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1. Introduction.
We wish to analyze the properties of connectors of tori and cycles

bifurcating from the origin of the four dimensional system of differential equations
11 1.':,-=£1H—wi1l'i+xi[hﬁﬂ}
{ . }c U=¢ ui+wiui+]’:'(f;uﬂ":':

i=12

where  u = (uj,u2), v=(v,m), X;,¥; eC®([0,7] x R, R) for some
T >0, X, Y =o(ul* +|v?*) and E:L is not a rational mumber, Our work was
originally motivated by [7] and expanded subsequently in [1],[2],[3], and [4]. In
particular, we assume the origin of (1.1)y is h-asymptotically stable [5] that is

the asymptotic stability of the origin (1.1)g is preserved under perturbations of

* This work has been partially supported by the Italian C.N.R. (National Council of
R.esearch)
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order greater than h in (u, v) but there are perturbations of order A which do not
preserve the asymptotic stability. When € increases through zero, we find the
origin of (1.1), is completely unstable and this exchange of stability of the origin
gives rise to the existence of bifurcating tori and cycles.

For physical motivation of the above phenomenon consider two springs
with rationally independent frequencies wy and we. Without the effects of the
nonlinearities the system (1.1)g is conservative and the uncoupled springs oscillate
with constant energy. The introduction of the nonlinearities, reflecting a nonlinear
Hooke's law in (1.1)p dampens the oscillations. In fact, the amplitude of
oscillation of one spring will dominate over that of the other spring. When energy
is introduced as measured by € > 0 then the oscillating springs approach one of
the following equilibria of (1.1),: (i) the two springs oscillate with a single
frequency (which is either wj or we) and we refer to this equilibrium as a cycle;
(i) the two coupled springs oscillate with almost periodic motion and thus lie on a
two dimensional torus in four dimensional space.

In order to obtain the qualitative properties of the bifurcating tori and
cycles of (1.1), as well as the properties of the connections between these
equilibria, we shall continue to develop a Reflection Principle, (see [1], [4]), which
roughly says that many of the properties of the bifurcating set for (1.1), can be
obtained by an analysis of the behavior of the solutions in a neighborhood of the
origin of (1.1)p. We need the following [5]:
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Definition 1.1. The origin of (1.1)g is h-asymptotically stable, h > 3 if (i) for
every perturbation &, n; € C*(RY,R),i=1,2 of order greater than h the
origin of

= —wivi+X(0,u,v)+£i(u,v),

ﬁi=WE“i+“(ﬂ*u1U)+f?£{ﬂm})
is asymptotically stable; (ii) property (i) is not satisfied when h is replaced by any
j=1,- h=1.

It is convenient to put (1.1), into a normal form in polar coordinates

(pi, ®i) given by (see [5])
T =¢€x+ :Hm{z,y} + :E(:1y|¢lr¢21!)
(1.2) Y = ey +yCu(z,y) +yF(z, v, 61, 62,€)
e ¢1 =1un +G{I‘1‘yr¢h¢2|£)

&’2 =w‘2+H{Imy!¢'h¢?|£)r

where 1z =p’ = uf +u§ and y= pg = uf +v§, Bn(z,y), Calz,y) are
polynomials in (z,y) of degree m and n respectively and E and F are
respectively o(z? +1#)™? and o(z? +1%)"? as (z,y)=(0,0) and are C* in all
its variables. Since the z and y axes are invariant we have B,(z,0) < 0 and
Cn(0,y) < 0. Finally we assume

(AR) G(z, 4, 61,62, €), H(z, v, $1,¢2,€) = o(@? +17)'T

as (z,y)=(0,0). Condition (AR) implies the radial component of the flow given
by (1.2), is stronger than the angular component. This allows for the existence
and persistence of tori and cycles under higher order perturbations. We shall
always assume (AR) without alluding to it.
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-3 Connections Between Bifurcating Sets.
The first two equations of (1.2), are the amplitude equations and we shall

concentrate on the truncated equations

t=ez+zBm(z,y)
(Ae) y=ey+yCn(z,y), z,y20.

We observe that (1.1)g is h-asymptotically stable if and only if (Ap) is
k=21 _ asymptotically stable. We shall look at the special case in which
h =3. Inthis case m =n = 1, that is (Ap) is homogeneous of degree 2. (We
shall at the conclusion address the more general case when h is arbitrary). So let

us write (A,) in the case A = 3. We obtain
t=ex—azi—czy,
(Te) y=ey—dy? —bzy.

We shall assume a =d = 1, which is not a restriction of our results as we shall

see. So we finally arrive at the equation that we will investigate:
S t=ex—z?—czy,
(Se) j=ey—y*—bzy, =z.y=0,
in which the origin of (So) is 231 =2 asymptotically stable (recall h = 3).

We know [2], [6] that the bifurcating set, B,, of (S.) consist nt: two
equilibria lying on the z and y axis respectively (cycles) and possibly an equilibrium
point in the interior of the first quadrant (torus), as well as the connectors between
the equilibria (see Proposition 2.2).

In our previous work [2], [3], and [4], we introduced and developed some
aspects of the reflection principle, which in the special case of (S.) provided an
analysis of the stability properties of the bifurcating (tori) in terms of the stability
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of the origin of (Sp). To this end we use (r,8) to denote the polar coordinates
and write (S,) as

F=er—r2z(4)
PSo) b=r2N(8),
where z(8) = ({ms& — c¢sin 8) cos*8 — (sind — b cos 8) s'mﬂﬂ)
and N(6) = ((sin ~ beos 6) — (cosh — ¢ sing) ) sind cosd.

Either N(6) has no zeros in the interior of the first quadrant or has one zero,
@ =8,. The ray & =6, is invariant and will be referred to as the normal ray.
Since (S,) is quadratic in (z,y) N'(6;) # 0. The corresponding equilibrium,
p = m(e) of (S,) gives rise to an invariant torus of (1.1), and lies on the ray
6=8,.
The following definitions are useful.

Definition 2.1. The normal ray & = 8, is a hyperbolic attractor (repeller) of (PSg)
if N'(6;) < O(N'(6,) > 0).

Definition 2.2. We say an orbit y(z) of (Sp) is algebraic at the normal ray 8 = 6,
if y(z) is tangent to § =&, as rz—0 and has a formal representation in a

20
neighborhood of @ = 6; given by y — (tan 8;)c = ) _ a;z% where a; and b; are
=

real numbers. An orbit that is not algebraic at a normal ray 6 = 6, is said to be
transcendental at & = @y. The normal ray is algebraic (transcendental) if there
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exists a neighborhood of 8 = 6, such that all orbits are algebraic (transcendental).
We have the following results [4].

Proposition 2.1. Assume the origin of (Sp) is 2-asymptotically stable and assume
¢ = 6, is a normal ray. Then 8 = 6, is hyperbolic and algebraic. The rays§ =0
and @ = 7 are also algebraic. If there is no interior normal ray then one of the
rays 8 =0or @ = T is algebraic and the other transcendental.

Proposition 2.2. Under the assumptions of Proposition 2.1 system (S,), for ¢
sufficiently small, has two equilibrium one on each axis and has at most one
equilibrium in the interior of the first quadrant. This equilibrium point when it
exists is either an attractor or a saddle point. Letting p, be the interior equilibrium
point and py and py be the equilibrium points on the = and y axis respectively,
then the bifurcating set B, of (S.), that is the largest compact invariant set not
containing the origin consist of {pg, p1, 2} and two connectors C)p and Cyp
where Cyp connects py and p; and Cyz connects p; and ps.

In Proposition 2.2 the existence of the equilibria of (S,) can be found by
inspecting the behavior of (Sp). The direction of the flow on Cjg and C)9 tell us
whether the equilibrium p, is a saddle point or attractor since the radial direction
is always part of the stable manifold of py, The flows on Cjp and C; can be
found by determining the behavior of the orbits in a neighborhood of the normal
ray 6 = 6, (the angular coordinate of p;) of (Sg). These comments are again

examples of the reflection principle.
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3. Smoothness of Connectors.

We are now interested in using the reflection principle to obtain the

continuity properties of Cy =CjpUC)2 at py. Clearly if p; is a saddle point
then C) is continuously differentiable (C') at py. Nowif p, is an attractor then
we will obtain one of the main results of this paper.
Theorem 3.0. If the torus given by p; is an attractor of (S,) then the two
connectors at p1, Cyg and Cyg either form () a cusp at py; (i1) a corner at py; or
(#1) C, is C' at py. Conditions on the coefficients of the differential equation
determine which of the above three possibilities hold. If p, is a saddle point of
(S,) then C; are C' at py.

To obtain the proof of Theorem 3.0, we will provide sufficient conditions
on band cin (S,) to provide the validity of cases (i), (i), or (iif). Letting = and

y be the coordinate of the torus py, we find from (S,) that z = (11:;!: ) ¢ and

_ gl-b}e
Y= T1=cb)"

Using the fact a torus exists if and only if z >0 and y > 0, and

that two cycles always exist if the origin of (Sp) is asymptotically stable we have
the following characterization between band c and the equilibria contained in the
bifurcating set.

Lemma 3.1. The b — ¢ plane can be characterized as follows:

(i)  the region I given by {(b,c) : > 1, ¢ > 1)} contains a torus which is a

saddle point and two cycles;
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(it) the regions Ia, @b, I, IV, V given by {(b,—:}: (%; Ecﬂl)},
{6.9: (0gc<}) L (G 0<b<1), 020,
{(d,c): (b=1,e<0)}, {(d,c): (b<0,c> 1)}, respectively, each
contains two cycles and no tori.

(#44) the region VI given by {(b,c) : (b < %, b< D) }hu no bifurcating set

(iv) the regions VII, VI, IX given by {(b,¢):(0<b<1,¢ec<0)},
{(a,:;;:(% <agu.c<n)}; {(be): (b<1,0< e <)}

respectively each contain two cycles and one torus.
We sketch a proof of Lemma 3.1. Observe z = (j,_—_c € and y=

are coordinates of a torus whenever z >0and y>0. Thus we require

1= 50 and 155 > 0. We find the normal ray is given by y = =1z (we

1-cb 1—cb
see that i:—i > 0). Using these inequalities it is not difficult to ascertain the

validity of (i) and (iv) since there will exist bifurcating cycles. Indeed, in these
cases the origin of (Sp) is 2-asymptotically stable and the origin of (S,) is
completely unstable. In case (iii) an easy calculation leads to the observation that
the origin of (Sp) is unstable implying there is no bifurcation phenomenon. In
case (i1) the above inequalities implies there is no tori. However, (Sp) is 2-
asymptotically stable and thus there appear bifurcating cycles.

Thus we have exhibited another implication of the reflection principle that
is a relationship between the asymptotic stability of the origin of (So)and the
components of the bifurcating set B,.
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We now address the question of the smoothness of the connector at the
interior equilibrium point py-(torus) of (S,). Recall we have defined
Ciy = CypUC)2. In Theorem 3.0, we find the connector C at p, may be C!,
C%!(comer) or C%,a <1 (cusp) and that we can identify what type of
smoothness C; has by studying the connectors Cip and Cy3 of the perturbed
flow (S,) at py. This we can ascertain using the behavior of the unperturbed flow
(So) at the origin. Toward this end, we have:

Theorem 3.1. Using the description of the regions given in Lemma 3.1 we find
that the continuity properties of the connector C' at the torus py satisfies:

(a)  inregion I the connectoris C' at py,

(b)  inregion VII the connector is C' at py,

(c)  inregion VIII the connector is C%*(a < 1) (a cusp) at py,

(d)  inregion IX the connectoris C' at py,

(¢) on the one dimensional sets {(b,¢):6=0,e<0)} and

{(b,¢) : b < 0,c = 0)} the connector is C*! (comer) at p;.

These two one dimensional sets in (e) form part of the boundary of Regions VII,
VTII, and IX and the continuity properties at p; of the connectors change as we
cross these two sets.

We will indicate the proof after the ensuing discussion. One way to attack
this question, not using the reflection principle, is to linearize around p;, compute
the eigenvalue along the angular direction 8 = 8y (we refer to this direction as e,)
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and compute the eigenvalue along the other eigenvector (we refer to this direction
as e,) which is transverse to e,. The direction of the approach of the connector
Ci at p is given by the eigenvector corresponding to the smaller negative
eigenvalue. We then ascertain whether the approach of C,p and Cy5 is from the
interior or exterior of the bifurcating set, the analysis depending on the behavior of
thesets £ =0 and § = 0. We may assume, without loss of generality, the two
eigenvalues are negative-(the radial eigenvalue is always negative [1]) for if the
other eigenvalue is positive then we have that p, is a saddle point and the
connector is tangent to the transverse direction that forms the unstable manifold at
p1 which is C! (this in fact proves (a) in Theorem 3.1). In regions VII, VIII, and
X, py is an attractor, and for both i = 0,2, C); is tangent to either e, or e,.
And then the smoothness of C; at p; depends on the manner in which Cg, Cia
approach py at either e, or e,. By analyzing the flow on the line given by
{(z,y) : y = 0} in the wedge [#;, /2] and the flow on the line {(z,y):z = 0}
in the wedge [0, 8,] we can ascertain the approach to p; of Ciz and Ci,
respectively. We would like to obtain this information on Cyg and Cy3 at py, not
by linearization around py but by an analysis of the flow of (Sg) at the origin- that
is an application of the reflection principle. First we will present a few examples to
depict this.

We will obtain solutions of (Sp) in terms of v = % and z or in terms of v

and y [8], and relate the behavior of the order of zas a function of v at the
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normal ray v = tan 6; with the continuity of the connector C; at p;. More
precisely we have:
Theorem 3.2. Assume (Sp) is written in coordinates v = y/z and z;, we find
the orbits are given as cz = f(z) g(|v — tan 8,|), where f(v) and g(|v — tan 8;])
are algebraic. Assume p, is an attractor. Then

() If g(Jv—tan 8,]) has order greater than one atv = tan §; and %)- has

order greater than one at v = 0, then the connector is C! and tangent to
er.

(i) If g(Jv— tany|) has positive order less than oneat v = tan 8, and ﬁ
has order less than one at v = OQthen the connector has a cusp at p, and is
tangent to e,.

(14d) If g(|v—tan &|) has positive order less than oneat v =tan &; and
ﬁ has order greater than one at v = 0 then the connector is C* at py.

(iv) If (i) — (iii) are not satisfied and g(|v — tané,|) has positive order at
v = tan 8, then the connector is C%! (corner) at p;.

(v) If p is a saddle point then |g(|v— tan 6,|)|—=c0 as v tan 6, and we
know the connectoris C! at p,.

We now give examples of Theorem 3.2 and then briefly outline its proof.
Example 1. Let
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The substitution v = E gives us
Iu— Im

LT =
for the orbits, where c is any constant So f(v) = 3¢, g(jv— }) = |u— 3["/°
and tan #; = %

Then Theorem 3.2 (i) implies the connector is C! at the attractor

1 = (3¢, 2¢) and tangent to e,.
Example 2. Let

t= -z +zy

=~y +3.

In this case the orbits satisfy
=31

v
1/6
and thus f(v) = —1;- andg{lt: - %l . Then from Theorem 3.2 (ii) we conclude
v
the connector has a cusp at p; = (4¢, 3¢) and is tangent to e,, that is to the line

y = (tan 8y )z.

Example 3. Let
= —1z%-3zy
y= -y —2zy.
Then the orbits satisfy
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ez = v|(1 — 2v)| 52
and thus f(v) =v and g(|1 —2v|) = [(1 - 2v)|~%/2. According to Theorem

3.2(v), the connectoris C'at py = (2¢,¢) and p, is a saddle point.

Example 4. Let
= -z + %Iy
i= -4

We find

(Izv-1p?
e

and so f(v)=1 and g(|3v—1]) = (3u—1)2. Notice that the conditions

(#) — (i4d) in Theorem 3.2 are not satisfied; then from (iv) we conclude that the
connectoris C®! (a comner) at py = (¢, 2¢).

Basically to prove Theorem 3.1 we show that the smoothness properties of
the connectors can be obtained by linearization around p, for (S,). We then
show that this procedure can be made equivalent to the procedure given in
Theorem 3.2 which only depends on the unperturbed system (Sp). Thus, the
reflection principle allows for the determination of the structure of the connectors
at p, based on knowledge of the stability properties of the origin of (Sp) (Theorﬁn
3.2).

An important open question in the development of the reflection principle

is whether the properties of the orbits of (Sp) at the origin, algebraic or
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transcendental, implies certain structures of the bifurcating set of (S,). As of now
we have not been able to obtain a relationship between those properties of the
orbits of (Sp) and the continuity properties of the connectors. Because there is
some connection between the algebraic properties of the orbits and the
transcendental properties that can be ascertained in terms of a non-resonance
condition (similar to ones given for linear systems) [4] then we will in the future
explore this non-resonance condition to see if it can be used further in developing
the reflection principle.

Finally, it would be interesting to assume the origin of (1.1)p is 5-
asymptotically stable, that is, (Sp) consists of cubic terms and we find that there
exist two bifurcating cycles and at most two bifurcating tori. The analysis of the
behavior of the connectors at each ton depends on the sets given by
{(z,y) : £ =0} and {(z,y) : ¥ = 0} respectively, which are quadratic.
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