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EXISTENCE AND NON EXISTENCE RESULTS OF
SOLUTIONS OF AN EQUATION WITH JUMPING

NONLINEARITIES, 1

CHAKIB ABCHIR

Abstract.Let L be a selfadjoint operator with compact resolvent on L*(12) where £
s a bounded set in R™. In this paper, we discuss the eristence and noneristence results
of selution of partial differentiol equation Lu = out —Fu” bug(,u) e, u)+te where
ut = max(0, £u) and  is an eigenfunclion of L. The resulls depend on scalar ¢ and
couple (a, 3} position towards the Pucik specirum near the eigenvalue corresponding
to .

1. INTRODUCTION.

In this work, we study the equation
Lu=Au+ugl(., v} +r(., u)+ 1ty (1)

where Au = au* — fu~. We suppese that L : D{L) € L)) — L*(Q)) is & selladjoint
operator with compact resolvent. Then [2{L) is dense in L2(Q2), L is closed and the injection
of (D(L), Mpczy) in (L2(S), [Il}) is compact. We denote by || ufl* = f, % (ue) = f,w
and "ﬂ-'”?:{[l} = Jlul|® + ||ILull®. Let (w,)x be the conntable set of eigenfunctions of L, this
set is an orthogonal basis of Lz{ﬂ]. We cousider s simple eigenvalue Ay and we denote
by i the corresponding eigenfunction such that |||l = 1 and by 1 = [Ac A | (F A
is the smallest eigenvalue, we take Ay | = —o0 and il A is the greatest eigenvalue, we
take Axy; = 00). We suppose that («, ) € [ x [. The functions g, r - 1 x R — R are
Caratheodory function and there exists h € L*(Q) and o > 0 such that |r(x, )| < h(x)
and 0 < g{z, 8) < 4. Finally, the scalar o must be sueh that mox (oo + o, 3+ d) = Apaq.
Problems like (1) arise in a variety of ssymmetric mechanical devices. For exaonple, in
{4]1 Lazer and Mcllenna proposod Huse as simple inodels deseribing verbical vscillations
of long-span suspension bridges.

The equation (1) was studied by T".Gallonit and O.Kaviau (1], {2] when lim, o gle, s) =
g+ € R oand max(a + g, 3+ 0 ) < Apero Do this paper, we suppose thae Che last Timil
doesn't exist. Under this assumption, (1) was treated by [ Asakawa [5] when 2 = |0, 7
and Lu = —u” with Dirichlet conditions. That case is simple Becanse the Tucile spectrnm
and solutions of the équation —1" = et — Fic are well known,
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It was shown in [1] that when L is a selfadjoint operator with compact resolvent and
Ak is & simple eigenvalue, the Fucik spectrum X (i.e. the set of (o, ) € R x R such that
the equation Lu = aut — fu~ has nontrivial solution in D(L)) consists in [ x [ of two
nonincreasing curves passing through the point (Ag, Ax) and a couple (o, 3) € I x I belongs
to ¥ if and only if Cla, @)+ C(#,a) =0 where C < I x [ — R is defined by :

Lu  =out - fu 4 Cla, )
Jup =1
In the second section, we give some preliminaries results. The third section is devoted
to existence and nonexistence resulis of solutions of (1).

2. PRELIMINARIES RESULTS.

Theorem 1 [1]: Letg(x,s) : 1xR — R be a camatheodory function such that g(z,0) = 0.
Suppose in addition that
Ha,Melxl,Ys,{)eERxR, a< w <.
84—
then for each s € R and [ € L*(Q) such that [ [y =0, the equation Lv = Pgyo (g(., v +
#p))+ [ admits a unique solution v in D{L) with [ v = 0. (Freo o orthegonal projection
on (Re)* ).

Theorem 2 (1] : For each (o, 3) € 1 = 1, thero crists a wegque (0,0l d)) € (L) = R

such that
L =au® ~ fdn O ev, i)

wp . =1
the function C[.,.) - = [ -—r‘I{Q hirs the following propevins
I- Clev, ) = Ap — o,
2- ff ™ =0, then Cla,i#) = Ay — o
8- If ||l |l # 0 and | # 0, then €7 is decrcasing e el varable

{,'.',‘+

Lemma 1 |3] : Let gy = 0 and py < 0 be sucl toal

= in Jgtmine ) = A ) Ay - max(a, )
pr = {4l i3 — o Ta+ 0 = o] f{{ A~ innxl:r.ﬂj}}
by = — 1 -1“‘"" = max(a, #))° _-_...._..l'!:ﬂ{’_"i‘-{}.._...'jl"’*_}_ R
e ' |17 — ] A e flminden, 3) - Ay )

if (Cloy,8) = 0 and [ug 2 0) or (O, a) = 0 and [y < 0) then || Lu - Aull* =
oy (L — Au,uy and ||Lu - ."lr!||'J =gl = Au, u)

The anthor suppose in [3] that the range of L is closed, whicl s o restriction. Without
this assumption, we have Lhe siwne conclusion vsing theorem L0 o) = 0 and
Cl3,a) =10, then |[Lu .-1u||2 = gy ot Awg a s JlLn .-*m||3 g A Lae - Aw, iy T
each 1w € Y1)
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Theorem 3 : For each (a,b) € L>=(Q) x L*=(0) such that \e—y + & < a(x),b(z) <
Ais1 — € a.e.in § for some € > 0, there erists o unique couple (u,C(a,b)) € D(L) xR

such that
Lu =aut —bu” +C(ably - 2)

Jup =1
in addition, if a(z) < a,(z) and b(z) < by(x) ae. in Q, then Cla,b) = Clay,by).

Proof : Let u = ¢+ v where v is such that [vy = 0. The function u is a solution of
(2) if and only if the function v is a solution of Lv = Py, (alv + )t — blv + )7 ). By
theorem 1, the last equation has a unique solution v. Then u exists and it is unique, so
we have C(a,b) = Ax — [(a(v + @) — blv+ )" ). The constant C(a, b) is also given by
1] _

Cla,b) = 2max,, ¢y, Mming e, J( + @ +12) (3)
= 2miny, ¢ 4, MaXy, e g, J (g + @+ v3)
where H;, = vect(..., A1), Hz = vect{Apyy,..) and J : D(L) — R is such that J(u) =
${Lu,u) — 3 fa(u*)? — ] [b{u")® The formula (3) allows us to show that C(.,.) is
nonincreasing in each variable Ml

Theorem 4 : Let p € [, there erists t{p) = 0 such that for s € [0,1] andt € {|7| = t{p)},
the equation
Lu = slow™ — Bu +ug(,u)+rl,u))+ (1 —s)pu+tp
{ Jup =0 |
has no solution.

Proof (by contradiction) : ¥n =0, 3t,, € K, Ju, € D(L) such that |¢,] > n and

L, = aplou} — Oug, + ungl., un) + (., wa)) + (1 = sp)pttn + Lay (4)

[une =0 -
then t, = L, — s, (ol — B, + gl g )+ 0000, ) — (1 = 8y )pty . So 0y = Huﬂllﬂ,“r}
goes to co and (i, /oy) is bounded. Since the sequences (i, = tn/fom), (8n), (bn/om)

and (g(., 1)) are bounded, we can extract from them subsequences denoled in the same
manner such that (v, ) tends Lo v in L2(12), (Le,) tends to Ly weakly in L#*(§1), (s,,) tends
to s in R, (L, /o) tends to € in B and (g(., 1,)) tenids to g* weakly star in L2=(8) (and
weakly in L*(£2)). It is easy Lo see thal the Tunetion ¢ s a solution of the equation

Ly = (sl +g" )+ (1 — shplo™ = (s(F+ ¢") + (1 — s)p)e +
fve =0

By using theorem 1, we conclude that ¢ = 0 sl €' = (0 Then (v,) converges to ¢ in
D(L), s0 “'t:'"”“‘} = 1. In contradiction with ¢ =01

3. EXISTENCE AND NONEXISTENCE RESULTS.

Let pe I. For s [0 1], we deline the equation
L= slou™ — G+ ugle, w)+ el u)) + (1 — s)pu+ L (5)
We find {1} when we take 5 = 1 in (5). A fnction u € ML) is a solution of (5) if and
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only if u = T(s,u), where T': [0, 1] x L?(Q) — L*(Q) is a completely continuous operator
defined by :

T(s,6) = (L — 71)" [s(eu* ~ Bu~+ ug(,,u) +7(., 6) + (1 — 8)pu — yu + tg]
the scalar 7 is such that (L — J)™'is compact.

Theorem 65 : If C(8+d,a+d) > 0, then there exists t* < 0 such that fort < t*, (1)
has at least one solution u with [wp < 0. If Ca+d, 8+ d) > 0, then there ezists t* > 0
such that for t > t*, (1) has at least one solution u with [ up > 0.

Proposition 1 : Let p € |Ae_y,min(e, B)|. If C(8 + d,a +d) > 0, then there exists
R > 0 such that for each s € [0,1] and u a solution of

{ Lu  =s(out = Ju +ug(.,u) +v(.,u)) + (1 - s)pu + ti
Juwp <0
we have ||u||p 1) < R.

Proof of proposltion 1 (by contradiction) : ¥n > 0, 33, € [0,1], 3u, € D(L) such

{ Lug = sn(ouy) — Bu, + ung(. ) + v un)) + (1 — 8 )puy + Ly
Junp <0

We can extract from (vy, = un/0n), (3,) and (g(.,u,)) subsequences such that (v, ) tends
tovin L2(), (Lv,) tends to Lv weakly in L%(2), (s,) tends to 5 in R and (g(., u,)) tends
to g* weakly star in L>(f2) (and weakly in £2(02)). The function v is a solution of the
equation

Lv  =(s(la+g")+(1-s)pp* — (s(F+g°) + (1 - s)p)~
Jve <0

We show by theorem 1 that [wvp # 0. If [ue < 0, then C(s(f+g°)+(1—8)p,s(a+g") +
(1 - 8)p) =0, that is impossible because C{3(5 + ¢*) + (1 — a)p,8(cc + g* ) + (1 — 8)p) =
ClB+da+d =00

Proof of theorem 6 : Let &' = [u € L3(N)/ [wp < 0 and lell iy < R} (R is given
by proposition 1). The set K is open and bounded. Let ¢t < —&(p) (£(p) iz given by theorem
4). Hence for u € K and s € [0, 1], we have u # T(s, u). The invariance by homotopy of
topological degree of Leray-Schauder [7] allows us to conclude that Dy s(/-T1(1,.), K,0) =
Dyps(f —T(0,.}), K,0). Fur 3 =0, the solution of the equation Lu = pu + ty is such that
Juwp =t/(Ax—p) < Obecauset < Oand Ax > p. Then € K and Dps(I-T(0,.), K,0) =
+1. So (1) has at least one solution. The proof of second part of theorem 5 is carried out
through the same steeps as for the first part Il

Theorem 8 : IfC(8+d,a+d) >0 and C{a+d, 3+d) > 0, then for each scalart, (1)
has at least one solution.

Propositlon 2 : Let p € |Ap. 1, minfa, 3)[. Under the assumptions of theorem 6, there
exists i > 0 such that for s € [0, 1] and u solution of (5), we have ||uHm“ < R
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Proof of proposition 2 (by contradiction) : ¥n > 0, 38, € [0,1], 3u, € D(L) such
that @y = ||tn|| 5y = n and

Ltiy, = sp(at — Buy, + tng(, tn) + (., tn)) + (1 = 3)pun + by
We can extract from (v = tn/an), (3,) and (g(., 1)) subsequences such that (v,) tends
tov in L3(2), (Lv,) tends to Lv weakly in L*(£1), (8,) tends to s in R and (g(., ,)) tends
to g* weakly star in L(0) (and weakly in L%(2)). It is easy to verify that the function
v is a solution of the equation
Lv = (s(a+g")+ (1 - a)plv™ ~ (s(B+3") + (1 - 8)p)v™
and that [vy # 0. If fvp <0, then C(s(f+¢*) + (1 - s)p, s(a+g¢') + (1 — 8)p) =0, in
contradiction with C(s(f+¢") + (1 —s)p, sla+g*) +(1—3)p) 2C(f+d,a+d) > 0. If
Jue >0, then C(s(a+g')+ (1 —3)p,s(8+g")+(1—8)p) =0, that is impossible because
Clsla+g')+(1-8)p,5(8+¢')+(1-38)p) 2Cla+d f+d) >0
We prove theorem 6 by using the invariance of topological degree of Leray-Schauder.

Theorem 7 : IfCla,8) =0,C(f+da+d) >0andd < p, (p, is given by lemma
1), then there exists t* > 0 such that for t > t*, (1) has no solution. If C(B,a) =
0,Cla+d,B+d) >0 and d < p,, then there exists t* < 0 such that for t < t*, (1) has
no solution.

Proof (by contradiction) : Let C(a, ) =0, C(8+d,a+d) > 0and d < p,. Suppose

that ¥n > 0, 3t, = n, Ju, € D(L) such that
Lu, = au} — fu, + ung(., ta) + 7., tn) +taip _
which is equivalent to Lu, — (o — Buy, 4 ung(., ) +7(., un)) = tatp. So an = |Jun|| pyry
tends to 0o and (t,/a,) is bounded. We can then extract from (v, = un/0g), (L. /as)
and (g(., 4 )) subsequences such that (v,) tends to v in L*{12), (Lvy) tends to Lu weakly
in L), (tn/cn) tends to C = 0 in R and (g(., us)) tends to g* weakly star in L*(£2)
(and weakly in L%(0?)). The function v is a solution of the equation
Lv=av* — fu” +g'v+Cyp

We prove by theorem 1 that [vip # 0. If fup <0, then C(G+¢",a+g') =C/ [vp <0,
that is impossible because C(f + g*,a + ¢°) = C(f +d,a +d) > 0. If [vp > 0, then
Cla+g" . 8+9")=C/[vg=20,but Cla+g",B+9") <Cla,f)=0,0C=0andv
verifies Lv = av* — fu~ 4 g"v. We obtain by lemma 1 that [ g"(¢" —p,)v 20,50 g'v =0
because 0 < g* < d < p,. Again by lemma 1, we have :

| Lun = (couyy - ﬁu,‘,]llz 2 py (L — (ou — Buy), uq) (6)
(6) is equivalent to
Hung{w Uy ) + (U ) + tn"ﬂllz =M ‘:uu.ﬁ"{-u'unl + T[-r uy ) + taig, H,.}

thus
gy wn)I” + ey un)l|® + €3 + 2 (ung(., un), 7, un))
+2ty, {ung(., unj:‘fj} + 2ty {7 (., T-fru},"F‘} 2 {n
M ‘:uuﬂ'{w HT.L‘U“} + & ':T{-s“'n:'s tiy) + Pitn {'F'u u“}
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dividing (7) by ay, we oblain :

by [ 42 (onglun) ) + 2 () 9) = i (0] 2
"‘.1-'1'1.‘;{ Uy ), (2 — 9l u’n”“n}_ |[I‘.J gl g )or(oug )y
+py (P un) o) = 2 ()|

since 0 < g(.,8) < d < p, and |r(.,5)| < h(.), we have :

b 8+ 20ng(.s )9+ 2 ()90 i (poun)] 2 &
—(2d +p,) [loall 1] = 2 JIn)®
when n goes to oo, the left side of (8) tlllldb Lo —ea, in contradiction with the limit of the

right side which is equal to —{2d + p, ) |[ull [[#]|. The prool of the second part of theorem
7 is similar to that of the first part ll

A9

Theorem 8 : [f C(o,3) =0, C{g, ) = 0, d < p, (p, i given by lemma 1) and
t
f{]im inf N(, st —lim sup N she }-} ——Lj vy > : ||1r|| 1Al
a— 00 =i

8 @ — )

(N(x,8) = sg(z, 8) +r(x, 9)) for cach nentranal solution of Lo = av® —giil , then (1) has
al least one solution.

Proposition 3 : Under the assumplions of theorom &, there crists B =0 such that for
s € [0,1] and u a solution of the equalion
1
Lt = avie™ = it 4 s{ngl.,u)+ el oap+ 100+ (] .1]%!4 LD

we have ||ul| < I
Proof of proposition 3 {by contradiction) : wn -0, Js, & [04], Fuy, & LY such
that o, = Hu“H,,“I] = 1 and

{ i
L, — {em: | '!E“'L = Soltgal., g} + Lo+ By I_—.u..} (1N

By lemma 1, we have

d o |F o . d ) 2
Lty - (oewry — Py, ) = 5 it = e Nuall® + (8 - =) ||Lry - {ong - duy, ]H
i

sinoe |y{.r, 8) - ::l =~ I:Er wee hiave also

i * " /| o
”uﬂg{.,if,,} Ao, 0y ) 4L - :j”" ﬂ ; Ll- Nell™ + 2 {w{ N S I BT f.\,‘>
AT i

R R l1 ([&] il I ¥

" o R |
(1 - 'E } ”L”“ (v, Ay, -b”- c2st {l:”{ N .";]“" gl ) :.r.\:.
" =

i

'I'-‘ii [l#6., e )+ h,‘||."
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We conclude that (Lv, — (av} — Bu; ) tends to O in L0} where v, = u, /a,. Moreover
it is possible to extract from (v, ), (3.) and (g(., u, }) subsequences such that (v,) tends to
v in L2((1) and there exists k € L*({1) such that |v,(z)| < k(z) a.e. in Q, (Lv,) tends to
Lv weakly in L*((), (s,) tends to s in R and (g(.,u,)) tends to g* weakly star in L™(f1)
{and weakly in L?(§1)). The function v is then a solution of the equation

Lv=m™ — v +ag'v+ (1 - ajgu

but Lv = avt — Fv~ and v # ), then 5 = 1 and g'v = 0. Multiplying (10) by v,, we
obtain :

Sn [ N( )y + sut [ vy + 5(1 = 35} [ ugvy

{Lttn = (ovu] = Juy ), v,)

L\ L, — (ang — Bu, ;'|-||12

Pl

5 ]
2 n!"‘ﬁ r:{y[. Pl ) — 'é]-h.. ) + !ip} + i-':- (., tn) + tluﬁ'"“

P P

)y

i d
a5 [N{.,u,,_]u“ +3.Ltf¢pun == o du“ ({y{,,m,} - 2}u1.,tl,o>

¥ 3? D
3o Mol 1Rl] + 22 QirCy wa) + ol
L]

=
pr—d
When 1 goes to oo, we obtain :

Iilninfff‘u’{.,u,,}u., + —p!—ljuwg
iy —d

i
[l (I 1]l
py—d

since N(., g Yoy 2 v(., vy 2 =h(Jk(.) € L'(11), we can use the fatou’s lemma and we
have :

: " + . ! £y [/ < d I;
/hmalhl‘]{!e N(., 8 Iunuriu_',:ﬂ N, slv + o g < e el 1A

which is in contradiction with assumptions ll
Proof of theorem 8 : When we take 8 = 1 in (Y), we find {1}, A function u is a
solution of (9) il and only il u = E{s, u) where

d
E(s,u) = (L—~I)" [nu* - Bu 4 sluglu)+ el u)+ @)+ (1= .s}ﬁu - Tul
The operator E is completely continuous and u # T'(s, u) for v € dB(R) and s € [0,1] (R
is given by proposition 3). Hence Dps(F — E(1,.),B(R),0) = Dys(I - E(0,.), B(R),0).
Consider now the operator F': [0, 1] x L3(£2) — L2(f) defined by :

F(a,u) = (L-—-vI)"! {s{u - g}u* — &1+ T-;}'u + (1 = s)bu — yu

the scalar § is such that Ay > 6 > max(a, J). The operator F' is complelely continvous
and F(1,u) = E(0,u). If the equation u = F(s,u) has nontrivial solution u, then

La = s(a+ g}:ﬁ — &3+ gju + (1 - a)bu

a0 pr £0 If fun;p = 0, then Cs{a + E]I + (1 — a)b, 8(F + g} + (1 — a)8) = 0, this
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equality can’t occur because C(s(a+ ) + (1 — 8)8, (8 + §) + (1 — 8)8) < C(a,B) = 0. If
Jup <0, then C(s(8+ §) + (1 — 5)6, s(a + §) + (1 — 8)8) = 0, that is impossible because
Cls(B8 + g-] + (1 — 8)8,s(a + §) + (1 — 8)8) < C(B,a) = 0. Then the unigue element
such that u = F(s,u) is 0. So Dyg(f - E(0,.), B(R),0) = Dys(l = F(1,.),B(R),0) =
Dpg(I — F(0,.), B(R),0) = +1. Hence (1) has at least one solution Il

Theorem 9 : IfCla,3) = 0, C(8,a) = 0 and y(x,s) = 0 then for each scalar t such
that |t| = ﬁ llsup,eq [r(., s}l where & = min(Agsy — pope— A1), a = |a= 3| /2 and
p=(a+3)/2, (1) has no solution.

Proof : We use the Liapunov-Schmidt method. Since Clo, 4) = 0 and C(3,a) = 0,
there exists a unique couple (w,, wy) € L) = D{L) such that

Luny = aewy — By Lwg = iy - ,l'.i'm.z
Juwp=1 Jwap = —1
so the set (7 of solutions of the equation Lu = au* — Ju is equal to B w, URTw; and

oG = Ryp. Let t be a scalar such that (1) has a solution denoted u and let v € G be
such that [up = [wvp. The function (1 — v) is then a solution of the equation

(L= pl){u—w) = (A = plhu = (A~ pl)o+ el u) + bt (11)
(11) is equivalent. to
[L_FI-.II}{I!-—UI |- 'Fh'r‘" HA —}'Lf}u_{_lf! _ I“IJ!""_"‘.-.“_” {12}
’ - Jr [(‘4' =l — (A —plv + vl u)|pe+t

Since the restriction (L — ul) g, is invertible witl

“{L - J"!}mLJ |
where a(L) is the spectrum of L and since (A — pl) is lipschitzian with constant lipschitz
lov — 3] /2 = @ < b, we deduce from ihe first line of (12) that || — o] < 2= |lsup,.g (. 8)])]
and from the second line of (12) that Ji] < Eb—“ flsup,, & (.. s)]]] W

! = dist(p, o{ LI\ { A }) = minfAegy — pope— Ay} =b

Theorem 10 : If Cla, i) < 0, then there erists 1° < O sl thal for < £, (1) has
al least one solution w with [ wp = 00 I C(d, a0} < 00 thew thore crists (0 0 such for
t = t*, (1) has at least one solution v with [ we =0

Proposition 4 : Let p € Jmax{o, ) Agoq | and o) < 00 Than caests 1 0 sueh
that for s € [0, 1] and u a sofulion of the tqualion

L = s{an™ = du A uglu) + e u}) -+ - s)pu +F

Jug =0
we have |[ul|,,, < K.

Proof of proposition 4 (by contemhiction) « Ve -0, S, & [0 1], Ha, € (L) =ach
that o, = [Jitg [] 1y, = 1 oand

Ly, = 5, (ovu} Ch IV S V1 TV N At T T W S O TLTTTRE o £
[uny =0
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We can extract from (v, = uy /0, ), (84) and (g{., i, )) subsequences such that (v, ) tends
tov in L2(Q), (Lu,) tends to Lv weakly in L*(0Q), (s, ) tends to s in R and (g(., u,)) tends
to g* weakly star in L>(2) (and weakly in L2(£2)). The function v is then a solution of
the equation

Lv=(s(a+g")+(1—s)plv* —(s(F+g") + (1 = s)pjv
Jve 20
so fup £ 0. If [ve =0, then Cs{a +g*) + (L = 8)p,3(8 + g*) + (1 = 8)p) = 0, in
contradiction with C(s(a+g") + (1 —s)p,8(B+g")+ (1 —3)p) < Cla,8) < 0@
Proof of theorem 10 : Let K = {u € L*(0)/ fwp > 0 and lhell iy < R} (R is given

by proposition 4). The set K is open and bounded. Let t < —t(p) (¢(p) is given by theorem
4). Hence for u € K and s € |0, 1], we have u # T'(s, u). We conclude by the invariance of
topological degree of Leray-Schauder that Dypo{f - T(1,.}, K,0) = Dye(l = T(0,.), K, 0).
For s = 0, the solution of the equation Lu = pu + ty is such that [wp = t/(A —p) = 0
because t < 0 and Ay < p. Then uw € K and Dpg(l — TH0,.), K,0) = +1. So (1) has at
least one solution. The prool of second part of theorem 10 is carried out throngh the same
steeps as for the frst part [l

Remark : If Cla,8) < 0 and C(f + d, @ + d) > 0 then, by using thesrem 5 and
theorem 10, we conclude that there exists £ < 0 such that for t < t*, (1) has at least two
solutions w; and ug with [y = 0and [upp < 0. IFC(o+d, d4-d) = 0 and C(3,a) <0,
then there exista £* = 0 such that for t =17, [1) has sl least two solutions uy and ug with
Juig > 0and [ugp <0,

Theorem 11 : If Cla, ) < 0 and C(0 + d, o + d) > 0, then there exists t* > 0 such
that for t = t*, (1) has no solution. If Clo+ o, +d) = 0 and C{3, o) < 0, then there
exists t* < 0 such that for i < t*, (1) has no solution.

Proof (by contradiction) : Let (o, 3) < O and O3 4+ d,ov + o) = 0 Suppose that
W =0, 3, 2 on, Ju, € LN such Lhal

Lty == tvay, i [THRE SRTITT RTINS DT IO I

which is equivalent to Lu, — (o) — Buy, + gyl i)+ b)) = e So oy, = ||uﬂ||L,U.r:I
tends to oo and (t,/0y) is bounded. We can then extract from (v, = ug /oy ), (G /oy )
and (g(., u,)) subsequences such that (v, ) tends Lo v in LA(81), (Luvg) tends to Lo weakly
in L2(0)), (t, /o) tends to € 2 0 in B and (g(., w,)) tends (o g* weakly star in L=(62)
{and weakly in Lz{ﬂ]i The: Tunction ¢ is then a solution of Lhe cgnation

Lev=avt —dv + g0+

We prove by theorem 1 that [og 2 00 I [ o < O then (3 + 9" o+ g" ) = f vy = 0,
in contradiction with {3 4+ ¢, a +g') 2 C{d + oo o) = 00 I j' e > { then
Clodg*, G+y* )= F e 2 0 Lhia s impossible becanse C'lobg" g4 ") < e i) < )
The proof of seeond part of theoren 1 is similiar to thiad of the first peat 18

An open problem s to sty (1) when A is oot s simple cigevalue of 1oand @ s
an eigenvector associaled Lo A Uhis probdem s difficult beeanse we don’t have mueh
information aboul Che Fucik Spoctem
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