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1. INTRODUCTION

In several papers 5.5 Miller and P.T. Mocanu used the analytic functions defined on
the unit disc. which satisfy some differential inequalities and obtained several inclusion
relations, inequalities and some sufficient conditions for univalence, see [6], [7].
P.Liczberski [5] and also, G. Kohr and M. Kohr-Ile [3] obtained some results concerning
partial differential subordinations for holomorphic mappings defined on the unit Euelidian
ball and the unit polydisc, respectively.

Very recently G. Kohr and P. Liczberski [4] considered the holomorphic mappings defined
on the upit ball in C™ with an arbitrarily fixed norm, and gave some properties for these

mappings, concerning inclusions relations or subodinations.
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These results are based on several versions of Jack-Miller-Mocanu Lemma [6] and in this
paper we find a new generalization of this result for holomorphic mappings defined on

some domains in C",
2. PRELIMINARIES

We let C" denote the space of n complex variables

with the Euclidian inner product {z, w} = Z z;w; and the norm ||z|| = y/{z, z). The open
=1

Euclidian ball {z € C™ : ||z|| < r} is denoted by B,, the open unit Euclidian ball is
abbreviated by By = B. The origin

0

is always denoted by 0. As usual by L(C",C™) we denote the space of all continuous
linear operators from C" into C™ with the standard operator norm. The letter [ will
always represent the identity operator in L{C™, C"). The class of holomorphic mappings
from a domain G C C" into C" is denoted by H{G). A mapping f € H(G) is sa}d to be
locally biholomorphic in G if its Fréchet derivative Df(z) = {gf:-[z}h.s jk<n as an element
of L{C",C") is nonsingular at each point z € & (or, equivalently, if it has a locally
holomorphic inverse at any point = € &). A mapping f € H({G) is called biholomorphic
if the inverse mapping f~' does exist, is holomorphic on a domain 2 and f~Y0) = (.
If D? f(z) means the Frechét derivative of the second order of f € H(G) at the point -.

then of course D? f(z) is a continuous biliniar operator from C™ x C™ into C" and its
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restriction D? f(z)(u, ) to u x C™ belongs to L{C™, C").
For a set G C C" the closure and the topological bord will be denoted by & and 9.

If g is a C? real valued function defined on a domain 2 C C™, we denote by

dg, . dg dg .
a:(" _{&zll:z,].‘ '&zn["}}
a* i? B a2
520(2) = (55— (Mhsiszn and 52-(2) = (35~ (Dhsien
e == e =1 1
for all z € 1, where the prime """ means the transpose of elements and matrix defined on
L

We say that = is a critical point for g if_ {zp) = 0. We denote by C(g) the set of critical

points of the function g. We also call a number ¢ € R regular value of g, if either g~ '(¢) = 4

or g~ {t)nClg) = 1.

LEmMma 2.1.([6].[7]) Let f:U ={z€ C : |z| < 1} = C be a holomorphic function
such that f{0) =0 and f(z) 20, z € U. Suppose that at zo € U the following condition

is satisfied
|f(z0)] = max{|f(z)] : 2] < |zo|},

Then there exists a real number m > | such that

zof'(20) = mf(z0)

z0f"(z0)
f'lz0)

Re[l + | =m.

LEMMaA 2.2, ([5]) Let f: B = C" be a holomorphic mapping with f{0) = 0. Suppose

that at z, € B
Il f(zo ll= max{|| f(z) Il : || = 1</l =0 II}

then there exists a real number m > 1 such that

Re(D f(z0)(20), f20)) =m || f(zo |I?
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Re(D? f{za)(z0, 20), fl20)) = m(m = 1) || flzo|*.

3. MAIN RESULTS

Let [} be a domain in C" whose border 3D is a C* real hypersurface which can

be represented under the form
aD = 71},

where ¢ is a regular value of a ("* differentiable function ¢ defined on a neighborhood of
a0,

THEOREM 3.1. Let [ be a domain in C" satisfying the above conditions with 0 € D.
z9 € dD and let f € H(DU {z}) N C(D) such that f(0) =0, f £ 0 and f is locally
biholomorphic at zp. If @ € CHV.R), where V' is a neighborhood of fl{ﬂDJ; such that
zn € Clévo flap) and _‘3—:{%} # 0, where wy = f(zy), then there erists a real nonzero

number s such that the following condition s satisfied
([Df(za)]71) 5E(20) = 552 (wo) (3.1)

FProof. Since f is locally biholomorphic at z;, there exists W an open neighborhood of
zg such that f: W — f(W) is a diffeomorphism. If T.,(8D N W) means the real tangent
space at DN W in the point 2y and if v € T,,(DNW) is an arbitrary tangent vector to
dD MW at zo, then it is well known that there exist ¢ > 0 and v: (—£,2) = 3D W a
twice differentiable curve such that +(0) = zp and i—:[l]} =v. Let a: (—=£,e) &+ R be the
function defined by a(t) = (do fovy)(t), t € (—=.2). Because z5 € C(go f|ap) it follows that
d{o0o flap)s, = 0 which means that d{¢o flap)=(v) = 0, or else d(@o flap)o( 2(0)) = 0.
namely a'(0) = 0.
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On the other hand, .

o(0) = cnnjn‘r )t |:nu=—z Zaf* -'{n:+

=1

+E——"[u?n Zd—f‘r-izn} =2Re Zﬂ iafi d"“

=]

hence we get r,ha.t

’(0) = 2Re(Df(z0)(v), 32(wo)), (3.2)

s0 . Re(DJ(z0)(v), 5o (u)) = 0

If we denote by { %[wu}}J‘ the real orthogonal complement of g—;[wu}, we obtain that

Df(z0)v € (g2(wo))*, so Df(z0)(To (8D NW)) C (52 (wo))*.
Since dimp D f(z)( T (DN W)) = dimn{g—%{wn}}*, we conclude that
(22(wo))* = Df(20)(To (8D N W)) (3.3)

T

On the other hand f is locally biholomorphic at z; then easily f(dD N W) is a real

hvpersurface and
Df(zo)(Teo(8D N W)) = Ty f(OD N W) (3.4)

where Tpi.; f(@D N W) is the real tangent space of f(@D N W) at f(z).
Now, using the conditions (3.3) and (3.4), we get the following relation

(32(wo))t = Ty f(BD N W) (3.5)

If g: floDNW) — R is given by
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for all w € f(0D N W), then g%[wu} is a normal vector to f{@D N W) at wy.

" Using similar kind of arguments as in the proof of the relation (3.3}, and also the

rondition {3.3). we conclude that

ig do

{d_.fuu}} {ﬁ{%}}ﬁ

so, we can find a real number s with

d i
ailwu}l = S£(wu}

On the other hand, since

{Wu] _Z zo) ﬁ{u’ﬂ}

this implies that
dg — 1D w222
G (Wo) = [DF™ (wo)] 5~(z0),

which shows the condition (3.1). It remains only to prove that s # 0. Indeed, because [
is locally biholomorphic at =z, g{%[wg} # 0 and %fl{z.g], then it is clear that s #£ 0.
Remark 3.1. Using the proof of Theorem (3.1) we conclude that g—;{wg] is coliniar
with the normal vector to f(DN W) at f(zo) i.e. the level hypersurfaces of ¢ which pass
through f({zq) and f(FD N W) are tangent in f{zo).
THEOREM 3.2. [/nder the conditions of Theorem 3.1, if zo is particularly a point of
local mazimum of the function o f|ap, then the condition [9.1) is obuviously satisfied, and

furthermore the _,faHatu:'ng condition holds

i
Re{(D(z0)0) 95 100) Df (z0)v} + (DT(e0To) gonga (o) D o)+
+Re{|:§§|:wun*ﬂ=ﬂzonmvn} < LRe{v'T8(z0)v} + Lo/ L (z0)v, (3.6)

for all v € C™\{0} with Re(32(2),7) =0.
Proof. If @, ¥ are the mappings defined as in the proof of Theorem 3.1, which corre-
spond to the vector v € T,,(dD), then it is clear that a'(0) = 0 and «”(0) <0
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Since

32 d.w. Eﬂt,LJ, dw,- :le
a"(0) = 2Re ”E]a P, (wo) ==(0)—2 "}H.,Z,l@ d‘ﬁ wo) —=(0)—=(0)+
. = do *f; d;i d’u “8¢,  Bf; dy
+_}IREI.§1'& {wy }{juldl { D:' ( } L 2Re IJZ_:I T..l.l.j.]l {:}_’j HUJF“”

where w(t) = f(+4(t)), t € (—¢,2), then we deduce that

a"(0) = 2[Re{( Df[-.g}v:l

Iiu- )Df(zo)v} + (D f(z0)v)

o
dﬁd {%]Df[-u:ll,-i-

+Re{(32(00)) D*f(20)(v,0)} + Re(38(wo) D (z0) (42(0))} (37)

On the other hand, the function v : (—z,2) = R, ¥ = woy ,is constant on (-2, 2], so
# =0and £¥ =0on (—¢,z).

Straightforwaard calculations yields the following relation

RE‘[ =(20)) i—rf ) = —FRe U’a—":’ (zo)v %&{zg]v, (3.5)

Now, using the above equality and from (3.7) we obtain

)Df(zo)v

Y
a’(0) = 2ARe{(Df(20)0) 55 o) D (z0)0} + (DF(z0)0) s
ai
3z—;:|z|:zﬂ:lvi1

which yields the relation (3.6). It remains only to prove that Re({3%(z),7) = 0. Indeed.

+Re{(52 (o)) D*(20) (v, )} = - Refv’ 2 ()0} — L

since v € T, (@ D), the total differential of » at z; is zero, hence

a
dou() = (3220w + (2(e0))7 = 2Re(( 2 z0) v} = 0

If D is the open Euclidian ball B, , for some r € (0, 1) and if we chose ¢(w) =|| w ||* then.

using- the result of THEOREM 3.2., we obtain
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COROLLARY 3.1. Let f € H(B) with f{0) = 0 and f £ 0. If there exists =y € B such

that is locally bitholomarphic at =y and

Il Flzo) [|l= max{|| f{z) 1 = 1<l zo I},

then there exists a real nonzero number s, with

=0 B P
0<s< i 139t

and the following conditions hold
([Df(z0)]"" V=0 = 5f(20) WL

[u||* = Re{Z,[Df(20)]"  D* f(zo){v,v)} 2 s||Df{ze)v]|?, for all v € C™\ {0} with
Re{zg,v) = 0. (3.11)

Proof. We shall apply the THEOREM 3.2 for the function ¢(z) = [|z|[* = ||zo|[*. In this
particular case we have %i:f-{:] = (J and g,&-;g'%(z] = [, for all z € C™. Further on. using
the THEOREM 3.2, the relations (3.10) and (3.11) follow immediately. [t remains only to
show the relation (3.9).

Since f is locally biholomorphic at zg, the relation (3.10) can be written as follows
Zp = s|Dflz0)) flzo) [3.12)

On the other hand, using the LEMMA 2.2, there exists a real number m, with m = [,

such that

Re{f(z0) Df(z0)z0} = m || f(zo)|[* (3.13)
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Replacing f(zp) from (3.12) into (3.13), on can easily get that

1 ; ;
<Mzl = ml f(z0)|[*.

that is s = 25 which yields the inequality (3.9).

4. APPLICATIONS

L

Let D be the domain in C" defined by D = {z € C" : 2(z) < 1}, where 2(z) = }_ |=,[*
k=1

and p is a real number, with p > 1. Denote '/*(z) by || z ||;» and the domain D by Ba,.

Let M > 0 and 2 C C" x C" be a domain such that (0,0) e 2and [ ] X,(M)C0.
seR\{0}
where

Xo(M) = {(u,v) € C" x C" : |l ullap= M, v = ps(|us """y, ..., [ua[**"Via)'}
Let ¥'(£2. M) be the class of those continuous mappings A : 1 = C™ which satisfy

| R(0,0) ||lzp< M and || h{u,v) ||2,2 M, for all (u,v) € U X, (M),
scRy {0}

Using the result of THEOREM 3.2, we obtain:
THEOREM 4.1 Let f be locally biholomorphic in By, with f{0) = 0 and

(F (DAY (Pl [P Va, . pl2a V) € R
Ifh € Y{Q2, M) is such that
RS (DAY (ol P12 plzal P H20)) < M

for all z € By, then || f(z) llzp< M in By,.
Proof. Supposing that the relation || f{z) |lsp< M is not satisfied over the whale
ball By, then, using the hypothesis f{0) = 0 and the continuity of ¢ above defined. we

conclude that there exist 0 < rg < 1 and 5y € Bap, with || 20 [|2p< ro, such that

M =|| f(z0) llzp= max{]| f(2) llap : || = [l2p< o},
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and hence applying result of the THEOREM 3.2, with &{z) = ¢(z) one can find a real

number s # {} such that
({DF()] Y (pl=lPP-120, ... pl2l | P- 1120y =

= s(plfi(20) """ Falz0). .. Bl fal 20) PP~V z0))'.
If we put u = f(z,) and v = ([Df(=)]™")((pl=y[*'*=1127, . ... p|23[***~120)" where
7o = {2},..., =2y, then {u,v) € X,(M) and from the definition of the class Y(2. W)
we get that || A{u.v) ||3,= M. which is a contradiction with the hypothesis, and therefore
|l f12) llzp< M in By,
Another application of the THEOREM 3.2 is contained in the next result.
THEOREM 4.2, Let a. b two functions defined on the unit ball B which satisfy

la(z)] = [b{2)] 2 1, (4.1)
for all z € B. Let f € H(B) be locally biholomorphic with f{0) = 0 and suppose that
Il a(=)f(z) + b(=)([Df(2)]"" )2 |I< 1 {4.2)

forallz e B, then || f(z) ||< 1 in B.
Proof. Indeed, if the relation || f{z) ||< | doesn’t holds in all points of B, then, using
the fact that f{0) = 0 and the continuity of the Euclidian norm, we deduce that there

exists zgp € B such that
1 =|| f(zo) ||= max{|| flz) | : ]l z =/l 20 I}-

In view of COROLLARY 3.1, we can get a real positive number s with 0 < 5 < || zo ||* and
([Df(2)]") 20 = sf(zn). Using the condition (4.1) we conclude that,

| a(z0) f(z0) + b(zo)([Df(20)) ")V 20 ||2 1.

which is a contradiction with (4.2), hence | f(z) l|< I, for all z € B.
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