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A new generalization of the integral operators
of Kim and Merkes and of Pfaltzgraff

Horiana Ovesea

Abstract

In this note we study an integral operator which preserves the univa-
lence and which generalizes the integral operator of Kim and Merkes and
also the integral operator of Plaltzgraff.

1 Introduction
Let A denote the class of functions f which are analytic in the unit disk U =
{z€C: |z] <1} with f(0)=0and f(0)=1.
Let 5 denote the class of functions f € A, f univalent in U7,
Many authors studyed the problem of integral operators which preserve the

class S. In this sense, the results due to Kim and Merkes([2]) and Pfaltzgraff([6])
are well-known.,

Theorem 1.1 ([2]). Let f€ S, B C. If |8]| <1/4, then the funclion

(1) F(z]:_,: (@)ﬂdu

15 univalent in UV,

Theorem 1.2 ([6]). Let f€ S, § € C. If |8] < 1/4, then the function

@ Fo=[ " ()’ du

is univalent in [,

2 Preliminaries
Lemma 2.1 f[l]) Let f€ 5. Then

(=), 1+l
@ ' ST-p

| (V)zeU
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and

2f"(z)
f(z)
Theorem 2.1 ([5]). Letge A, a € C, Rea > 0. If

] = |z|‘lﬂm rzg,u(z]

@ R 1T

then the funclion
z o
Falz) = (a f u“'lg'{u}du)
0

is analylic and univalent in [/,

| =20z +(1=2%)

<4zl (MzeU

<1, (V)zeU

Theorem 2.2 ([4]). Let g € A. Let a, § and ¢ be complezr numbers, Rea > 0
, Re(a+8) > 0, Reff/a > ~1/2, |c| < 1 and |c(a+ )+ 8]+ 8] < |a+ 8| . If

Aa+d) 1 — [z]X=+P) (ZE'”(Z] _ )
{4] |L‘!Z| + u+ﬂ Q“(Z] ?a I_{'.l

for all z € U\ {0} , then the function

Gal(2) = (aj: u“"'g'[u)du)”u

15 analytic and univalent in U,

3 Main results

Theorem 3.1 Let feS,ne N, a, BEC. If

Rea/(2n) if Rea € (0,n/2)
(3) 18l E{ 1::4 :f Rea € [n/2,00)

then the function

o (f )
(6) Fapm(z)= (nr j; u®-! (—::‘—) du)

i3 analytic and univalent in [T,

Proof. Because the function f is univalent in U/ , we can choose the analytic
nyy
branch of ( I-E“‘Tl) equal to 1 at the origin and then the function g belongs to

A, where s
o= | (8 o
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We have ") n (™)
zg"(z z z
ul N - ey [ LR |
o " ( G )
iFrom (3) and applying Lemma 2.1, we get
I = |z|2Ran ZFH{IH 2“Iﬁ| i = |z|2}hu _
Rea g'(z) '~ Rea 11—z

_ 2B 1 = (Jz) e/
" Rea 1— |z
Let us consider the function ¢ ¢ : [0,1) — R,

1-2*

l-z

o(z) =

It is easy to prove that
1 if be(0,1)
pl(z) < { b if bell,o0)
Then we obtain
1. ot Izlﬂﬂsn—
|

zgf*{zll{{ 2n|f|/Reex if Rea €(0,n/2)
g'(z) ~ 4)8| if Rea>n/2

In view of (5), the inequality (3) is true and from Theorem 2.1 we conclud
that the function

Reo

1 a

Forpml(z)= (n:f; u“'“g’(u}du) =

5 & 8 1/a
= (arf u®-! (__.f[“ }) du)
0 ut
is analytic and univalent in [J.
The following results are proved by using Theorem 2.2 in the particular case

# = n—a, where n € N. For this choice, from Theorem 2.2 we get the following

Corollary 3.1 Let g € A. Let a, ¢ be complez numbers and let n be a positive
integer number. [f|a—n|<n, |e|<1, |en+n—a|+|n—a|<n and

1— |z’ (29"(2)
n g'(z)
for all z € U, then the function

Galz) = (a ju ’ u“'lg'(ﬂ}dﬂ) ”

15 analylic and univalent in U7,

(1) lelz™ +

+a—n)|£1
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Theorem 3.2 Let fE S, ne N, a, 3, 6 €C. Ifla—n|<n, |8]+[5] <
(n—|oe — n|)/(4n) ,then the function

(8) Farprsm(z) = (u J-ﬂz ua-1 (L'.'u!_:l)ﬂ {fr(“n}}i du)lh

13 analylic and univalent in [J.

Proof. Because the function f is univalent in If, we can choose the analytic
nyy B

branch of (ﬂ:—‘l] equal to 1| at the origin and also the analytic branch of

{f’l:u":l}ﬁ equal to 1 at the origin and then the function g belongs to A, where

o) = [ (22 ’) (F(u") du

We have
zgu{z] — fin n)r (Z"} B ) z"_f""[z“]
® Ft=om(Foyt )+
In view of (9), from (7) we get
| efzpin 4 L=l (207C2)

fm+ﬂ-"}|=

_ _al.1an any 2 f"(27) gl " f'(z")
_55( 22 4 (1= 22" 2 o )+,ﬁ{1 I2] }( e 1)+

+(c+26+1=a/n)|z™ + (a=n)/n|

Ife=—-2—-1+a/n, from |@a —n| < n and |§] < (n = |a — nl)/(4n) it results
that |¢|] < 1 and also

len+n—a|l+|n—a|=|2nél+|n—al<n

Using Lemma 2.1 and in view of assertion |3|+ 8| < (n—|a—n|)/(4n) it follows
that

el | = n|
n

<1

{f—,’;z—}+a—nus4w|+4w1+

;From Corollary 3.1 we conclud that the function Fy,5 .5 ,n defined by (8) is
analytic and univalent in U.

| elzP" +

Remarks

1. Fora=1,n =1 and é§ = 0 from Theorem 3.2 we get Theorem 1.1.

2 Fora=1,n=1and 3 =0 from Theorem 3.2 we refind Theorem 1.1.
3. If in Theorem 3.2 we take n = 1 we deduce the following
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Corollary 3.2 Letfe S, a, 8, 6€C. If la=1|< 1, |B]+]5) < (1-|a—1])/4
, then the function

Fiz) = (aj; v-l( (“]) (f'(u }} di )U“

15 analytic and univalent in [V,

We note that this result was obtained in [3] using another condition for univa-
lence.

4. In the particular case § = 0, as a direct consequence of Theorem 3.2 ,we
abtain the following

Theorem 3.3 Let fe S5, neN,a, eC. If la—n|<n, || <(n—|a-
n|)/(4n), then the function

Fapm(2) = (c. jﬂ’ 41 (%j)a du) Ve

15 analylic and univalent i U,

Remark. In this case we reach the same conclusion as the one from Theorem
3.1, but this result is not so good as the one from Theorem 3.1 .
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