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FRAMED g2m-|—3)-DIMEN SIONAL ALMOST KENMOTSU

MANIFOLDS ENDOWED WITH A VERTICAL ¢PARALLEL
CONNECTION

10N MIHAI, RADU ROSCA

In the last decades contact, almost contact, paracontact and almost cosymplectic man-
ifolds carrying r (r > 1) Reeb vector fields £, have been studied by a certain number of
authors, as for instance M. Kobayashi [K], A. Bucki [B], 5. Tachibana and W.N. Yu [TY],
R. Rosca [R3], I. Mihai and R. Rosca [MR], F. Etayo and R. Rosca [ER], I. Mihai, R.
Rosca and L. Verstraelen [MRV] and some others.

In the present paper, we consider a (2m + 3)-dimensional framed manifold
Mg, €., fe,g) carrying 3 Reeb vector fields £, (v € {2m + 1,2m + 2,2m + 3})
satisfying the f-Kenmotsu condition, ie.

(0.1) VE, = fodp—n" ®E, [,eC®M,

(dp: soldering form of M, £ = %" f.£,: principal veclor field of M, 3" = £: Rech cov-
ector), and, in addition, that the vertical connection lorms # define s £-parmllel connection
[R1], [MRV], i.e.

(0.2) by =< £,6, nE, >

{#A: wedge product of vector fields).

It is shown that in this case, the structure 2-form {1 of M delines a locally cosymplectic
J-structure on M having 1 = £ as covector of Lee, thal is:

(0.3) di = 2y A AL,

In Section 2, it is proved that any such manifold may be viewed as the local Riemannian
product

M=M"xM",

such that:

i) ML is a 3-dimensional snbmanifold of M, tangent to {£,} and which is a space form
of curvature c;

i) M is a 2m-dimensional subinanifold of A tangent to (£, }" and having ~£ as mean
curvature vector field. In addition, the innnersion # 2 M7 — M is psendo-wnbilival and
its associated Causs map is conflormal,

Moreover, the structure sealars [, are eigenfunctions of the Laplacinn A and the spee-
trum of A on A'M is (2m + 3)(¢ — ||€]|%), and, in addition, f, define an isoparametric
system [W].

Next, it is proved that the manifold under consideration is a framed CR-manifold [He
and some infinitesimal transformations defined by £ are also discussed.
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Finally, one studies some properties of horizontal skew-symmetric Killing vector fields
V. Among others, it is shown that, as in the case of standard f-Kenmotsu manifolds, the
vector fields V, ¢V and £ define a commutative triple, that is

V£l =0, [¢Vig]=0, [Vi¢V]=0

1. PRELIMINARIES

Let (M,g) be a Riemannian €'*-manifold and ¥V the covariant differential operator
defined by the metric tensor g. Let I'TM be the set of sections of the tangent bundle
TM and b : TM — T°M, Z w 2°, the musical isomorphisn [P] defined by g and
f:T*M — TM its inverse.

Following & standard notation (see also [P]}, we set AY(M,TM) = Hom (A*T'M,TM)
and notice that the elements of AY(M,TM) are vector valued g-forms (g < dim M).
Denote by d¥ : AYM,TM) - AT (M, TM) the exterior covariant derivalive operator
with respect to V (it should be noticed that generally d¥° = d¥ ¢ d¥ # 0, unlike d? =
dod = 0). The identity tensor field dp of type (1.1) is a vector-valued 1-form and following
[Di] is called the soldering form of M.

We will also recall the following definition (see [GL]). The operator d* = d + e(w),
acting on AM, is called the cohomaology operator, i.e.

(1.1) du=du+whu,

for any u € AM. One has d* o @ =0, and il @u =10, u is said to be ¢ — cloged. If w Is
exact, then u is said to be d* — eract.

Let {1 be a closed or an exterior recurrent 2-form. Then one defines the (1.1)-operator
L:u—unfl, ue A'M (note that one has dLu = Ldu + u A Lu) and one sets [We)

(1.2) g = Llu=unfl?,

Proposition 1.1. Let u € A'M be a Pfaff form on a manifold M. Then in order that
u be of class 25 [G] on M it is necessary and sufficient to have

(1.3) (du)**' =0, wuA(du)*=0.

Let O = vect{e4] A = 1,...,n} be an adapted local field of orthonormal frames over
M and let O* = covect {w?} be the associated coframe. With respect to © and O°, the
soldering form dp and E. Cartan's structure equations can be writlen in indexless manner
as!

(1.4) dp=wl@ey € A' (M, TM),
(1.5) Ve=0we,

{1.6) ' ot = -0 Aw,

(1.7) = —-BAl+8.

If A and ¥ are a vector-valued 1 form and a vector-valued p-form respectively, then
the covariant derivative ol i with respect to A is expressod by
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H.S} FF_A i = rf'!ll:l -- ‘LI-'IAI rl;ff] ;
where ¢y Is a nonzero constant, Then Yang-Mills equations are
i1.49) Ha=dgd, dageF=0,

where + weans the Hodge operator aml F s colled the field strengths (see also [Br)).

2. VENRTICAL £-PARALLEL CONNECTION

Let A (g, 00, E.,0", foou) bew (24 B)-dimensional Riemannion ranead manifold [Y K]
with soldering formy dp and strocture tensors (¢, 008 7). These Tensors salisly, s is
known (see also [R3]):

(P =0, =0, ah=0
¢ =—Id+ B @F,

(2.1} g
9z, 2') = gloz,$2") + B (2 (2")

AU Z, 2T = gz, 27, am At p Bt mdd gL
(re (2o 1,2+ 2,2m 8 3} ), where oy, 83 EL and o7 represent the (1. 1)-tensor fiekd, the
structure 2-focm, Lhe Reel vector lelds and the Reelr covector fields, respesctively.
By reference Lo Section |, we also write 5" = £) amd £, = (y' )"
Wilh respect 1o the cobasis €° = covect fw™ " ol the veetor bnsis €0 vt fe, £, s
{12}, 8 and dp are expressed by
Ak
(2.2)hp == e, 1 E, (23] = Zu” Aw™ L @' =atm,
il
ot her, by 1 Clarban's stroctaee copations (15 ool by (200, thee hod canfuld connee
Cios foas [ sabisfy (e Kihler comditions;

(21 =0,k 00 =0,
Ul iy decompose Lhe tangent space TR0 ot p e Mo
{24) LM = 15 p Dy
wliere ”rl s AEL ) delines the verticad distrilmition spanned by £ amd its orthogonal

comnslengent ”I! = eg b the feorzoatal disteibation (or the slinost contmet distribmtion).

L comsegquence of (2.5), ooy vector Beld 2 oy be splil as = AR (.. “20 wnl

AU e the wciwontad ol vericn] sompeoment= of 2 pespeetively |, ool simdlarly one may
wiile
[2Ah) s Sl A4

bie Ul coneiniones, 10 f, ¢ 0 A0 e nonvanishine, sealans, weagree ooeall Hhe veetor
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field
(2.7) £=Lf&,

the principal structure vector field of M, and we assume in a first step that the vertical
connection forms & define a £-parallel connection [R1], [MRV], i.e.

(2.8) B =<§€,NE > .
By (2.7), it follows that
(2.9) 0 =fn-Jta.

Next, in a second step, we assume as in [ER], that the transversal connection forms 82
are expressed by

by = fr®.
Then, making use of the structure equations (1.5), one finds by (2.9)
[21{]} v‘Er;.frdF'qr@E‘

We notice that if £, = £ and f, = 1, the above equation is the same as in the case of
Kenmotsu manifolds.

Therefore, a framed manifold M such that (2.8) and ({2.10) hold good will be defined
to be endowed with an almost K -structure, equipped with a vertical £-parallel connection,

One derives by (2.10)

(2.11) €., 6] = fu€, — fo€, = (O5)
and one checks the Jacobi identity

Sk gl =0
({r, s,t): cyclic permutation of 2m + 1, 2m + 2, 2m + 1).
Further, setting nn = fo" = £ and making use of (2.4) and {(2.10), one obtalns by
exterior differentiation of (2.2)

(2.12) il =2y A0

This shows that 1 defines a locally cosymplectic 3-structure on M, having 7 as covector

of Lee.
It should be noticed that this properly agrees with the Kenmotsu character of the

manifold under discussion.
Similarly, making use of the structure equalions {1.6), we find by {2.10)

(2.13) diff =nay".
Since, by the above, one has " A (dy”) = 0, it Tollows (see also [G]) that the Reel
covectora n" are of class 2.

We notice that Lhe fact that this class is not maximal is in accordance with the alinost
contact structure of M.

By (2.10) one derives dij = 0. Thus, in terms of d“-cohomology, (2.13) may be written
ag d~M" =0, i.e. the Plaflians 47 are all d ™ "-closed.

From {2.13) it follows that

(2.14) df, = " = dA+Ag=0, Ae ™M,

"T'hen, setting 2f = ||£]|%, we quickly derives [+ A = ¢ = conslan.
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Since, following a well-known definition, one has
dive, =3 9(Ve, & €a) + 9(Ve, 0, &) +8(Ve, 6. 6) +0(Ve 60, 6) |

one finda
(2.15) divé, =(2m+2)f.,

which shows that up to 2m + 2 the structure functions f, represent the divergences of the
Reeb vector fields £, (the indices correspond).
Now, denoting by VT = gradr, 1 € C°° M, one gets by (2.14)

(2.16) Vfe = A6 = |97 = 22
and by the well-known formula At = —div V7, one finds
(2.17) Afe = (2m+ A S, .

This shows that f, are eigenfunctions of A. Hence, (2m + 3)A is the spectrum of A on
A'M and {f,} form the corresponding eigenspace.
Also, one finds g(V/f,,Vf,) =0, r # s, and
V1, VAl =20,V ] - [V 1)
Therefore, by reference to [W], the structure scalars f, define an isoparametric system
on M.
By the structure equations (1.5), (1.6) and by (2.7) and (2.10), one also derives
Ve.=0l ®ep - BF,
(2.18)
dw® =wb A8y —w® AT
Then, since de =w'®e,, dp' =1 @E,, operating by ad¥ on the principal com-
ponents dp’ and dpt of dp, one obtains using (2.18)
d(dpT)=nnadp’, d¥(dpt)=-nndp".
Making use of the Yang-Mills equation (1.9) (see also [Br]), it is worth Lo point-out the
following fact:
Identilying A with dp" and making use of (2.11) and (2.13), then vne derives
daA=(l-cp)pndp".
On the other hand, by (2.1) and the [irst equation (2.18), one oblains the following
structure equation

(2.19) (V$)Z = —n(Z)pdp” ~ (2) ©E,
which is similar to that of standard Kenmotsu manifolds (see also [MMR]).

Next, set
.;pT — w‘l A hwEm ,
';pJ‘_ - Bri+1 ﬂnﬂln-l-ﬂ .r'..ug"'"'s,
for the simple forins which correspond to the distributions D" and D' respectively. Then,
with the help of the second equation (2.18) and of (2.13), one finds

dp' =2mnpAe’,
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dig =0.
This shows that ¢ is a conformal integral invariant of dp” and ¢ is an integral
invariant of D+,
Hence, the following fact emerges: any manifold M{¢,0,£,., 9", fr, g) may be viewed
g8 the local Riemannian product
M=M" x M-,
where M7 is a 2m-dimensional submanifold tangent to {£,}* and M* is a 3-dimensional
submanifold tangent to {£,}.
We will now focus on the vertical and the transversal curvatures of M, i.e. on 87 and
6?2 respectively. Making use of the structure equations (1.7) and (2.9), one finds
a, =2en" An".
Hence, following a known definition (see also [KN|)}, the above equation reveals that
M+ is a space form of curvature ¢.
Similarly, one has
6 = (c+ /i Aw®,
which proves that the curvature forms 82 are monomial. By relerence to [BCGG], it follows
that the retracting space C(I) (I ideal, I C AV") associated with 87 is of dimension 1
and has as Grassmannian coordinate vectors the horizontal covectors w®. One defines the
following 3 vector-valued 2-forms

H.-$ZE:@E¢ =|:€+.r}‘?rf"-dPJ'+

We agree to denominate II, the associated vector-valued 2-forms with the transversal

curvature forma,
On the other hand, by (2.10) and (2.14) one gets

(2.20) VE = 2fdp + Mdpt —n©E
and one finds at once Vg€ = AL, i.e. £ is an affine geodesic.
Operating on (2.20) by d¥ and taking account of (2.14), one derives
(2.21) d¥(VE) = V% = (f + ) Adp+ Mg Adp™ .
Therefore, since V2X(Z, 2') = R(Z,2")X; X,Z,Z' € I'TM, where R denotes the
curvature tensor, one finds
(2.22) R(Z,2")€ = 2e(2' A Z)E.
Hence, by reference to |BKP], the above equation proves that £ satisfies the nullity

condition.
Also, it follows at once by (2.22) that the Jacobi operator R defined by £ is given by

(2.23) Re = 2c(£ A 2)E.
On the other hand, if we take the Lie derivatives with respect Lo £ of the Reeb covectors
7", one gets

(2.24) Len™ = (e+ " — fem,
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and by exterior differentiation we obtain

(2.25) d(Len”) = (A+ 2 A7,
which may be written as d~%7(Ln") = 0, where a = —%{'-r;-g.

Therefore, one may say that the Lie derivatives £e7" are d™*"-closed.
Further, we have

de— A
20— A
which shows that TI, are exterior recurrent [D| vector-valued 2-forms having gﬁ:—in as
recurrence form.

Finally, we will outline some properties of the immersion £ : M7 — M. Denote like
usual by 47, the connection coefficients corresponding to x. Then, the mean curvature
vector field H is expressed by

_ T:nﬁr

T dimMT
Then, on behalf of (2.10), we quickly find H = —£.

Next, recalling that the second and third fundamental forms ] and I'f] associated
with x are given by

(2.26) d"Il, = nATlL,

IH=—<dp",VE>, III=-=E(67),
one derives on behalf of (2.10)

IT=-2fg", III=2fg".

Therefore, since IT is conformal to the metric tensor g' of M, the immersion z is
pseudo-umbilical and since II1 is also conformal o g", the Causs map (in the sense of
M. Obata [0Q]) is conformal.

Summing up, we have the following.

Theorem 2.1. Let M{¢,$,£,.,7"; [+, g) be a framed (2m + 3)-dimensional almost K-
manifold endowed with a vertical £-parallel connection, Let £ (resp. £,.) be the principal
vertical vector field of M (resp. the Reeh vector ficlds) and let fr be the structure scalars
of M.

Any such manifold may be viewed as the local Riemannian product

M=M"xM",
such that:

i) ML is a 3-dimensional submanifold of M, tangent Lo {£,.}, which is u space form of
curvature c;

it) MT is a 2m-dimensional submanifold of M, tangent to {£,}', having —£ as mean
curvature vector field.

In addition, the immersion = : M’ — M is psendo-umbilical and the Gauss map
associated with 2 is conformal.

Moreover, M enjoys the following properties:

a) {1 defines a locally cosymplectic 3-structure on A, having 7 = fb as covector of Lee;

b) the structure scalars f, are eigenfunctions of A and the spectrum of A on A'M is
(Zm+ 3)A, (A= = ||£]|*), and [, also define an isoparanietric system on M;
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c) £ satisfies the nullity condition, that is
RZZVE=2e(2'02), Z,Z'€elTM;

d) the Lie derivatives Loy are d ™ *"-closed, where a = — 3125,

e) the transversal curvature forms define 3 veclor-valued 2-forms 11,., which are dv-
exterior recurrent.,

Recall now that the torsion tensor field 5 of a framed structure is the vector-valued
2-form defined by
H=Ng+28.dny" @E,
where )
No(Z,2') = (92,62 + 912, 2'| 812, 6%') - o162, 2],
is the Nijenhuis tensor feld of ¢, and
S =20dn" (aE,
is the vertical component of § [R3].

Hence, following & known definition, the framed structure under consideration is D' -
normal and consequently M{g¢, Q6.9 fr,¢) is a framed CH manifold (in the sense of
[Be]).

Further, by (2.13) one quickly linds S = 2y adpt, and one derives dV' 8! =0, which
shows that S* is, as dp, & d¥ -closed vector-valued form,

Since one has iS5 = 4f dpt and

LeSY = 2= figa(dp' —dp'),
then one finally deduces
dY(Le8 ) =10
Hence S is a relatively integral mvariant {see also A} of £
We may state the

Theorem 2.2. Any framed almost K-manifold endowed with o vertical £-parallel
connection is & framed C'R manifold and the vertical component 55 of the torsion tensor
field associaled with the alinost & stracture of A7 is o relatively integra] invariant of 1he
principal veclor field £ of A

3. SKEW SYMMETRIC KILLING VECTOR FHELDS,

Let now V = V%, & D' be any horigontal vector lield of the Troneed manalold
M, L E 07, [, u) nnder disewssion, e g (V) == L

Then, taking the covariant dillerentinl of V) one bios
(3.1) VIS = (A" 4 |"'1‘Jj',}n;-)<-”— Ve

Mext, by reflerence Lo lll'}.‘], Eﬁlli"n"l. o Dimals Ty (1) dhat 1 he wevessiny sl soflicient
condition in order thal V' obe w sbewsspmneefree Willing, vector Biebd having £ as generalive,
ie.

(3.2) TV = VAL,
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is expressed by
(3.3) dvt = m AV,

The above equation proves that the dual form V* of V' is an exterior recurrent 1-form
[D].

If we set 21 = ||V||?, one finds from (3.2)

dl

3.4 @ _
(3.4) 51 =

which is coherent with (2.14).

Therefore, we may say that the existence of V is determined by a closed Pfaff system.

We notice that since 1 is an exact form, then in terms of d“-cohomology we may write
(3.3) as d~2"(V*) = 0 and say that V* is a d~?"-exact form.

Furthermore, by the structure equation (2.19), one easily finds by (3.2)

Vgl =gV AL,
(35)
d(gV)" =2 (gV)".

Then, the property of skew-symmetric vector field is invariant under the action of ¢
(as in the case of standard Kenmotsu manifolds).

On the other hand, we have seen that the Jacobi operator R = R(-,£)€ is expressed
by

Re(Z2)=2c(ne Z - Z'"0&).
Then, putting Z = V', one derives
Re(V) = ellgll*v,

which shows that the action of R¢ on V is a conformal application.

By (3.3) and (3.5) it is also seen that one has

Vel =0, [ev.€] =0, [V,¢V]=0.
Therefore, the vector fields £,V and ¢V define a commutative triple.
We also notice that by (3.3) and the second equation (3.5), one finds
Ly(VP)=0, Lav(eV) =0,

which proves that V and ¢V are self invariant vector fields.

Recall now that the (1.1)-operator L of Weyl [We] associated with a 2-form ) is the

application L:uws uAf), Ly =ug ur—s uA Q9 ue ALM,
Comming back to the case under discussion, one derives by (3.3) and (4.5)

Le(V')g = 201+ q)(V*)q,
Le(@V), = 2(1 + ) (V).
Hence one may state that the principal vertical vector field £ defines an infinitisimal

conformal transformation of all the (2¢ + 1)-forms (V) and I:-M"J;.
Summarizing, we have the following,

Theorem 3.1. The existence on the framed manifold M, L€, 97, fr, ) of a skew-
symmetric Killing vector field V' having £ as generalive is assured by a closed PRIT system,
and this property is invarienl woder the action of .
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In this case £,V and ¢V define a commutative triple and the action of the Jacobi
operator H; on V' and ¢V is a conformal application.

Maoreover, the principal vertical vector field £ defines an infinitesimal conformal trans-
formation of the (2g + 1)-forms (V*), and (V)5
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