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To our friend, Professor and Academician Radu Rochas-Rosca.

Abstract.d survey of several results by the authors on the characterization of
homogeneous alpebroic distributions in the vertical bundle of o vector bundle, is pre-
sented.

1. INTRODUCTION

The purpose of this survey is to give an account of results by the authors, the main of
them being a characterization of homogenecus algebraic distributions on vector bundles.
As it is well-known, a vector field X on R™ is homogeneous algebraic of degree d if and
only if [x,X] = (d — 1)X, x being the Liouville vector field. If one wants Lo involve
exclusively the module structure spanned by a veclor field X in characterizing algebraic
vector fields, then one is led to study the equation [y, X| = f X. In Lhis case, a first result
(ef. Proposition 4.4 below) states that the funciion [ should be constant along the zero
section of the vector bundle p: £ — M on which X is delined and this constant should be
an integer > —1. Our main result is a generalization of the above statement to distributions
of arbitrary rank: it is stated that a vertical distribution locally spanned by Xy ... &, is
homogeneous algebraic of degree o il and only if an v = ¢ matrix A = (a,;), a; € (),
exists which is equal to f — 1 times the identity malrix along the wro section of £, and
such that [x, X;] = 3 i, 6, X:, for j = 1,...,7 (¢f Theorem 4.3 below)

Algebraic distributions play a role in several fields of real and complex geometry such
as singularities of vector fields, the moduli problem for dilferential forms, ealeulation of
differential invariants of a Lie group action, ete, (e.g., see [6,10,14,16,22]). Thus it seems
interesting to obtain a characterization of these differential systems. Linear representations
of families of Lie groups on vector bundles give rise to such distributions in a natural way
Families of Lie groups and specially Lie group fibre bundles naturally appear in the field
theory and gauge theories as well as in differentinl geometry, For example, the gauge group
of a principal bundle P — M can he oblained as the global sectivns of the adjoint bundle
of P (ef. [1]; also see [2, 3, 4, 9, 17, 18, 19]). This bundle is endowed with a natural
structure of Lie group fibre bundle. Similarly, the gange algelwa of P is oblained by taking
global sections in a Lie algebra bundle attached to F°. For Lie algebra bundles this is
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indeed an extension to non-trivial bundles of the well-known process of gauging a Lie
algebra g with functions of & manifold M, which corresponds to consider the infinite Lie
algebra C*°(M)®g with the bracket [f ® A,g ® B] = fg®(A, B), f,g € C=(M), A,B € p,
as C°°(M) @g may be viewed as Lhe global sections of the trivial bundle pri: M x g — M.
These techniques also apply to Supersymmetry ([15] ). In §5 we introduce the general
definition of these structures showing the usual settings in which they are commonly
found and we characterize (see Examnple 5.1 below) the distributions induced by a linear
representation of a family of Lie groups.

We define an algebraic distribution as a sheal of submodules of the sheaf of germs of
p-vertical vector fields on a vector bundle p: E — M, which is locally spanned by a finite
number of algebraic vector fields. Note that according to this definition, distributions
may be singular and they usually are in the algebraic case but in any case the rank of
the distribution is kept to be locally constant on a dense open subset. This seems to be
a suitable general setting in order to introduce algebraic distributions as a vector bundle
is endowed with a canonical structure of algebraic scheme over M, independently of the
class of [unctions (C™, C* or complex-analytic) that we consider on the base manifold,
although we formulate our results in the ("™ category for the sake of simplicity.

2. ALGEBRAIC MORPHISMS OF VECTOR BUNDLES

Let p: B — M be a vector bundle over a C™ manifold M. Assume [7 C M is an open
subset such that E|y is trivial and let ay,..., 8 be a basis of sections of E over U. Each
vector e € p~!(z), = € U, can be uniquely written as e = Aya,(x)+ ...+ Ay 5 (z), for some
scalars A; € R, 1 < i < m. Hence we can define m functions y;:p~'(U) — R, wi(e) = A,
In addition, assume that UV is a coordinate domain with coordinates {x),...,Ty), with
n = dim M. Then, it is not dillicult Lo prove that (z;;m), 1 <é<m, 1 < j < n,is
a coordinate system on p~'(I/) for the manifold E. Such systems of coordinates will Le
called vector bundle charts.

Let m:E — M, p": E' — M' be two vector bundles over the ("™ manifolds M, M’,
respectively. A differentiable mapping ¢ £ — £’ s said to be an algedmic morphism if
& satisfies the lollowing two conditions:

(1) ® is & bundle map over M.

(2) For every « € M, there exist open coordinate neighbourhoods U, U of 2, ¢(x),
respectively over which E|y and E'|y: are trivial, and vector bundle charts (U] z;, w:),
{U';.‘L‘;.,y:r:], l<j<n, l<i<m l<ji'<n,1<¢<m lor E, £ respeclively such
that ¢ (L) C U7, and

¥l (8 (0)) = P ($ (p(0)) (1 (0)y o Um(®), 1 <1 <, Yo € (),
where P are polynomials in the fibre variables with coelficients in the ring of dilferentiable
functions of U'; i.e., By € C™=(U") [ty, ..., tm], t; being m indeterminates,

The morphism @ is said to be homogeneous of degree (ry, ..., rwe) il Py is a homogeneous
polynomial of degree v, 1 < ' < w', Il all polynomials P have the same degree r, we
shall say that @ is homogeneous of degree r. If M = M' and ¢ is the identity map, then
& is said to be a vertical morphism. Nol > that the definition makes sense as it does not
depend on the vector bundle charts chosen. In fact, if ([ 2;,7:) is another veclor bundle
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chart of £ on U, then there exists an invertible m x m matrix (a;; (2))]"_,, ai; € C=(U),
such that §; = E;"E, aij (T)y;, 1 <1 < m, and hence if P(f,...,im) is a polynomial
of degree r in C™(U') [t1, ..., tm], then P{:,f:{;t:}}{}:;”:, u,_,-{:r}yj,...,z;ll amj(z)y;) is also
a polynomial in C=(U'}[t,,...,1,,] of the same degree, and similarly in changing vector
bundle charts in the bundle E'.

Given a vector bundle p: EF — M, we denote by 57(E) the vector bundle of its r-th
symmetric power and 5§* (E) = @72,5"(E) stands for the direct sum of such bundles

=

endowed with the standard Z-graded algebra structure. We have

Proposition 1 The vertical homogeneous algebraic morphisms of degree v from p. E —
M into p": E' — M can be identified with the global sections of the bundle S (E*)® E' —
M.

3. ALGEBRAIC VECTOR FIELDS

Let mE — M be a vector bundle. We set §* (E*) = I'(M, 5" (E")). We have a
natural inclusion of 5* (E*) as a subalgebra §*(E*) € O™ (E); that is, the sections of
the symmetric algebra of E* can be interpreled as differentiable functions on the manifold
E, by simply setting e € E — afe,....,e) € R, Ye € E, ¥o € § (E*). Accordingly, a
C™ vector bundle p: E — M is endowed with a natural compatible algebraic structure
since the elements of §* (E*) are understood to be polynomial functions on E. In fact,
Spec S*(E"*) is a C°°( M )-scheme in the sense of (8, I. Definition 2.6.1] (also see (8, 1.9.4] ).
Moreover, from the Stone-Weierstrass-Nachbin theorem (see [21] ) it follows that §* (£*)
is a dense subalgebra of "™ (£) with respect to the natural C™ topology in such a way
that the ring of the algebraic functions on E approximates that of differentiable functions,

A vector field X € X (E) is said to be algebraic il it s p-vertical and leaves invariant
the subalgebra S*(E*) C C®° (E); i.e., X (5" (E*)) € 8 (E"). An algebraic vector field
X is said to be homogeneous of degree v if X (S*(E*)) € S*r-1(E"), vk e N,

It is not difficult to prove that algebraic vector fields on 7 can be identilied with
Dergos(ary (8° (E°)).

Taking into account the Delinition in [2-1, V. fi.ﬁpperuﬁt':ﬂ one can prove the parts 1)
and 2) of the following

Proposltlon 2 1) A vector field X € X (F) is algebraic if and only if on every vector
bundle chart (U; z;,y;) we have X|y = Yo Pafay, Be(U) [y, -yl
2) X is homogeneous of degree v if and only if Py, .., Fy, are homoegeneous polynominls

of the same degree v,

3) There 45 a canonical isomorphism of O™ (M )-modules,
Ap:8* (E') ® 8" (E) — Dergwpan (S* (E')).
4} For every x € M there is a unigue algebra estructure |, ] on 5* (K1) ¢ e such that
tr@eth @e] = (iety) Ly @ e = (igly) tp @6, {*)
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Jor every ty, € S*(E}), th, € g (E2), e,¢' € E, with respect to wich Ag is an anli-
isomorphisin, where i, stands for the énderior product by e on the symmetric algebra (cf.
[5, 111.11.6] ).

The firat homogeneous component of §* (E*) & £ has been introduced by P. Lecomte
in studying the Lie algebra of infinitesimal automorphisms of a vector bundle (see [11]
and references therein).

The bracket defined by the formula (*) on 8* (E*)®S" (E) is similar to Lthe Richardson-
Nijenhuis bracket (cf [23, ILe Remarque 1] , [12] ) although our bracket does not take
into account the graded structure of the algebra S (E*) @ S' (1), as we wish Ag to be
an anti-isomorphism,

4. ALGEBRAIC DISTRIBUTIONS

We denote by ¥y the sheal of germs of vector fields on M. Let p: B — M be a fibred
manifold; i.e., p is a surjective submersion. We denote by X} the subsheal of p-vertical
veclor fields in Xg.

A wvertical distribulion over a libered manifold p: £ — M is a subsheal of CF-modules
D C X%, A vertical distribution is said to be locally finutely generaled if for every e € E
there exist an open neighbourhood U of £ = ple) in M and vector fields X, , .., X €
X%L(p~Y(U)) such that D{p~*(U)) is spanned as a C%(p~ ' {U)}-module by X,,...,X,. If
mE — M is a veclor bundle and the generators are homogeneous algebraic vector felds
(resp. homogeneous algebraic vector lields of the saine degree), we say that T is an algebruic
distribution (resp. a homageneous algebraic distribubion).

MNole that according to the above delivition, a distribution may be singular; i.e., the
rank of the vector space D, = {X.|X € D(V} ]} ,e € V, needs not be locully constant. In
fact, this is usually the case for algebraic distributions. The above notion of a distribation
corresponds to that of a generalized distribution given in [13, Appendix 3] .

We shall repeatedly use the fact that il Xy, ..., Xy span D(V), then they also span
D (W) for each open subset W C V. This is an ensy consequence of the fuct that X is a
quasi-flasque sheal (ef [24] ). We have

Proposition 3  For each algebraic distribution D on p: B — M, there exists a dense
open subset O C F such that D |o is homogeneous,

Let pi E — M be a vector bundle, The Liouwlle vector field on E is the infinitesimal
generator ¥ € X*(E) of the one-purameter group of honwthetics, w,- & — E, p,(e) =
exp(t)-e, Vi e R, Ve e E.

It is easy to see thal on each vector bundle chart (Usx;, ), 1 <7 <, L =@ < iy we
have Xy = ¥ 0, 1id/8y;. We have

Lemma 1 A vector field X € X°(F) 1 a homogencous algebraic vector field of degrec o
if and only of [x, X] = (d - 1)X.

Applying the lemma we prove
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Theorem 1 Let D be a vertical distribution over a vector bundle p: E — M, and let
Xiy.oy Xp be p-vertical vector fields on p™'(U) spanning Dlp-1(y), and assume that E|y
is trivial. Then, a matriz C € GL(r;C™=(p~'U)), C = (c;;)};=,, evists so that the
vector flelds Y; = 30 ¥ X;, 1 < j < r, are homogeneous algebraic of degree d, with
(¢7) = C~1, if and only if @ r x r matriz A = (a;), a;; € C®(p~\U), ezists such that,
(1) A(0;) = (d— 1)d, Yz € U, where I stands for the r x r identity matriz,
(2) Do Xj] = Eicy 05X, 1< 5 <.

As an easy consequence of the above theorem we can conclude that if f is a first integral
of an algebraic distribution D, then x (f) also is a first integral of D, but unfortunately
this method does not provide new algebraic first integrals as we have x (f) =d- f,if [ is
a homogeneous polynomial of degree d.

For rank-1 distributions, the condition 1 in the above theorem can be weakened. More
precisely, we prove:

Proposition 4 Let X be a p-vertical vector field on p: E — M, such that support X = E.
Furthermore, assume that there exists a function f € C™(E), such that [x, X] = fX. If
M is connected, then there exist an integer d > 0 and an invertible function g € C°(E)
such that,

(1) (0} =d~1,¥z € M.

(2) 71X is a homogeneous algebraic vector field of degree d.

5. EXAMPLES AND APPLICATIONS

Example 1 The distribution killing a finite number of analylic functions. Let fi,..., f.
be real analylic functions on R™, and let D C Xg= be the involulive distribution of all
vector fields X in R™ such that Xfi = 0, 1 £ 1 < r. The distribution D is finitely
generated. In fact, let Ogm be the sheaf of germas of real analytic functions and let X%,
be the sheaf of germs of analytic vector fields. We have an erxact sequence of sheaves of
Ogen -modules
0 — K — X L5 (Opm)",

where K = ker f“ and f*{X) = (X f1,.., X fr). From the Noetherian properties of stalks
of Ogm and Xg. (eg., see [24, IL.Théoréme 1.5] and remark that Xjg. = (Ogpe)™) it
follows that K is a finitely generated sheaf of Ogm-modules. Morcover, we have a natural
isomorphism of sheaves of Cgn. -modules, Cg7, @ X§.. = Xgm. Tensoring the above ezact
sequence over Cii, we obtain an ezact sequence of sheaves of C32, -modules,

0 — O B K — Tnm 15 (),
where [ is given by [*(X) = (Xf1,... X [f;), for every X € X(R™), as follows from
Malgrange's division theorem taking inle account that Og~ < C22, is a flat ring exten-
sion (see [24, VL.Corollaire 1.3] ). Accordingly, from the very definition of D, we have a
canonical isomorphism D =2 CF%, @0y K. Hence D is locally generated by a number of an-
alytic vector fields and, recalling that D is a quasi-flasque sheaf by using [24, V. Proposition
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6.4] and a partition of unity, we conclude that D is finitely generated.

Moreover, if fi,..., fr are homogencous polynomnials of common degree d, then it can be
proved that D is a homogeneous algebraic distribution of degree (d — 1)r, where we further
assume that at least one of the v x v determinanis of the Jacobian matriz (8fi/3y;),
l<i<r, 1<j<m, does not vanish identically. Also remark that the above resull
can be generalized to the vertical bundle of an arbitrury analytic morphism between CY
manifolds.

Next, we confine ourselves to the case of hommogeneous algebraie distributions of degres
1, which correspond to linear representations of Lie group [amilies. Precisely,

A family of Lie groups on a manifold M is a surjective submersion ™ § — M endowed
with two differentiable mappings p: G x G — G, G — G, such that for every x € M, the
mappings pi: G x G; — G., 1,:G; — G, induced on the lilre, define on G, a structure of
Lie group.

An operation of a family of Lie groups m: G — M on a fibred manifold pp B — M is a
differentiable map A G x4 £ — E such that,

1. A{le,y) =y, Vo e M, \;ny Yz,

2. Mg, Ag", v)) = Mg'g",v), ¥ e M, VW', g" € w1 (x), Wy € p M{z).

Example 2 Fundamenial vector fields of a Lie group family action. Let us consider an
operation of a fanuly of Lie groups m:G — M on a fibred manifold p. E — M. A vector
bundle of Lie algebrus i:® — M is defined by setling 7~ '(x) = ®, = Lie algebra of

7 Yz) = G,. Each section £:U/ — & of T induces a p-vertical vector field £ € X4 (p~'(U))
whose flow is given by 7.(e) = Mexp(tE(ple))),e), € € p Y(U). Then, the given ﬂpﬂﬂhﬂﬂ}.
induces a p-vertical distribution D on E defined as follows. For every open subset V' C E,
D(V) is the C=(V)-module spunned by the vector fields £, where £ € T'(p(V), ®). Note
that T is invelutive as we have [€,,&,]" = [E,,,{J] for cvery £,, £, € 1'[®).

Example 3 Linear represendations of Lie group familics. In the previous erample as-
sume that p: B — M is a vector bundle and also that for every o € M, the oprralion in-
duced on the fibre Ay Gy x By — By s a lonear veprese ndation, Then, for cverg £ € I'[Q"}E
we have [;._',E] =0, and henee the assocmted distribution s algebmae of degree 1 In fact, £
is dinear as its flow 15 & one-parwmeter group of er autaorpliians of the veclor buaadle

Lemma 2 With the above hypotheses and notations, let T be the prvertival distribulion
on E defined by A Gx g I8 — . Assuine thal on an LI]'J‘!.Tf subsel U1 M the following holds
true: dim®, = maxeep, (rk D), Yo € U, If £, ... &, 15 a busis of seclions of T — Al
over U, then £, .. ,E are linearly independent on a dense opon subset mop H{U7),

By applying Lewmas 408 awd 51, and Mraoglde 5.9, e proe

Proposition 5 [f MG =y B — I us a linear representation of w0 G ~+ M oon a veetor
bundle p: E — M and dim®, = wax,, g, (kD) = v, Vo € M, then o lnear vectin
field X € XV(E) belongs to the distrdvation D induwced froue Aaf and oy o o owector field
£e (M, 8) exisls such that X =&,
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By using 8) in Proposition 8.1, we prove

Proposition 8 Let D be a homogeneous algebraic involutive distribution of degree 1
over a vector bundle p E — M. Then, o family of Lie groups m:G — Mand a linear
representation A G x ME — E ezist such that D ds the distribution induced by A.

Families of Lie groups appear in a natural way in the framework of differential geometry
and the field theory, Let us describe some examples of such a structure which are closely
related to our present work.

Example 4 The Lie group faomily of automorphisms of a vector bundle. Each vector
bundle p: B — M defines a Lie group fibre bundle, precisely, the bundle of its fibred au-
tomorphisms m: Aut(E) — M, whose standard fibre i3 Aul(E;) 2 GL(m;R), m =rk E.
Several Lie group subfamities in Aut{E) arve also inleresting when different geometric struc-
tures on B are considered. Also note thal Aul{E) admits a natural linear representation
on K.

Example 5§ Higher order linear group bundles acting on jels of melrics. Given ¢ man-
ifold M, let w.:G" (M) — M be the bundle of Lie groups whose fibre over z € M is
the group of r-jels at © of differentioble mappings f: M — M such that f(x) = x and
forTeM — ToM is an isomorphisim. Then, G" (M) is a Lie group fibre bundle whose stan-
dard fibre is G"(n), n = dim M, the r-th onder linear group (see (10, 12.6) ). Letp: M — M
be the bundle of metrics of a preseribed signature. An operalion of the Lie group fibre bun-
dle G"™FY (M) on J™ (M) is defined by setting 377 f - jTg = _-j}[:]{_fng a 1), for every
JIIf € GTHY(M) and every local section g of p: M — M, where f: M — M stands for
the natural lifting of f to the metric bundle; ie., [y = (') gz, for g. € M = p~}(2).
Note that M is a convez open subsel in S*T* (M) and the above operation is the restriclion
of the natwal linear representation of Ty« G**' (M) — M on p,: J" (S*T*(M)) — M.
It can be proved (ef. [20] ) that the deternunation of the r-th order DifJ{ M)-invariant
Lagrangians on the melric buwulle &s reduced o calewlute O™ funclions on the r-jet bundle
which are invariant under the above operation of the (r+ 1)-th order lincar group fibre
bundle.

Example 6 Associated bundles admilting a Lie group bundle structure. The basic groups
in the field theory ave the group of diffeomorphising of a manifold and the group of vertical
automorphisms of a principal bundle. The previous erample shows how IDNff{M}) gives
rise to natural operations of a fanily of Lie groups. Nexl, we consider the gauge groups.
Let m: P — M be o principal bundle with structure growp Gy, and let us consider an
operation of Gy on another Lie group F by acting on the left by autlomorphisms of F;
ie, g-(fifz) = (o- iy - f2), Yo € Co, 91, f2 € F. Then, the ussociated bundle
wp G = P xY P M is endowed with a natural structure of Lie group fibre bundle,
uniquely determined by imposing (v, f1] - [u, fo] = [u, fifa], for coeryu € P, fi, f2 € F,
where [u, f] stands for the coset defined by the pair (u, f) € Px Fin the guelient manifold
G=(Px /Gy
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Example 7 The cose of the gauge group. The above situation is obtained when Gy acts
onto itsef by confugation; ie., g- [ = gfg™ ", ¥f,qg € Gy, In this case the associated
bundle is called the adjoint bundle of P and denoted by mo AdFP — M. s sections
can be identified with the gauge group: T(M,Ad P} = Gau P. Sinilarly, if we consider
the adjvint representation of Go onto ils Lie algebra gy, then the associated fibre bundle
o=y ®=adP =P x% gy — M is endowed uath a natural structure of Lie algebra
fibre bundle given by [[u,£,], [u,Ea]) = |u. [£,,E5]l, for u € P, £,,£5 € go. With such a
structure, ® = ad P cen be identificd with the Lie algebra bundle of G = Ad P in the
sense of Erample 5.2, Also note thal the global seclions of 7 can be identified with the
gauge algebra of P {see [4, 9] ). Let - C () — M be the bundle of connections on P
(here, a connection is understood to be an splitting of the Atiyah sequence; cf. |1, 17]
). According to Utiyama's theorem (see (3, 4] ) the determination of the gouge invariant
Lagrangians on J' (C(P)) can be reduced fo coleulate O functions on the “curvature
bundle” ,r"u,l2 T (M) @ ad P which are invarant wnder the natural vepresentation of the
adjoint bundle 7oy Ad P — M on 'F'.L'z T M) ad P,
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