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AN EXISTENCE RESULT FOR OSCILATORY STOKES FLOWS

Mirela Kohr

Abstract

In this paper the author gives an existence result for two-
dimensional cscillatory Stokes flows past rigid obstacles. The
corresponding stream function of the flow is represented in terms
of simple layer potentials. The problem is reduced to an integral
equations system of the first kind for which an existence result is
established.’

Mathematical model of the flow
The equations corresponding to the motion of a viscous
incompressible fluid past arbitrarily two-dimensional cbstacles are
.the Narier - Sstokes equations. By o, we denote these obstacles with
the boundaries ¢!, i=T,R, and in the following we suppose that N 2
2. The fluid velocity i satisfies the boundary conditiocns:

(1) g(x)=Flx), xect, i=T,N

where

(2) [2'00 At (x)dst=0, i=T.F
C"'

and

* Key words: stream function, oscillatory sStokes flow,
fundamental solution.
AMS Subject classification: 76D,
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{3} flectr(cyy , i-T, N, 0<y<l

We denote by ®* the unit ocutward normal vector to ¢' and by
ct*(C*) the class of HOlder continously differentiable functions on
¢, 1=1,F, with the exponent 0 < y < 1,

The Reynolds number of the flow is supposed to be very =mall.

If we assume that the motion depends on the time t, then the
nonstationary, unsteady Marier - Stokes egquations are reduced to
the dimensionless eguations:

aﬂ:— + A
(4) . Vp+Ad in Q
(5) V-d=n0 in Q

where 20 denotes the fluid domain and p the fluid pressure.

We consider that the velocity J satisfies the boundary
conditions (1) (for simplicity, in the dimensionless case, we
suppose that the boundary conditions have the same form as in (1))
and alsc the asymptotic conditions:

(6) d-1,p-0,asg|R ==,

where the fluid flow at infinity is considered to be uniform flow,
and |®|=|x|=/x;+X; denctes the norm of the vector %.

The functions which appear in (4) - (6) are pericdic with the
same period T>0, and have the form:

Glx, t)= Re {F(x) e 2™ p(x, £) =
= Re (P(x)e-'™), P (x, t)= Re (Pl (x)e~'™),

{(7)

i=T,F, where Re z means the real part of the complex number z.
From (1), (4)=(5) and (7) we obtain the following oscillatory
Stokes problem:

(8.a) AT -9p=-iTH inQ

(8.b) 7 =0 in Q
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{s.c) Fix) = Pi(x), xecCt, i-T;N.

The condition (6) at infinity is replaced by the next
condition:

(8.d) Olx) = 0B, asg (%] -=.

From (2} and (7] it results that the
functions F!,1-T N satisfy the conditions:

(8.e) [Fiix) -at(xdst =0, F' e c»1icy, I-TIN.
~t

The continuity equation (8.b) gives the stream function ¥,
such that:

(9) 0= (V)

where 7 denotes the ortogonal vector of the vector ¥.
In terms of stream function ¢, the above problem is reduced to
the problem:

(10.a) Ay, + ik2Ay, = 0 in Q
(10.b) T, (x) = Fix) ., xeci i=-1.F
(10.¢) Vo (x) = O(|R]™), as R ~=

where k2=T, Fi=(FH:, i-T,W.
Aditionally, we suppose the following conditions at infinity:

{10.4) Y, (x) =0(|2|™), D™y, (x)=0(12|™), mzl, as|R|-=.

By D* we denote any derivative of the order m 2z 1.
Let G be the fundamental solution of the egquation (10.a),
given by [1]:

{11) Gelx,¥) = J(|Z-F

where J(u) -u'f:.s" f L’tko{vcﬂn} r::"l::]ds.

Here K, is the Bassel function of the order zero, which has a
logarithmic singularity at the point u = 0.

Explicitely G has the form:
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(12) Glx,¥) = Flx,¥) + |x - y|21ln k + H{x,y),
where F is the fundamental sclution of the biharmonic equation,
given by:

1 -
(13) Fixiy) = oo lx-yf? [ln]x-¥|-1].

The function H has continous third derivatives and Hix,y) =
= alk2lnk} as k » 0, uniformly for %,y in compact sets.
We seek a solution of the preoblem (10.a) = (10.d) in the form:

(14) Yulx) = ;gf?ﬁkix.y} ¢ (y)ds; , xel,

where the symbecl V, means the gradient operator in respect to the
variable vy.

If we use the asymptotic development of the Bessel functien

K :
{15) K tu) = utieuf (u},
with | £,{u)| % ¢ (constant) for |uy| > R, and |arg u| 3 %. where R
ig sufficiently large, then it results that [1]:
(16} V.G (x,y) = -Clel: + O(e k) ag |R] - -,
x

for |y| bounded.

Because G, is the fundamental seclution of the equation (10.a),
then the function w,, given by (14), satisfies this egquation, and
from the estimate (16}, it results that the asymptotic conditions
{10.d) are satisfied. The function ¥, will be a sclution of (10.b}
when the density function ¢: Ges - B, ¢l.; = &,7=T.F. is a solution
for the following integral i-:.:atan of the first kind:

(17) L%I?J,G,I{xf.y;i‘{y}ds_f = gi(x), xeci, j=T .
If we differentiate in {(17) with respect to the arc length

52, 1=TR, then, we obtain the following singular integral system,
which has a Cauchy-type singularity and the index zero:
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(18) ;J a-‘Fﬁyﬂrixiaﬂ-ﬁ"iﬁdsﬁ= 2 _3iix),xec!, j=T,R.

4 4
: 053 ds;

0y

The adjoint homogeneous system corresponding toe the system
{18) has the form:

{19) ﬁf—a—_?,,‘?rs,{x",y} $'ix)ds} = 0, yecs, i=T. 8.
I-l\:" as;

= N
We observe that each function ¢: U C7-R¥, given by:
el

(20) bix)=a.® + 5, , xect, i=T,W

represents a solution for the system (1%9), where a3 1s a real
constant and B, is a constant wvector, I=I.F. The functions which
have the linear form (20} determine a 3N dimensionaly real space.

Then the dimension of the sclution's space for the system
{19), and hence for the homogeneous system {(18), is at least 3IN.

We used here the Fredholm first alternative [7] which implies
that the dimension of sclution's space for the homogeneous system
(18) is equal with the dimension of solution's space, corresponding
to the adjeoint system (19).

The next result shows that this dimension is exactly 3N.

Theorem 1. The homogeneous system corresponding to the system
i{18) has at most 3N lineary independent solution.

Proof. It 1s  easily to show that the functions
gt 6cf4l=. i=T,R, are soclutions of the homogeneous system (18},

J=1
where:
0, xeC7, jwi
[21) 7i(x ,{
(x) T, xec

Here T! means the unit tangent vector of ¢, at the point
xeci, i=T R,

Let mﬁ:EEC1~R‘. 7=1,2ZN+1 any 2N+1 solutions of the homogeneous
system (18). The corresponding streanm
functions ¢, j=I,2N+1, satisfy the Stokes problems:
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(22.a) Alylix) + ik?A¢l(x) = 0, xeQ
{22.b) Viilx) = 3}, xecl, 1-T,®
(22.¢) Tiix) =0, as (% ~=

where &}, 1-1,F, j=T,2F+1 are constant vectors.
We can determine the constants &,,...,8,,., not all equal to
zero, such that:

L=
(23) £p,8f =0, 1-TW.

=1

J+1 .
Then the function ¢i=§;ﬂ:#{ must satisfies the following
Stokes problem:

(24.a) Ayl (x) +1k2Ayl(x) = 0, xeQ
{24.b) VHlix) =0 , xe! I=T, R
(24.c) Vrix)-0 , as |R|-=

This problem has a constant solution. From the next uniqueness
result, it follows that it is the unigue solution of the problem
{24.a) - (24.c2).

Theorem 2. The Stokes equation (10.a) with the boundary and
asymptotic conditiens {(10.b) = (10.d), and with the additionaly
conditions:

2 N
(25) [Sr0ds! = ik*[gi (0 a7 () ds? , jTR,
ol

Y

has at most one solution, where w, = AWy, .

Procf. Let 2, = 2 N B,, where B, is a large disk of radius R
such that all the domains o', i=I.F. are included in o,. Fram
Green's formula, we obtain:



Mirela Kohr 119

0= ! Pe(A%yyrikiay,) dx - [ (18412 ik? | Vu| Jaxe

{26) ' )
. do, W, .., o
S - oy - 10 o,

where §, is a solution of the Stokes equation (10.a). If %} and #;,

are two sclutions of Stokes problem (10.a) = (10.d)}, together the
conditions (25), then the function 1!,,=¢i~\|ii, represents a solutien
of the Stokes equation (10.a), with the homogeneous boundary
conditions, the conditions (10.d) at infinity, and the conditions:

day, F )
!["-E}—l-'{xjds LI | I;N-

From the above arguments we deduce that all integrals along's
39, {(the boundary of the domain 2,) are zero, when R » =, Hence Vy,
= 0 in 2 and #}, = tllli {up to an additive constant).

Using the Theorem 2, it results that the function 11'2 of the

constant form is the unique sclution of {(24.a) - (24.c).
on the other hand the function ﬂ=fﬂj { satisfies the problem
(24.a) - {(24.b) in each domain o', i=I.N. and it is continous

together with its first derivatives on C', I=I.N. With the same
arguments as in the Theorem 2, we obtain that ﬂ’, has a constant
form in o, I-T N.

Let @§: GC'J' - BR*, be the function corresponding to the stream
function 1!25-1

(27} " ;Eﬂ‘mi . b).s=F, F=T N

From the properties of simple layer potentials [1], we deduce
the following relations:
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(28.a)  {aw,) (x) - (v (x) = a9 (20 A7 (x), xeC?, j=T.N

(9 Aw) (3 -{—2 AwY (x) =2, [72:87 5§
(28.h) \anJ“*} { x) \an:”*’} (x) =a, ds—’{i #)(x), xeC?, =T, W
where the symbols "+" and "-", means the limits at the point x=sC7,

from 2 and Q' respectively, and a, is a real constant, 7=1.%.
Because the function $} above defined, has a constant form in

o and in each domain 2', I=1.N, then from (28.a) - {28.b), it

results that there exist the constants a.eR, i=1 N such that:

(29) $t(x) = a, ¥, for xeci, i=I,N.

Using (27) and {29} we obtain:

(30) “Cooit0-Lari0=0, xelca,
i1 i=1 J=1

where the functicn %, i=I N are defined in (21). It is clear that
the functions ¢*, i=T,2N+1 and *7, =1.N. are linearly dependent, so,
the proof of Thecrem 1 is finished.

From the Fredholm seccnd alternative [7], we deduce that the
system {(18) has a solution if and only 1if each sclution of the
adjoint system {19) is orthogonal to the function J: U c3 -« R given

Jui
by:

(31) §ix)=—3-Gix) , for xect, 1-T,N.

da,

since any solution of the system (19) has a linear form (20},
the above condition is satisfied.

Let ¢ 0C‘-f - B2, be the solution of the system (18), such that
). = &Y, j‘:ﬁ Then the function ¥i=¢}($°) satisfies:

(32.a) Algi(x) +ik?Ag}(x) =0 , xefl

(32.b) T (x) =51 (20) +R7 |, xect, TR
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{32.¢c) THiix} -0, as|® -=
where 7, j=T,N are constant vectors.
We consider the functicn 4‘.1":':}_@"111':‘-f - R*, be defined by:
(33) K%x)= B, for xec? , 1-T,W.
Let §*,....§* and ¥!, i=T N, 3N linearly independent sclutions

of the homogenecus system [(18). The corresponding stream functions
#1-91(8’), 7=T, 2R, are solutions for the next problems:

(34.a) AP (x) +iAPL(x) = 0 , xeQ
{34.b) Vei(x)= &} |, xec!, 1-T,R
{34.c) 1ix) -0 , as R - =

whereas c'.'_,‘, 1-T,8, 7-1,2ZR, are constant vectors.
We define the functiens cJ: [jC" - R?, j=T 2N, given by:

i=1

(35) elix)= 8}, for xec!, 1-1,W.

From Theorem 2 and the relations (28.a) - (28.b) it iz easily
to prove that the functions c?!, F=I.ZN. are linearly independent.
Also, we ohserve that these functions and the .functicn K, defined
by (33), belong to the 2N dimensional space:

. : g L jl' ji =L, [}
(16) s .{x EJLC R} [K (x) =23, for xec?, j=1, K}
21 is a conatant vector, j=I1,H.

Hence, there exist the numbers y,€R, i=1,2N, such that:
(37) Evcimx =0, xelci,

From (32.a) - {32.c), (33), (34.a) - (34.c), (35) and (37}, we
deduce that the function § defined by:

(38) ¥, =£'f,ii + ¥i

is the unigque solution of the oscillatory Stokes problem (10.a) -
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(10.d), together the conditions [25).

So, using the above arguments, we can formulate the following
result.

Thecrem 3. If the functicns F*, i=1,N satisfy the conditions
[8.e), then there exists an oscillatery stream function ¥, (unique
up to an additive constant) which is a solution of the problem
{10.a) - (10.d), with the additicnaly conditicns [25).
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