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Asymptotic Weak Almost Periodicity and
Almost-Orbit of Semigroups of Operators
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Abstract

We present some results of weakly almost periodic functions with
values in a Banach space. Then we apply these results to investigate
the weakly almost periodic solutions of some differential equations in
a Banach space via a technic of semigroups operators. This work is
motivated by Some papers of Ruess, Summers and Phong,
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1 Introduction

The point of departure for this work is the problem of studying under which
conditions the abstract cauchy problem :

dz

20 = Az(t) + £(0)

where A is the‘generator of a strongly continuous semigroup (T'(t))i>0 of
bounded linear operators in a Banach space X and f is a given X-valued
fonction on IR, has solutions which are weakly almost periodic,.i.e. those for
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which their set of translates is weakly relatively compact in the sup-normed
space BC((J,X),|.||.) (for J € {IR, R"}) of all bounded continuous fune-
tions from J into X. In comparison with the existing literature of this prob-
lem ([4], [6]) with the results based on the assumption that o(A) N iR is
empty or countable, we investigate the situation where A is the generator of
a uniformly bounded (°—semigroup, and #{A) N iR not necessary empty
nor countable.

The paper is organised as, the first section is devoted with some prelimi-
nary results on weak almost periodic functions, section (2), deals with some
applications to some abstract differentiel equation.

1.1 Preliminaries.

Throughout the paper, X will denote a ( real or complex ) Banach space,
which we shall tacitly assume to be complex whenever spectral properties of
linear operators enter the picture. For J € {IR, IR}, the sup-normed space of
all bounded continuous and bounded uniformly continuous functions defined
on J with values in X, will be denoted by BC(J, X) and BUC(J, X)
respectively. Furthermore, (T'(t))i>0 will here after denote a C”—semigroup
of bounded linear operators on X. For u € BC(J, X}, and w € J, moreover,
we put u,(t) =u(t +w), t € J.

The results of this paper make essential use of the notion of weakly almost
periodic and asymptotically almost periodic functions as introduced in the
scalar case by Eberlein ([3]). A functin f € BC(J, X), is said to be weakly
almost periodic (in the sense of Eberlein) if the orbit of f with respect to J

GJ = {ftf'E'—’r}

is relatively compact with respect to the weak topology of BC(J, X). The
space of all such functions will be denaoted by W(.J, X). Wy(J, X) denotes
the closed subspace of all f € W(J, X) such that some sequence (f, ), of
translates of f is weakly convergent to the zero function f € BUC(R, X) is
called weakly asymptotically almost periodic (in the sense of Eberlein) if the
set

{(f/r+)e, t 20}

of translates of its restrection to IR* is weakly relatively compact in
BUC(IR*, X) (endowed with the sup-norm). The space of all such functions
will be denoted by W (IR, X).
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Results of deleeuw and Glicksberg imply that the following decomposi-
tions

W(J, X) = AP(R,X)/; & Wy(J X)

WHIR,X) = AP(R,X) & Wy (J X)
hold. Here AP(IR, X') denotes the space of almost periodic functions,i.e.

f € BC(IR,X) : Or(f)
AP(R, X) := { is relatively compact in [BC?{H,XJ. ll-lleo) } r

and Wy (J, X) denotes the subspace of W* (IR, X) defined as follow :
Wi (J,X) := {f€ BUC(R,X): f/r+ € Wo(R", X)}.

Theorem 1 [7] Let u € BC(IR*, X). The following results are equivalent :
(i) u € W(R*, X);
(ii) given any sequences ((tm, Th))m i RY x Bx. and (w,), in BT,

lim {u(tm + wy), zh) = lim lim (u(tm +wa),z;,),

limn
Tt OO0 TT—+00 =00 =00

when both tlerafed fimnits exist.

The equivalence of (i) and (i1} is established in [3] and [8].
For a function u : &Y — X, we will refer to

Y(u) := {u(t), t € R}
as the orbit of u.

Theorem 2 [7] Let w € BC(IR*, X), and consider the following assertions

(i) u € W(R", X);
.y . 1 (T )
(i) .|| — Tlﬂ 7 fﬂ u(t) dt erists,
(1) y(u) is weakly relalively compact in X.
Then (i) implies both (i) and (iii).

The fact that (i) implies (ii) is proved by Eberlien in ([5]). The others
implications are abvious.
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1.1.1 A spectral Creterion for almost periodicity and asymptotic
weakly almost periodicity.

Definition 3 For u € BUC(IR, X), the set of regular points R(u) of u is
defined as the set of points A € IR which have a neighborhood O such that
U *u = 0 whenever ¥ € L'(R) and supp¥ C ¥, (U denotes the fourier
transform of [).

Definition 4 For u € BUC(R, X), the spectrum sp(u) is defined as the
complement in IR of R(u).

Definition 5 Foru € BUC(IR, X), the almost periodic spectrum A 4p(u) of
u (resp. the weakly asymptotical almost periodic spectrum Aw+(u) of u 13
defined as the complement in IR of points A € IR which have a neighborhood
9 such that Uxu € AP(IR, X) (resp U+u € W(IR, X)) whenever ¥ € L'(iR)
and supp¥ C 9. ( where U designes the Fourier transform of U).

From the definition, we have the following obvious inclusions :

Agp(u) C sp(u)
Aw+(u) < splu).

Proposition 6 [6/ Letuw € BUC(IR, X). Then :
i) sp(u) = 0 if and only if u=0.
i) Aap(u) = 0 (resp Awy(u) = 0) if and only if u € AP(IR,X) (resp
u € WY (R, X). .
Proposition 7 Letu, v € BUC(IR,X). Then :
d d
i) if u is derivable such that d—? € BUC(R, X), then SP(ETE} C sp(u);
it) sp(u+v) C sp(u) U sp(v).

1.1.2 Characterization of almost periodic and asymptotically weakly
almost periodic functions by their spectrums.

Let X denotes the vector-space defined by :

Co = {I[:I:n]n C R, lim =z, ={]}.



A.Alt Dads,K.Ezzinbi,S5.Fatajou 85

Theorem 8 [6] Assume that u € BUC(IR, X), and Aap(u) is countable.
Then u is almost periodic provided one of the following conditions holds :

i) u has a weakly relatively compact range;

it) X does not contain an isomorphic copy of Co;

iii) for every A € Aap(u), the function exp (—iAt) u(t) has uniformly con-
vergent mean,.i.e.

1 jotT
Il = ]!im ?f exp (—iM)u(t)dt = rze€ X

ertsts uniformly for all o = 0..

Theorem 9 [6] Assume that v € BUC(R, X), Aw-(u) is countable, and
for every A € Ay (u), exp (—iAt) u(t) has uniformly convergent mean. Then
u 15 weakly asymptotically almost periodic.

1.1.3 Asymptotically almost periodicity for almost-orbit of uni-
formly bounded C°—semigroup.

Definition 10 A continuous function
u Rt — X,
is said to be almost-orbit of (T(t))i=o0 if

lim sup ||u(t + k) — T(h)u(t)] = 0.
t—oo k=0

Assume that (T'(t))>o is a uniformly bounded C"—semigroup. If f €
LY(IR*,X), then it readily follows that the function :

t
u(t) = T(t)z+ f T(t-s)f(s)ds , 120,
is an almost-orbit of (T(t))e0.
Theorem 11 (7] Assume that (T(t))i=0 is a uniformly bounded C'—semigroup,

and let v : RY — X, be an almost-orbil of (T'(t))i=0. Then u is weakly
almost periodic if and only if y(u) ts weakly relatively compact in X.



Bh Weak Almost Periodicity

2 Differential equations.

In this section, we apply the above results to study under which conditions
the solution of differential equation :

dz
prL
is weakly almost periodic, where A is the generator of a uniformly bounded
CY%—semigroup, and f is a weakly asymptotically almost periodic function.
In the following, given f € BUC(IR, X), we shall denote by M(f) the
closed linear span in BUC(IR, X) of H(f),( where H(f) denotes the hull
of f see [5]) by (S¢(t))icr the restriction to M(f) of the translation group
(S(t)heron BUC(R,X), and by D the generator of (S;(t))ier. We have
the following result :

t) = Az(t)+ f(t), (1)

Proposition 12 [/ Let f € BUC(IR, X), then :

1) 1 sp(f) = o(Dy);
it) if sp(f) is compact, then Dy is bounded.

Assuming that :
(H,) A is the generator of a bounded C"—semigroup (T'(t))eso0.
(Hs) f € BUCY(IR, X) is such that sp(f) is compact and i sp(f)Na(A) = 0.

Theorem 13 [nder the assumptions (H,) and (Hy) if f is weakly asymp-
totically almost periodic. Then equation (1) has one and only one bounded
solution defined on IRY which is weakly asymptotically almost periodic.

In order to prove this theorem we need the following lemma :
Lemma 14 [6] Let X and Y be two Banach spaces, and assume that
A :DAcCcX - X, C Y = X

and D :Y — Y are linear operators such that A is closed, C and D
are bounded, and o(A) Na(D) = 0.
With p(A) denoting the resolvent set of A, let T be a cycle in p(A)/o(D) that
surrounds a(D) in p(A).
Then the operator :

-1

£ o= zﬂifF{A—Aj"C[D—A}‘IdA,
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is a bounded linear operator from Y into X such that :
i) Lu € D(A), for everyue Y;
i) Afu — EDu = Cu, for everyu e Y.

Proof of theorem : Since sp(f) is a compact set, then D is a bounded
linear operator on M/{f).
A is closed, because A is the generator of a C%—semigroup. If we consider
C' = 8y, which is defined on M(f) with values on X by : §(h) = h(0), for
every h € M(f).
One has :
i sp(f) = a(Dy),

and by hypothesis one has

a(A)ni sp(f) =0,
hence forth

a(A)Nna(Dyf) = 0.
By lemma 14,

=]
L = — - A1 — Ay-1
— [ (A= N716(Dy - N,
is a bounded linear operator defined on M(f) with values in X, and such

that :

ALh — LD¢h = &h, for every h € M(f). (2)
If we put :
us(t) = =Lfy fort >0,
we have d p
ﬂ-f y
—Lit) = —E—!
) Lo Sr(t)f
= —LDSs(t)f
= =LD;f;.

So by equality (2) we found that :
=LD;fi = bofe — ALf;

= f{ﬂ} + Aﬂ'f{t}r
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Do) = Auyl6)+ 1(0)

Henceforth, u; is a bounded solution of equation (1).

One has
Y(ug) = {ug(t), t € R}

= —L{fg, e IR"‘},

then, y(uy) is relatively weakly compact.
f € BUCY IR, X). Then by proposition (3) in [1],

urlt) = T(Ows(0)+ [ T(t=)f(s) ds

So 1 is an almost-orbit of the uniformly bounded C®—semigroup (T'(t))ie g+ with
a relatively compact range, then, by theorem (11), uy is Asymptotically
weakly almost periodic.

Example 15 : Let X be a reflerif Banach space and f the X -valued fune-
tion defined on IR by :

flty = Z": exp(—Axt)zy, fort e IR,

k=1

where x, € X, fork € {1,2,...n}, and A = 0, for every k € {1,2,....n} are
such that

Z Apee = 0. [:3]
k=1
) : _ df
With (3), we guarantee that f € BUC(IR, X) is derivable and o € BUC(IR, X).
We have that

) = 3 ),
k=1
where
filt) = exp(—Apt)zy.

Let filp+ denotes the restriction of fi. on R*, then fy/p+ € L'(R* X) for
every k € {1,2,...n}, so /g € L'(IR", X).
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For a = 0, let (T,(t))¢=0 denotes the bounded C°—semigroup on X defined
as follows
To(t)x = exp(—at)zx, for everyz € X,

(Talt))e=0 is a bounded C°—semigroup on X, then by result of Summers ([7]),
il follows that the function [ defined on R™ by :

f3(t) = exp(-at)z,
s weakly almost periodic function. Since

[relt) = éff:{t}..

then f e WH(R, X).
By proposition (7), we have that

sp(f) €0 sp(fi).

Since sp(fi) = {Ax, —Ae}, then sp(f) is compact.
Now we concider the following eguation :

Il

% Au(t)+ ,:; exp(=Axt)zx (4)

u(0) = uo€ D(A);

where A is the generator infinitesimal of a stable C®—semigroup (T(t))s>p on
X (ie. 3e>0and M € R such that | T(t)|| < M exp(—ct), for allt = 0.),
o € X, fork € {1,2,...n}, and A = 0, for every k € {1,2,...n} such that

L
Z }lki-'k = 0.
k=1
Since A is the infinitesimal generator of a stable C%—semigroup, then
a(A)niR = 0,

in particular
a(A) Nisp(f) = 0,

then, by Theorem 13 equation ({) has one solution defined on IR™ wich is
weakly almost periodic.
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