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ADJOINT VARIABLES FOR HIGHER-ORDER EQUATIONS.
APPLICATIONS TO SPINNING PARTICLE

MIRCEA CRASMAREANU

Abstract. We obtain a type of first integrals for ODE by using o generolization of
the method of adjoint variables to higher-order systems. The case of clussical spinning
particle is completely discussed in onler to solve the associated inverse problem.
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1. INTRODUCTION

Until now, the method of adjoint{or added) variables was used only for systems of
differential equations which involve the derivatives of first and second order. So, for second
order ODE see [4], [5] and for second order PDE see [1], [2]. For other informations about
this approach see (9, chapter 3).

In the first paragraph we present the generalization of this method to higher-order
ODE. Next is considered the linear case and more particularly the linear antonomons case,
As example is given the equations of motion for spinning particle. By using the obtained
first integrals the coresponding inverse problem is resolved,
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2. THE ADJOINT VARIABLES APPROACH

Let us consider a general system of korder ODE, with & and # two nataeal nombers:
Fit,z,x,. . ag)=01<j<n (1.1}
with the unknow funetion - f-"'}“ vy, Bl

‘illj.l
-—— 1<n<k 1.2
Ty (1.2)

A conservalion law(or first imtegral or conserved quantuty) for the system (1) s a
function F = F({t,x,ry,... 06 ) satislving:
o F

m- =, e (1.1 (1.3)
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where mod (1.1) means "on the mlul,mm:. of (1.1)" and §; denotes the total differentiation
with respect to 1: & = & + {0 +... + Zh gzt

For £ = (£'), ;. let the point-transformation:
# = 2' 4 et (1.4)

"with £ being a real number with sufficiently amall absolute value. The Frechet derivative
of FJ is:

) 1 7=, .
J =lim - {F¥ - i
dF (z) (€) = Jim - (F F) (15)
where Fi = FJ (t,%,...,%). Then:
t s "
) aFi dk-n+IE1
dF? (z) (€)= ) e (1.6)
ot ﬂzlk coslil dk- o+l
We search for (1.1) a conservation law with expression:
k _ 1
a2 ) .
F=Y (1 T}ﬂ}ifﬁa—f - K (1.7)
a=]
with %—:{ = fand K = K(t,ar,.. Tk-1). We require thal:
k+1 j kool f
D ey =ik 0.9
ﬂI*__“_” dLe-o i
with = (#5), ¢j¢n ¢ g
From (1.7) and (1.8} it results by comparing the codlicients of ‘—:;;;r-;;fr
, d . e i PR
Tap = fﬁ“" e A (=1) J:;&;{'I"""I‘J <=k (1.9)
and we obtain the main result of the paper:
Theorem 1 If the functions £, o of (L, o) sabisfly the syston
i .”
_, b =1 1. 10a
f[kh +{~ |'] 1 G { )
kel "
.r.U--' 1!'" et
R 1.106
’sz i et dt ( }

am] o+

on the solultions of (L.1) with K = h {t.r. .. re 4) a given funchon then Fogiven by
(L.7) is conservation law for (1.1).

Remark 1 (i) If F? does not depend of & then (1.10a) becomes: 1y, = const.
{ii) The relation (1.100) is ecacily:

pyd () (&) =0 (1.11)
and then the equations (1.9) 4 (1.10a) are:
(dF ()} (1) =0 (1.12)
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where (dF (z)); (p) is the adjoint u_f the linear operator dF (x):
aF’ ! [ aF! -
-1* @r ;0 = g3 (o) - (am—,—lp,) -
d (OF OF!
0 5 (5rm) + 0 S (113)
Recall that the vectorial operator F = (F?) is called self-adjoint if the Frechet deriva-
tive of F' is sell-adjoint and this property is the necessary and sufficient condition for the

system F?J = 0 to be yield by a variational principle i.e. there exists a Lagrangian L such
that the given system is exactly th Euler-Lagrange system of L.

3. THE LINEAR CASE

Let us suppose that F? is linear:

F (x) = m Tit...+ A{,‘}, (2.1)
with A{uh = A{n]i (t),1 <i,j<n,0<a<k Therelore:
FI i
P Alayi (2.2)

and then: dFJ (z)(€) = F7 (€). One obtain:

. . d* 7 [ il
(dF (@)); (1) = £ (1) = 25 (Aloyry) = = (At +---+

d

+|:—l:|k ! (“Pk lJ.»“:)"'{ ”' A{t}l"‘} (2.3)
and then, lor linear systems the theurem becomes:

Propositlon 1 If £ and p satisfy:

F'(u)=0 (2.4a)
; di

B (8 = — (2.4b)

then F given by (1.7) is conservation law for (1.1) with F given by (2.1).

More particularly if the coefficients Af a)i Bre constants, that is the case of linear au-
tonomous aystems, then:

Corollary 1 If£ and p salisfy:

Elk dk ]j,' k- i d“ .
Aoy ~ Ay 4+ (1) ' A + () Al =0 (250)
dK
;I (€) = = (2.5b)

then F given by (1.7) is first integra! for (2.1).
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4. AN EXAMPLE: THE SPINNING PARTICLE

The motion of a particle in rotation around a center in translation is given by the
equations([3] )

. d's - dig
F“:—;'—+Tﬂ-—--ﬂl{i<:1 {:3.1]
which is a linear system. The associated system (2.5) is:
diu, d®u
dt*; + m—; =1 : (3.2a)
S dK
@@ | T e
and for K = 0 we have two solutions:
= cost, £ = ' (3.3a)
g = sin tg =z (3.3b)
with coresponding conservation laws:
% -
K= % cos b+ ——z- sint (3.4a)
B 25
== g3 8int — —o- cost. (3.4b)

The system (3.1) is sell-adjoint and then we are interested in finding the associated
Lagrangian. From (3.1} it results the conservation law:

. di' da

L e Y
= FTERRIPT {3.5)

which, in order to eliminate the variable £, ]."iﬂldﬁ the run:-ermtiml law:
v = () - (7))~ (B)- (3.6)
A straightforward computation gives:
2 ’ 2
dz" ! e oty
Vi il o i el )

v ( dt ) ( flt? ) * dt dt? (3:7)

and then we have the conservation law:
| .
Hr-‘—("lJri +'P3+‘P‘1'}:

_li dat\* 1 ° ’i"‘_fi__ (3.8)
T2 dt _22 .ﬂ* _lfrc dt? o

=l
which is exactly the Hamiltonian for (3.1) {1] ). The associate Lagrangian is([3] ):

=2 L ( ) (‘:{; ) (3.9)

(that is (3.1) are the Euh:r—Lubmnge equalions fun L} a result very important from the
point of view of Inverse Problem of Analytical Mechanics([8] ;. Thus we solve on this way
the inverse problem for spinning particle,
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