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Abstract.A set of locally conformal Kaehder structures on langent manifold T°M
of a space formn M is pointed oud, This is found in a study of a type of Sasaki melric
whose second ferm is a special deformation of the first one. Infroducing an adegrate
almost compler structure we find af first a lage closs of locally conformal almost
Kaehler structures on T'M for M a {psewdo)- Riemannian wmanifold. When M is a
space form, a subset of it is made of locally conformal Kaehler strucivres, (e of
them was found by B, Mivon in (3]

1. INTRODUCTION

Let (M,g) be a (pseudo)- Riemanuian manifold and ¥ its Levi-Clivita connection. In
a local chart (U, (z')) we set gi; = g;lI{a.l, @) , where & : 3 and we denote by Yielz) the
Christoffel symbols giving V. Let (', ') = (2, y) be the local coordinates on the manifold
TM projected on M by 7. The indives ¢, 4, k.. will run from 1 to no= dim M.

The Mnctions N;{ﬁ:, T = }'j* {(#)y* are the local coellicients of a nonlinear connection,
that is the local vector fields &, = d, — N (e, y) o, where :J.,f. é::_* span o distribution on
TM called horizontal which is supplementary o he vertical distribotion o - VSTA =
ker 7., u € T'M. Let us denote by o —+ 1, 1M the horizoninl distribwtion and let {#;, i)
be the basis adapled to the decomposition T, TA = WU VUEM e AL Tl D
dual of it is {de®, by') with sy' = dy' + .l\l’“_r,y]dr*’

The Sasaki metric on T'M s o follows
(1.1) (15 = gy lehde’ crde? + g (c)by' by’

If in the second term of €y one replaces gy, (7)) with the components f Geonh ol o
generalized Lagrange metric (see ChX o [1]) one gets a type of Sasaki metci

(1.2) G, y) = gog(a)dae’ Odet 4 by (e, g )by’ Oy

In particular, hj(ax, g} conld beadelormetion al g Le), moease stodiedd T Pl presiend
author and H. Shimada in [1].

In this paper we are concerning with the metrical steoetore (120 i the e when
Baj (i, w) is the following special deformeation of g, ()
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(1 3) u (z,¥) = GELzl‘?u ':I:' +b(L ]lhll",:,
where L? = g;;(z)y’ y-",y; = gij(z)y’ and a,b : Im(L?) C R, — R, witha > 0,b> 0,

Forb=0&anda = fy for any constant ¢, the metrical structure (1.2), (1.3) was studied
by R. Miron in [3] as an homogeneous lift of g;;(z) to TM.

In the following Section we introduce an almost complex structure which paired with G
given by (1.2), (1.3) provides a large set of almost Hermitian structures on T'M . Then, in
Section 3 we show that all these structures are locally conformal almost Kaehler structures,
Finally, we find in Section 4 that, when (M, g) is of constant curvature, a part of them
are locally conformal Kaehler structures,

2. SOME ALMOST HERMITIAN STRUCTURES ON T'M

Let Fg be the almost complex structure on T'M given in the adapted basis (8;, &) by

(2.1) Fs( 8;) = - 8, Fs(8,) = §;

It is well known that the pair (Gg, Fg) is an almost Kaehler structure on T'M | that
is Gs(FsX, FsY) =Gs(X,Y) and the 2-form

X,Y)=GCs( Fs(X),Y) is closed, X,Y € x(M).

The pair (7, F) with G given by (1.2), (1.3) is no longer an almost Hermitian structure.
We look for a new almost complex structure which paired with G to provide an almost

Hermitian structure. We modifly Fg to a linear map F given in the basis {5.-,&,-} as follows

(22) F(8:) = (a8} + Py*) 0, F(3)) = (18] + by;u")bn,
where a, 3,7, § are functions on TM to be determined. The condition F* = —T (identity)
leads to

(2.3) ay==1,ab + fy+ 6L = 0.
Then the condition G F{X), F(Y)) = G[X,Y) gives

(2.4) ae? = 1,9% = a, 296 + 6°L* = b, (200 + B L?)(a + bLT) + ba® = O
The solution of the system of equations (2.3), (2.4) is

25) a——~l—ﬂ J‘+v“a+b£.= _ ab= _Va+a+bl?
, Va' L%, /a(a + bL?)’ e

We notice that for b = 0 , besides the solution provided by (2.5), that is

. _2/a
(zﬁ} ﬂz-:;,r:1T \."'_ﬁ— Igv;—r = L
there exists also the solution
L
(2.7) a_—rﬁr*r_-.ﬁ,ﬁ-:[j,ﬁ--{].
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Then (2.5) and (2.6) are unified Lo

L a+b i -+ b
2.8 = —— = = = — = mm —— ] D |
(2.8) s ﬂJj abL I & K hza=>1)
and (2.7) modifies to
L i
2.9 == == F=8=10.
(2.9) a i L'ﬁ

The metric G takes the form
; ; ad P ) .
(2.10) Gap(z,y) = gij(2)dz’ @ dz’ + (7305 (2) + ——viv;)0y' @ by’ b 2 0 > 0.

Let Fyp be the almost complex structures given by (2.2), (2.8) and F, those given by
(2.2), (2.9). Then the pairs (G, 5, Fap) and (G 5, F3) are almost Hermitian structures on
TM.

For a? = I—EE,_& = L2, the metric (0, s(z,y) is the Cheeger- Gromoll metric ,[5],[6]

. . 1 . .
(2.11) Gogl@,y) = gy(x)de’ © do” + 75 (04 (2) + by oy @ by
If a? = @' L2, 0% = L3¢’ + 29" L%) for ¢ : Ry — Ry with @'(1) # 0,1 € Im(L?), one

obtains the Antonelli - Hrimiuc metrical structure ,[2]

(2.12) Ganlx,y) = gij(x)de' Gde? + (¢'uij(x) + 20" wiy; )0y" by’ .

3. LOCALLY CONFORMAL ALMOST KAEHLER STRUCTURES
ON T'M

Let 2 X.Y) = Gup(FupX. ¥, X8 € A 0FM) b the 2-Form sssoeintaad to the almiost
Hermitian structure (€7, 5, Fyp).

Theorem 3.1  The alnrost Hermtion stvaetures (00, 0 P aee docally conformal alurost
Kaehlevian structures, that is

'l 4 b
i,
Proof. We shall choek (300 an e bisis (800 ) - I we pewrine (22 in the Torm

(3.1) A= ol b ..

(3.2) P~ AY i Ba) = By
we ensily get

(B3) b 8y) = 0.0, = Aty 0y, B0 = B (G0 ) 0
with .*’Ifhi” + Hfm., =10
Thus 82 is coampletely determined Ty

(3.4) (i = B = v 4 By 8= 6" A
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MNext we have the following essential components of dft,
dﬁ[ﬁisﬁjs‘jk} = 8; ik — YhiClas = 8ix — ¥ i,

d(8:, 8; D) =85 Qiw— Bk ;.

Now we consider the Berwald connection (N} = v};(z)y*,7};(2),0) on TM (see Ch.8
in [4]) and denote by |k its h- covariant derivative. Thus because of Qu; = 8, —
'r;i!.‘l,,, — Tiiﬂjl: we hﬁ\'ﬂ dﬂl:ﬁi, 61' ,ﬂk} = ﬂk:’lj - ﬂg—j“.

The following formulae are verified by a direct caleulation.

(3.5) Gijje = {'1!![1 = 0,y = 0,6, L% = 0,8,9(L%) =0,

Bk i = gin, Ok L2 = 2y, B Y(L?) = 2uee’(L?),
for any % : Im(L?*) C Ry — R, .
Using (3.5) it immediately results flj = 0 and so df}(;,6;,8) = 0. Consequently,

df} is completely determined by d(6;,8;,0k) =(8; V)gix — (B Vaix + (&6)uws — (Bi
By + 8gijue — 9ikV;)
Inserting here &; v, &;6 with 4,8 from (2.8) one arrives to
¢ B 2a'L* + b
(3.6) df)(8i, 85,0x) = (27" = Mgy, = gijn) = (gl — 9vk).
Let be 0y = dL? = 2y;8y". Thus 85(8;) = 0 and 8, [ﬂjj = 2y;. Evaluating 11 A 8y on
the basis (6;, &) one finds the essential component

£ p 2a
(3.7) A bp(8;,35.00) = 2(Qikw; — Nijue) = -L*l[y.'ky; — Gijlik)-

Comnparing (3.6) with (3.7) one obtains 4} = 1“12%{—1;"—‘?51 A Oy which is just (3.1). 1

Obviously # is globally defined. Moreover, # is closed. This fact can be directly verified
using (3.5) or by differentiating (3.1).

Looking at (3.6) we notice that contracting g.xy; — gi;5e = 0 with g'* one gets (n —
)y; = 0 which is a contradiction. Thus we have

Theorem 3.2 The almost Hermition structoes (Cap, Fap) are abnost Kaehler struc-
tures if and only if -

(3.8) 2'L* +b=0,

holds good.

We put ¢t = L? and think (3.8) as a first order differentinl equation : 2ta’(t) 4 b(t) = 0.
Its general solutions is a(t) = ¢ - % f ’_’.'%‘.l;jt for a constant e. Thus for various functions b
we find a set of pairs (a,b) for which (1.8) holds. Choosing among these pairs those which
verify b > a > 0 we find a sel of almost Kaehler structures on TAi. For instance, il we
take b(t) = 2t it results a(t) = c—tand b > a > 0 holds if § < L*(x,y) < ¢, for ¢ > 0.
When a = b, the equation (3.8) has the general solution a(t) = . It follows

Corollary 3.1 The almost Hermilun struclures (Ga,a, Faa) are almost Kaehler strue-
tures if and only if a(L*) = —5,c> 0.
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The almost Hermitian structures (G, 5, F.) have to be separately considered. Repeat-
ing for them the proof of Theorem 3.1 one obtains

Theorem 3.3 The almost Hermitian structures (G, o, F,) are locally conformal almost
Kaehler structures, that is

J —m—
N=NATN s BL=8
al.

The following corresponds to Theorem 3.2

Theorem 3.4 The almost Hevmnitian structures (0 o, F) are almost Kaehler structures
if and only if a = e/ L2 c = 0.
Proof. The almosi Kaehler condition is now 2a'L* — a = (. lulegrating the equation

2a't — a = 0 one gets a = ¢/t. B

Remark 3.1 Fora=oV02c= 0,0, is very close to (Fg which i oblained for ¢ = 1

4. LOCALLY CONFORMAL KAFHLER STRUCTURIES ON T'M

In order to find conditions that ((/y s, Fap) be n locally conformal kaehler structure
we have to put zero for the Nijenhuis tensor field of = F, 4,

(4.1) Np = [FX,F] = FI[FX,¥] - FIX,FY] = [X,¥]. X.¥ € \((I'M).

As the evaluation of Np on the basis (8, 8,) is in general very complicated we confine
ourselves Lo Lthe structures (G o, Fu ) o this case, the conditions

[4-2} ."Ur_’.'{l‘ﬁ“ I'JJ]. =) .YI.'“"“ H‘_jj =i .'."nr;' [”_, ol ) = A

are equivalent with six cquations. Three of them are identities hevanse of b0 = &5 =0
and the other three are ench one equivalent with

2a't?
(43) il = 2L ),
™
where R‘ = Hfu{'.r]y and h‘.‘“_, i the curvature tensor of ¥
By a umlr&timn with gep Lhe B (L3) reduees (o
. Jn J' 3
{‘11""] If!r'l_‘ltil}.”. isifvi - Hu_fh'_r}y -

The Fq. (4.4) remember s the condition that [A, r,rl i= of constanl curvalore {(space

form). It suggests us Lo look for Tinetions a suel tha #2 fl 4= ko where b s a constant.

For t = L2, solving the Hernoulli aguation o = 2-'—..:: 4 :J."-,ri o gets af L#) = '||"I ; for
¢ = kL% = 0, where ¢ is o constant of integration, For tlese funetions o, the |II [ 1.1)
becomes

{"Iﬁ‘} H.,rl;{:‘-']'.r.f‘ = "i'-'l:,.‘uf_j.-i.r.fr'l = Hw,ﬂfr_l}.ra’-‘-

which says that (M, ¢} is of constant curvalore =& Thus we Diage proved
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Theorem 4.1 If the (pseudo)- Riemannian manifold (M, g) is of constani curvature k
€ R, fora(L?) = 1.";_-'_1*;3, with ¢ a constant such that c+kL? > 0, the structures (G, o, F,)
are locally conformal Kaehler structures on TM.

The explicit form of these structures is as follows.

. ) 1 . .
(4.6) Gae(®,y) = gij(z)ds' @ dz’ + ey k2 \ilz))oy’ @ &y’
R 1 )
4.7 Folb;) = —ve+ kL2 3 Ha(d) = ——==4,
The 1-form @ is ir

Corollary 4.1 Fora(L?) = epV/L2, with cp a strict positive constant, the pairs (Gan. Fa)
are Kaehler structures on TM if and only if (M, g) is flat.

Proof. 1If (M,g) is flat, by the Theorem 4.1 for a{L?) = oV L2, ep = 7:75* the pair
(Ga,a, Fa) is a locally conformal Kaehler structure and by the Theorem 3.4 this is alimost
Kaehler. Thus (G 4, F,) is & Kaehler structure on TM. Conversely, if the pair (Ga; Fa)
with u{Lﬂ} = cov'L? is & Kaeller structure, the FEq. (4.3) gives R:‘J = 0, equivalently
Ryprij(z) =0, that is (M, g) is flat. W

Looking at (4.6) and (4.7) we see that the structures (G, ., F,) from Corollary 4.1
are very close to (G, Fg) which is obtained for ¢ = 1. Thus the Corollary 4.1 covers a
well-known result: (G5, Fg) is a Kaehlerian structure if and only if (M, g) is fat.

Finally, we notice that for ¢ = 0 and k — -kl; in (4.6) and (4.7} one obtains the locally
conformal Kaehler structure found by R.Miron in [3].

REFERENCES

Anastasiei M., Shimada H., Deformnations of Finsler metrics, To appear.

Antonelli P.L., Hrimiuec D, 4 new class of Spray-genemting Lagrangians. In the volume
Lagrange and Finsler geometry, Application to Physics and Biology. Fds. P.L. Antonelli
and R. Miron, Kluwer Academic Publishers, TFTPIH 76, 1906, 81-92,

Miron R., The homogeneous lift of a Riemannian metric. To appear,

Miron R., Anastasiei M., The geometry of Lagrange spaces: Theory and Applications.
Kluwer Academic Publishers. FTPH 59, 1994,

Musso E., Tricerri F., Riemannian melrics on tangent bundle. Ann.Mal.Pura Appl.(4),
150, 1988, 1-20

Sekizawa M., Curvatures of langend bundle with a Checger-Gromoll metric. Tokyo J.
Math.Vol. 14, (2), 1991, 407-417.



