1" = &1 Let A be the linear operator given hy

= iFu '

At = —An = _ZF;I"E' {5.1)
i=1 '

D{A) = HER) 0 HY (). (5.2)

Let a,b be two lunctions belonging to {A) and e WL L480). Then the
problems (Ag) and (A,) become

d—u - Mou=—f wne on ll}, fl x {1
an \ (5.1)
=1 i, ofl [[l,r.f] x | L
u(l), -} = n(-)
and " =
£ Ejﬁ " zr_‘-l--' = ~Aci. +f, ne on |ll. .|"| w £}
2 i (.4)
, =1 TR f“‘,'f'] x I’ '

(0, <) = af ), w(1,-}=W-),
respectively. For alixed n € IV, let 5, (4, o) e the n-th pactiod sum ol the sevies (3.8) and
re = Uy — Sy 'Then, for a,b & MY VA2, e W30 L2ED) s sulliciently
simall £,
| g, r o= O H¥) (5.5
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and By
| 5 leago.rixm= O(€™). (5.6)
Here, 7, verifies the linear problem
a2 ar, .
Eﬁ% - E‘ =—Ar, —g" (.&llu +e%t—?) , ae on [0,T] <0
(5.7)

re =0 ae on [0,T] x 80
re(0, z) =r¢(T,z) =0 ae on

t .
Since frfdm = for,&dtdx a.e {€[0,T], it follows that
o oo Ot

sup fr';"{.'.,:l:]lda.' = D,
tef0, T 0

In particular, for n =0,

sup [-/I;[u‘[t,m] - u{z,m}]""d@]

te[0,T)

1/2

SOV + [ @) - (.2
JTl
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