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Abstract, This paper tnfreduce o pseudo f-structure on o certain vector bundle
on an ahmost product manifeld. And we maindy study tnfegrable conditions of cerfain
distributions defined from this psewdo [-structure,

Introduction. On 1976, one of the authors introduced the notion of pseudo f-
structure ([M]) which is closely related with an almost product structure ([¥]) and an
almost paracontact structure ([Y]).

In this paper, we define a vector bundle over an almost product manifold. Then we
introduce a pseudo f-structure on this vector bundle.

And we consider integrabilivy conditions of certain distributions on the vector bundle
which admits Lthis structure.

1. PSEUDO f-STRUCTURE ON A VECTOR BUNDLE OVER AN
ALMOST PRODUCT MANIFOLLD.

Let M™ be an n-dimensional dilferentinble manifold with an almost product struclure
H;

=T (11 # 1) (1.1)
where I denotes the identity matrix of order 1. Then we know that the eigenvalues of H
are 1 and —1.
Let P (resp. @) be the projection operator of H with respeet to the cigenvalue 1 (resp.
—1}. Then we have

P+Q=1, PQ=QP=0, P=p =0
We put
D'=ImP, dimD'=p and D*=1mQ, dmi¥ =n-p=q,

where p (resp g) is the multiplicity of 1 (resp. -1).
Now, we define a vector bundle 1 = (Dy(M™), 7', M™) which 7' denotes the bundle

projection.
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Let U be a local coordinate neighbouliood with a coordinate system (2!, 2%, ..., 2™) in
M™, Then we can represent

_ P=p8; @ dz', Q:qijﬂjﬁdm‘., (1.2)
where (p;’) (resp. ¢i') is a matrix of odrer n which the rank is p (resp. ¢) and 8; = &5
Hereafter, we assume that the first minor matrix {p,®) of order p of P and the last minor
matrix g, of order g of () are non-singular, where the indices a, b, ..., ¢ (resp, u, v, ..., w)
run over the range 1,2,...p (resp.p+1,p+2,... n}.
For each x € U, we define a n vectors { X, X3, ..., Xa} as follows;

Xo=pa' 9 Ku= '8 (13:|

Since {Xa} (resp. {X.}) is a basis of D;' {resp. D;?), the vector {X;} is a basis of
the tangent vector space T M™ at = of M™.

Next, let {#'} = {v,'d2?} be the dual basis of [X;}. Then the matrix (7;') is the

inverse one of (p,*,q.'), that is,

P =8 7' =8 7P S =6 {1.4)

Now, for ¢ € zﬂ"‘]_l[U} = U x R" (K" being the p-dimensional number space),

we can put o = £°X,. Then, {:l:',:i:g,.,.,:l'".ﬁl,{z, o £7) 15 & local coordinate system on

(w1)~YU). Thus DA™} is an (n+p)-dimensional differentiable manifold. The coordinate

transformation of {U/ x "} {U' x R} with lucal coordinates system (g 2 yTR) =

(x!, 22, .2, €Y 6%, ) wnd (v . ™) = (x'" 2%, . a™ " £ E™) s given
by
i i r 1 L - ] bty it & - ik Iy ('].l" a
v=y'y) @ =200 p=yTp o=y =0 =t
rlz'” ik i

So, the Jacobian matrix of this transformation s given by

J:JE' g™
o e
ay'™ oy e
' HIT
where

[ &y
ay'r i’

Bk ot e, O e ikt dy i, Lo de
- = - ¥ R e . i 5 PN e e e U A= T e —_—
D oay'r  da’t o't Vs Tl g s TV 508 9t e U L e
y®

The tangent space T, (DY AT} at o point ol DYAT") s expressal as

FLAPNAT ) ) = P an b, = DLy DR by {1.5)
where TR (AM™), D, (vesp. £,%) sl P ore cespeetively Ghe tanget veetor space at & of
M™, the tangent plane at a0 belong to £ fespe PP el &, = (@' o) which is the
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fibre of = € M.

Let j : D;! — F. be the natural projection. Then, for X = u®X,, we have HX) =
p8,, where 8, = 8/8€".

Now, let w* be a linear connection with local components I';%, with respect to the local
coordinate system {z*,£"} on ',

For X € T:(M™), let X™ be the horizontal lift of X with respect to w*. Then, we
define a linear map F, of T,(D'(M™)) as follows;

Fa(X™)=0, for X € D?
F,(X™M) = j(X), for X € D? (1.8)
Fo(X™) = (i1 (X))H, for X € F;

Then we can easily prove that

Propositlon 1.1. The Hnear map F, defined by (1.6) is a pseudo-f-structure on
DY(M™), that is, it satisfies F,? — F, = 0.

Remark. Hereafer, we neglect the index o in Fj,.

Since

At = 8 — I'®E"8n,
we have
X'H =X - Iltuf.-Ehxl'H:.

for any X € Ty M, where 8, = %

Especially, for X = u" X, = p"p, 0, € D', we have

X” - I“dpn)”-r Il‘qﬂn"'EbF(.F'.-‘Hn~ l:l...r-'
and for X = p* X, = u"g,'d; € [2, we gt
X' o= g e - 1y i, (1.B)
MNow, we pul
e ey = [
Fo=F"]= ("':hlj':bﬂ). {1.9]

where &, 3,...,7 run over the range {12 n+ p}.
Then, by the straight foward calenlation, we oliain

(F' = BT =0, 4.1
(F)% — BT, =0, (1.11)
(Fy' = RT3 =0, \1-Rd)
(B — BT, ) = by (1.13)
B =pd. B= -1, (-0

b
where we put I';* = T;%£7.
From (1.4} and the above eguations, we cisily olibain
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F:,:i . Fbirjb sinct Pbirjaq F;_ﬂ. sy Fbal-jb - Tju . I-;upall-\jc_
Thus, we can sum up these as ollows;
F:in' P;,n Pb'lrjb ,,,?,J_u _rkarjcpc#

F' FRe ' —T;%py?

From (1.15), we can easily see that F* — ' = 0. This means that F is a pseudo-f-
structure. Thus we have

Theorem 1.2. [f an n-differentioble manifold M™ admits an almost product structure
H, then there exists a pseudo-f-structure F in the bundle space of the (n + p)-dimensional

vector bundle D'(M™) over M™ and if a connection w' with components 'y, in D'(M™)
i# given, then the pseudo-f-structure F = (Fa™) should be determined by (1.15).

(Fg®) =

It

2. NIJENHUIS TENSOR OF Fjs".

In this section, we caluculate the Nijenhuis tensor of the psendo-f-structure F' which
satisfies (1.15)

Let N.®a of F is defined by

N,%p = B85 Fg® = Fgt8s )™ - (8, Fg® — 83F,%) Fy". (2.1)
Using (1.15), we do straightfoward caleulation. Then we get
f Njh( = —Sj"i + pb*]?:h[rjbﬂkic - ]1‘bffkj"-} + 111':]"'.b.5',:hh,
N = -1t + Fk“f_-‘}'_,"",' - l"j""‘rlb]'.l::&ph'l“;,-f" o F;“]Ji.kjrh‘{]"ffl’h'l' - !‘\1“-’?*-};'}
+pa*{f',-".':?.,“.- —Ti8c%) - ]';“I'J“I'.".‘;',:’;,,
s Njhb = i-‘jch.hh - Fhﬁﬁchﬂhn.
Nj'nb — "Fb*Skﬂj 4 _p"k‘ E”IJI'JJE‘;JI. . ‘.Jr.l-r.-llq‘;l.l'tl o ;,I_krj:.mrﬁkla.‘
Nﬂﬁh = "‘."Tl.‘.hh
L Nr.'ub - rjﬂ-gr:jb ' ;”r'ki'-ihj -HJ.'_:".

(2.2)
where we put
[ 8% = pa"{O51 " = v = (4;°0i%a = 7215, }
Sty = pr O — prEOpet — (pFTs%s = poETifs),
§ 858 = 8p,® = 8 = ("% = 7,"1'5%), (2.3)

Rjin® = &T% — 31" + 1%V = 1l %,

Ry = Ryu"€".
Remark. In general, for a (1,10 tensor Reld &) the Mijenhois tensor Ve with respect
to F' is deflined as
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Ng(Y, X) = [FY, FX| - F[FY, X] - F[Y, FX] + F?[X,Y]

for any vector fields X and V', where [,] denotes the Lie bracket.

From (2.1) and (2.1}, we obtain

Theorem 2.1. A necessary and sufficient condition for the pseudo-f-structure induced
from an almoest product structure be integreble with respect to w*, that is, N,%5 = 0, is
that the tensor Si'; ( or equivalently Sy®;), Sy vanish identically and the connection w*
is of zero curvature.

3. INTEGRABILITY CONDITIONS
For the pseudo-f-structure F on D'(M™), we put

L=F M=-L4I=-F4I. (3.1)
Then we have easily seen that

L+M=1I, LM=ML=0. (3.2)
Definition 3.1. (i) The pseudo-f-structure F is said to be partially integrable if its
Nijenhuis tensor N,%s satisfies L,®Ls“N;®, = 0. (ii) L (resp. M) is integrable il the
Nijenhuis tensor V., satisfies Ms*N.%3 =0 (resp. M., *Mg*Ng*, = 0).
On D'(M™), we define an almost product structure K as

i . K=M-L=-2F'+1 (3.3)
Next, we define P and Q from K as follows;

-1 1 )
P=3U-K), Q=3(I+K). 3.4)

Definition 3.2. P (resp. Q) is completely integrable if the Nijenhuis tensor N of K
satisfies N,%5 + N.%aK;® = 0 (resp. N,%a — N,% K™ = 0).
We can calculate the followings;

L is integrable <= F,*F.P(8;Ms™ — 83M;*) = 0. (3.5)

M is integrable <> Lg®{M,*85M.F — M *os M, P} =0 (3.8)
Next, by the straightfoward caleulation, we get

, BjM{h = "aj{F'ohTf"L

&,- Mo = -:"}J:[‘.'" + l';_."pdki?j"hd + T,*‘{pd*ﬂjl‘k“ + I _,;pdj"},
4 (3.7)
FaM;® =~ peF T = 1'%k,

\ the other cases = ().
Moreover, we obtain
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LJ’Ljn ’:I'j“!'?all"ja . T_fb?’bkrkﬂ
(L") = = ‘ (3.B)
“E* Ly® 0 b2
Mjiﬁfj“ éjl- - ".f_fa?*n{'}l’_rbi‘bkl-'k" o r-jn
(M) = _ = . (3.9)
M ALS ] ]
KK 8% = 2 pa 2= T5% 4+, 2Tk
(Kp®) = _ = . (3.10)
Ky ") 0 — 8"

Let the distribution L be integrabile, Then we know M"N, "5 = 0 by Delinition 3.1,
This is equivalent to the followings;

T S%i=0, 3 "SK=0 {3.11)

Thus we have

Theorem 3.1. The distribution L induced from the psendo-f-structure I on the vecior
bundle D'(M™) is integrable if and ondy if (1.11) is satisfied.

Corollary 3.2. If the tensor fields S;%, and SN, vanish, then the distribution L is
infegrable.

Next, we assume that the distribution AL is integralile. Then we know [(3.6). By virtue
of (3.7),(3.8) and (3.9), we get

Sgni + J'qi*'['}'j‘H.“J.- o ,:I_.erHJu” + P.rt!'bj'? ,b".l.d-qfuk =
(3.6) = (3.12)
H“” o jj,._k[‘r_r':.‘fd." = ") p‘,*'p},"‘h!"'}'l" it =1
Thus we have
Theorem 3.3. The distribution M imduced from the psewdo-f-stracture & an the veckor
bunadle DL{M"} is integrable of and ondy if 53" and 12" satisfy the eguation (4.12).
Corollary 3.4. Il the tensor fields A%l A" vandsh, then the distribotion M is
integrable,
On the other hand, for the Nijenhuis Gensor of the aloost prodact steactoee B (80
on the base space, we have

N_,;h, = hjkﬂkhih - hgkt']ih)h - [r!),-fi'.Jl - rj4fJJA:|||I!J|.II
Substituting h','. =6;" = 2p," into the above equation, we get
TNte= et - p it (it - dgy " (3.13)
Since we know
pj" +qj-" = 8;', p_TJ"':;,,.‘ = qjkj.-,..' =, p)j"p*' = Py s q_lj‘jr,..‘ = g, {3.14)
these Lhree eguations mean

e}

T O T it | (3.15)
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Now, by virtue of (2.3)3 and (3.15), we get

2;' " Si%kpa" = {8p* - Aipi* - (p,'p* - Bl api* ) o,
Futhermore, (3.13) implies

l ;
;I. 'kif-‘kh = "{{SJP-‘* - iPka - {ijar."rk = Pi‘ﬂw;k?}#kh-
Comparing the above two equations, we obtain
1 .
i " = =0k 8 epa (3.16)

Moreover, (3.12) and (3.14) teach us
@' g'Si%i =0, alg’ B =0 (3.17)

Conversely, if we assume (3.17);, we can easily see (3.12),.

Similarlly, if we assume that {3.17)z, we have (3.12);. Thus we have

Theorem 3.5. The distribution M induced from the pseudo-f-structure F on the vector
bundle D'(M™) is integrable if and only if 5;*; and R;;® satisfy (3.17).

Next, we assume that the structure F is partially integrable. Then, by ita definition,
we know L.%Lg“N;®, = 0. The calculation of this equation by separating the indices
gives us

[ 1;*Pa' DY, E8 ™ b + Dt pa' pe™ (1,1 Ront® = 7,97 Roni®) = T°T48.44 = 0,
¥;%Pa" 1 0  (Rix® + T Si™ k) + 7, T pe ™ (U pa™ Bot® = 8™}
F1: P ™ (S %k — Ua®pa” Bk
{ (1 8" — P Py B ™) = 0, (3.18)
ISt — v pd' pofp Rt = 0,

¥ pa (0" Sk = pe U Rig™) + 155008, 4+ p ™ B ®) = 0,

. Sﬁjb = “r Ix,!”'grjb + :h:kpbj HJ:;” =
We can get that (3.18) equivalent with

sh=0, ;:ﬁk]}h" ™ =1, I'u!]"b*-"-“i-nl = (). (3.19)
Thus we have
Theorem 3.8, The pseudo-f-structure F induced in the vector bundle [DYM™) s
partinlly integrable if and ondy if 5%y, Biju™ and S satisfy (3.19).
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4. COMPLETELY INTEGRABLE CONDITION OF P AND Q.
We first calculate the Nijenhuis tensor f':".-,“ﬁ of K = M - L. Then it is written as
[ {N;% = =P80 + pa*pet(v; 2805 — 1:485%5) + 1 %1:°8a" .
iﬁiui = —R;i® + po' (7" Rii® - 7P Ri;%) + po'Ti° S5

q (4.1)
—pa*pe'T1® (728K = 7:5x";) = 71 (Pepe' Riu® + 112 S4'),

| the other components = 0.

Now, let P be completely integrable. Then the Nijenhuis tensor N, ® 5 satisfies N, +
Nq‘;ﬂxﬁu = ﬂ.
Using (3.10) and (4.1), the last equation means

Sit s — o7, 284%. = 0 or equivalently 4,"S45. = 0. (4.2)

Thus we have

Theorem 4.1. For the almost product structure K which is define from the pseudo-
f-structure F on the vector bundle D'(M™), the distribution P is completely integrable if
and only if the tensor S;°. satisfies (4.2), or equivalently (4.2)3.

By virtue of Theorem 3.1 and Theorem 4.1, we have .

Corollary 4.2. If the distribution [ is integrable, then the distribution P is completely
integrable,

Next, we assume that the distribution Q = %{." + i) is completely integrable. Then
the Nijenhuis tensor J”:’,,“',g satisfies

YR TR
N%a — N g K™ =0,
By virtue of {3.10) and (4.1}, the above cguation has the following case which are not
identically zero;

Nt = NF K™~ Ny K =0,
(4.3)
N;j* i — N K2 — NG K4 =0,
By the straightfoward calculation, we pet that (13} and (4.3)g respectively mean

- —I-"-rkh';"-'-";:.-uq - -i|li'q|’fn)] *I_id'ia“‘:'.k."-‘!r.il. =1, {4.4)
and

Hj.'ha' + j.i',-_-l{"]fj-r'l”klb” — FI";I:-'I{I'_EDIL = j;r'j:ﬁjmkivll ”H_r,‘l} = [ E‘Lﬁ':l
T'hus we have
Theorem 4.3. For the almest product structure K oawhich is defined from the pseudo-
f-structure F on the vector bundle DY AM'Y), the disteibulion ¢ s completely mitegrable §f
and only if the equations (4.4) and {4.5) are salisfied.
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