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EXISTENCE OF SOLUTIONS OF STOCHASTIC INTEGRAL EQUATIONS

USING INTEGRAL CONTRACTORS

R.Subramaniam and K.Balachandran

Abstract: The aim of this paper is to prove the existence of
solutions of nonlinear stochastic integral eguations. The method

of integral contractor is used to establish the results.
1. INTRODUCTION

The concept of contractors by Altman [1] has been extended
to random cperators in Banach spaces by Lee and Padgett [3]. Lee
and Padgett [4] and Padgett and Rao [5] used the techniques of
random contractors to study random integral equations of mixed
type. Here our aim is to use the concept of contractor to a more

general stochastic integral equation of the form

t m
®(t:w) = hit;w) + I £i(t,s,x(siWw)iw) ds + [ fa(t,s,x(s;w);w) ds
a 1]

t
+ [ £a4(t,s,x(siw);w) dB(s;w) (1)
a

where t @ 0, and B(t:w) is a Brownlian process. The deterministic
version of (1) and other types of integral equations have been
considered by many authors (see [2]). The results obtained in

this paper generalize the results of [4,5].
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2.PRELIMINARIES

i complete probability space is denoted by (0,A,P). Assume
that there exist a set of sub og-algebras Ag, teR” in A such that
Ag C Ap Iif 5 < £. Also we as;une that the process 8(t;w) in (1)
is a standard Brownian motion process adapted to Ay such that
B(t+h;w) - B(t;w), h>0 is independent of A¢.

We shall now define some specific function spaces which are
needed for the present work. Let x(t;w) be a second order
stochastic process adapted to Ayg. Denote

Ix(tsw) L= (E(x(tiw)1%)t/2 (2)
where E(.) is the usual expectation with respect to (0l,A,P).
Definition 1l: Let C = CIR+,L2} denote the space of all functions
x(t;w) adapted to Ag such that (i) “x{"“]“L;F @ and (1ii) for
each t ¢ R, the map t --; "x(t:w]leis continuous. We shall

induce a topology on C by the family of semi-norms

Ixit:wi|lp = sup [Ix(t:w)| (1)
n te[0,n] La

It is known that this topology is metrizable and the resulting

metric space is a Frechet spaca.

Definition 2: Let C; = C;(A ,L;) denote the space of all real
functions x%(t,s;w) defined for 0Os<ss<t<wm,wefl,such that (i) x(t,s;w)
is adapted to Ay and (ii) for each (t,s) ed = ((t,s):0=sst<m),
the mapping t =--> Hx{t,s:w}HLﬂ}s continuocus.

We define a topology on C; by the family of semi-norms

Ix(t,s:;wile = sup |x(t,s:w)
Oss=t<e=

L2
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Definition 3: {Tsnkusland Padgett [5]) Let C, denote the space of
all functions in C that satisfy the condition

Ix(t:w)lg,s K u(t)
where u(t) > 0 is a given continuous function and K is some
positive constant. It is known that C,; is a Banach space with
the norm defined by
Ix(tswille,= sup ( Ix(eiw)|pfuce) : ¢ 20 ).
Definition 4: If u(t) = 1 in Definition 3, we shall denote the
corresponding C,; by Cp.

Definition 5: Let Cy,u denote the space of all functions x(t,s;w)

in €4 such that
ux(t,s:w}HLLE K u(t) u(s)

for some constant K > 0 and bounded positive continuous function
uit). It is easily shown that C; , is a Banach space with norm
H.Hctfafined by

Ix(t,siw)lc, = sup { Ix(t,s;w)llg,/ u(t)u(s) : 0ssst<w }.
Definition 6: Let B and D be Banach spaces in €. The pair (B,D)
is said to be admissible with respect to the operator T if and
only if T(B)C D.
Definition 7: Let B be a Banach space in a Frechet space F. B is
said to be stronger than F if every sequence that converges in the
norm of B also converges in the topology of F.
LEHHA. 1: (Tsokos and Padgett [5]) Let T be a continuous linear
operator from C; to C. Let B and D be Banach spaces stronger
than C; and C respectively. Then T is continucus from B into D,

provided (B,D) is admissible with respect to T.
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We shall now introduce the concept of a bounded integral
vector contractor of three functions. Let B and D be Banach

spaces stronger than C; and € respectively. Define the integral

cperators Ty, Ty and Ty on B by

t

(Tyx)(tiw) = { x(t,s;w) ds (4)
o
e r]

(Tox)(tiw) = J ®(t,s;w) ds (5)
o
t

(Tyx)(tiw) = | x(t,s;w) dB(s;w) (&)
4]

LEMMA 2: The operators Ty, L = 1,2,3 are continuous.

Let wus assume that (B,D) is admissible with respect to Ty,
i = 1,2,3 and Fj(t,s,x;w), i=1,2,3 be real wvalued functions
defined for (t,s) €A, ¥ € R and w ¢ Al such that Fj(t,s,;w) € B
whenever x(s;w) € D.
Definition 8: The vector of functions (F;, Fs, F3) is said to
have a bounded integral vector contractors (T;, T3, T[3) with
respect to (B,D) if
(i} for each (t,s) € A, %x({s;w) € D, there exist bounded linear
operators 'y, 1 = 1,2,3 from D to B such that |ryf|, i=1,2,3
are continuous and
k|
ifllll‘i[t,a,x{s:w]}li < Q(t)

where Q(t) is a bounded continuous function;
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(ii) for each x{s:w].ly{s:w] € D, (t,8) e Athere exist constants
aj > 0, i=1,2,3 such that
3 '
IFij(t,s,x(8;w)+y(s;iw) +i§1{mirits,r.x{r;w]jy}{s;w] W)
- Fi(t,s,x(s:;w);w) = Ti(t,s,x(siw))y(t,s;w)llg s ailvlp
The vector (ay, a3, @3) will be called vector of contractor
constants.
If B is stronger than C; and D is stronger than C such that
(B,D) is admissible with respect to Ty, i=1,2,3 it follows that

Tiy, i =1,2,3 are bounded linear operators from B into D. Then

there exist constants K; such that

ITixlp = Ki Ixlg, L = 1,2,3. (7)

Assume that the functions fi, i = 1,2,3 in (1) mapAx R x 0l
into R in such a way that x(s;w) € c implies that
£i(t,s,x(s;w);w), 1 =1,2,3 are in C. Under this assumption, the

integrals in (1) are well defined.

3.MAIN THEOREMS
THEOREM 1: Assume that

(i) h(t,w) € D

(ii}) the pair (B,D) is admissible with respect to the operators
Ty, 1 = 1,2,3 and

(iii) the vector of functions (fy, f;, f3) has a bounded integral
vector contractor (I'y, I, I3) with the vector of constants

{I’]l, ﬂz, ﬂlj}.
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Then there exists a soclution of (1), if

3
EKiai-:l
i=1,

where K; are constants as given in (7).

PROOF : Consider the sequence (%)} in D defined by

t
Kp+1ltiw) = xp(tiw) - [ Ynltiw) + [ Frp(t,s,xp(siw)) yp(s:iw) ds
0

= t
+ [Grzit,s.xnis:w]}Yn(s:u]ds + j Ca(t,5,Xp(siw))yn(siw) dB(s;w) ]
o
...... (8}
where
t
Ynltiw) = xp(tiw) - h(t;w) - | £y(t,s,xp(tiw)) ds
Q
@ -
= fz{t.ﬁ,!n{tiw}]dﬂ = fj':tr5fxn{t?w]}dﬂ|[53ﬂ'} (9)
0 0

and x5 € D.

The admissibility of the pair (B,D) with respect to the
operators T;, i = 1,2,3 and assumption (i) clearly imply that
Xne ¥n €D, for n = 1, 2,... . We shall now prove that
lim |yplp = 0. From (8) and (9), we have
n=>w

t s
Yn+il(tiw) = - J flft.srxn{srwi-anS:H}-[ Cy(s,r,xp(riw))yp(riw)dr
0 0

3
=| Tals,7,xp(riw))yp(riw)dr -j Fy(s,7,Xp(Tiw) )yp(Tiw)dB(r1iw);w)ds
J0 0

C: ]
=| falt,s,xp(siw)=ypis;w) - [ Fy(s,7,Xp(riw))yp(riw)dr
J0 0
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o ”
Ta(s, 7, Xp(riw))yp(riw)dr -I Ty(s, 7, xq(riw))yp(riw)dB(r;w);w)ds
(1] 0
(= e
Eq(t,s,xp(siw)-ypisiw) - Fy(s,7.Xp(7:iw) )yn(r:w)dr
0 0

o s
To(s,r,%p(riw) )yp(riw)dr —[ Ca(s,7,Xp(1iwW) )ypl(riw)dR(T;w);w)ds
0 0

t ™
rltt,s,xn{s:w}]ynis:u]ds—l Fa(t,s,xn(siw) )yp(siw)ds
0 0

t t
= [ Fa(t,s.Xpl(siw)lyp(siw) dB(siw) + [ £1(t,8,xXn(8;:w);w)ds
0 0

@ t
+ [ Ea(t,s,Xp(SiWw)iwlds + [ fa(t,s,%p(siw)iw)dB(s;w).
0 ]

Since (B,D) is admissible with respect to Ty, 1 = 1,2,3 we get
Iyner(t:w)lp

5
< Killf1(t,s,xp(s:iw) = ypl(siw)= J Ty(s, 7, xplriw))yp(riwidr
a

@ s
- { Cals, T, xp(7iw))yp(riwidr - I Ta(s,r,%p(7iw) )ypl(riw)dB(riw)w)
0 0

- £1(t,s,xuq(s:;w)iw) = Ty(t,s,xq(s:w))yn(siw)lp

s
+Kallf2(t,s,xp(siw)~yp(s;w) - J Fi(s,7,xp(7;w))yp(7riw)dr
0

-] s
- J Ca(s,t,xp(1iw))yp(riw)dr - J Ta(s, 7, Xq(riw))yp(riw)dB(riw)iw)
i) 1]

- f5(t,s,xp(8iw)iWw) = Ta(t,s,xXq(s:w))yp(siw)]p
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s
+ Ky |[£4(t,s,%q(siw)~yp(siw) = [ Fy(s,7,xp(riw))yq(riw)dr
]

@ . s
- Iurafs,f,xn{r;w}}yn(r;w}df - J Fa(s, 7. Xp(riw) )yplriw)dB(r;iw);w)
e}

= £3(t,s,Xp(s;w)iw) = T3(t,s,xn(siw))yp(siw)|p
Using (iii) on the functions fi{, i = 1,2,3, we cbtain
l¥n+1llp € (Kyey + Kpap + Kies)lynlp
a
Therefore 1lim |ypllp = 0, since £ Kja; < 1.
n=>wm i=1
By (8) and definiticon B8, we have
I*n+1=%nllp = l¥nlp + KillT1¥nllp + K2lT2ynlp + K3lT3ynlp
3

< E (Kj) Q* |lynlp (10)
im] .
3 3

< T (K{) o* ( T Kiep)™? Jvolp
i=1 i=1

where Q* = sup {Q(t) : £). Thus (xXp} is Cauchy sequence and
hence there exists an x € D such that lim x, = x.

n=>w
Proof of the theorem is now complete.

]
THEOREM 2: Let u(t)>0 be continuous such that [u{t]+u2{t]]dt < @
o]

Let the stochastic integral aquation (1) satisfy the following
conditions:
(i) hit:;w) € Cy:

3

(ii)  |fi(t,s,xiw)| < u(t)[2(s;w) + #(t,s) |x|] a.s., for 0<s<t,
i=1
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where z(s;w) is a second order random process in C, and ¢(t,s)>0
is a bounded continuous function defined for s<t; and
{iii) for each t ¢ R+, there exists linear operators I'j, i=1,2,3
on Ls such that for x(s:iw), yks;w} € Cy (sst),

ITi(t)x(siw) L, s K u(t) |x(s;w)ly, i=1,2,3
for some constant K=0, and

3
f£i(t, s, x(siw)+y(s;w)+ [ (F1y)(siw) ds + [ (Toy)(s:iw) ds
0 0

5

+ [ (Cay)(s:iw) dB(siw)iw) = £i(t,s,x(s:w) = (Tiy)(s:iw) [,
0

< ay ﬂy{s:w]"LL for i = 1,2,3.

Then there exists a solution x(ti;w) of (1) such that
EC(x(t;w)) 2] < ui(e), pruvldad_%lxi aj < 1.
im=
FROOF : We shall now prove that hypotheses of Theorem 2 imply
those that of Theorem 1 with B = Cy ,; and D = Cy.
Let us prove first that (¢, y, Cy) is admissible with

respect of Ty, 1 = 1,2,3. Let x € C; . Now,
" o
[(Tax) (eiw) L, /u(e) S | lx(e s, [u(e))™ ds

t
< sup { [x(t,s;w)ly,/ [ u(t) u(s) ]: ossst) [ u(v) dv
0

< M |, for some constant M > 0. This implies that Tix € Cy.
Ijl‘__

ﬂ{sz}{t;u}HL{P(t] < [ Hx(t,s:w}lLl}u(t]]‘l ds
o
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sup ( [Ix(t,siw)lr / [ u(t) u(s) ]: ossst) I u(v) dv
0

1A

[

M “x“Cﬂ for some constant M > 0.
TR

Therefor Tyx € Cp y.

Now, consider

2 . 2 -2
( Hthx}it:leL{u(ti 1° = | E[x(t,s;w)]° [u(t)] < ds
0

[Fat

t
sup | [Hx[t,srwiﬂle / [ u(t) u(s) ]2= 0<s<t) j [u(v)]? av
o 0

M Hx”cﬁ for some constant M > 0.
e

1A

This implies that Tyx € Cy. Thus (Cy y,Cy) is admissible with
respect ko T3, L = 1,2,3. Condition (ii}) implies that
Eij(t,s,%x(siw)iw) are 1in C1,u whenever x(siw) € Cy. Also,
condition (iii) implies the existence of a bounded integral
vector contractor for the vector (f;, f5, £3). In fact, the
contractor is the vector (Ty, I';, I'3) with contracter constants

(27, @3, @3). Thus all the hypotheses of Theorem 1 are satisfied

and the proof is complete.

THEOREM 3: Let the stochastic integral eguation (1) satisfy the
following conditions:
(i} h(tiw) € Cp:

3

(ii) T |[fy(t,s,xiw)| < #(t,s) |x| a.s. for 0 £ s £ t where
i=1

t
¢#({t,8) > 0 is such that sup {J [#(t,s) + ¢2{t,$}1 ds : £ 2 0) < =
0
o
(iii) same as (1ii) of Theorem 2 except thatfﬁi, i=1,2,3 are

bounded linear operators on L, such that
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3

E Ty (sinlip,s X o(e,s) lly(siwln,
im=

for some constant K > 0.

Then there exists a solution x(t;w) of (1) such that

sup (E[x(t:;w)]% : &t 2 0) < =,

Proof : Procf parallels that of Theorem 1 and Theorem 2.

THEOREM 4: Assume the hypotheses of Theorem 1. Alsoc assume that

t @
y(tiw) + [ Fi({t,s,x(s:w)iwly(s;w)ds + I Ta(t,s,x(s;w);w)y(siw) ds
] ]
t
+ Fy(t,s,x(s:w)iw)y(s:w)dB(s;w) = z(t;w) (11}
0

where x(t;w), 2z(t:w) € D, has a solution in D. Then the eguation
{1) has a unigue solution.
PROOF : Let %;(t;w) and x(t;w) be two solutions in D of the

equation (1) corresponding to two functions h;(tiw) and hs(t;w).

Then

xp(tiw) = xa(tiw) = hy(tiw) ha(tiw)

K4
+ (£y(t,s,%x1(8;w)iw) = £1(t,s,x3(s;w)iw)] ds
Jo

+ [Ea(k,8,%1(S;wW) W)
1]

fa(t,s,xz(s;w)iw)] ds

-

t
+ ] [Ea(t,s,xy(s:w)iw) - £4(t,s,x3(siw)iw)] dB(s;w) (12)
0

Let z(t;w) = xp(tiw) = Ra(tiw).
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We conclude from the fact that (11) has a solution for every 2
and % that there is a y(t;w) € D such that
Xp(E/w) = Xa(t;jw) = z(t;w)

" :
= y(tiw) + [nrlit.s,xz] y(siw) ds + jurztt;s.le-yISIw} ds

t
+ I Fq(t,8,%2) y(siw) dB(s:w). (13)
]
Using (13) in (12) and after simplification, we obtain

3
ly(e:w)llp € [hy(tiw) = ha(tiw)|p + f,EIKi aj) Jy(e:w)p
1=

Then we get,

3 -
ly(eswllp < € 1 - (.2 Ky af)) Y Iny(tiw) - ha(tiw)lp. (14)
If hy(tiw) = hy(t;w), then it follows that y = 0, which implies

that x(ti;w) = X5(tiw).
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