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1. Intreduction
We are interested in studying the relationship between the asymptotic properties of the
solutions of

(E) v =gty

ast — oo and the asymptotic behavior of the solutions of the limiting equation of (E) given by
(L) ' = f(t,r)

as t — oo. We will generally assume f,g € C(f x D, R") where I is either [0,00) or
{ —o0,00) and D is an open set in R®. We say (L) is a limiting equation of (E) or f isin
the limit set of g relative to a given topology on I x D if there is a sequence ¢, — oo such
that the {¢,} translates of g, g(t + t,,y) converges to f(t,y) as t, — co relative to a given
topology (to be made precise in Section 3). In this case we will say g(t,y) diminishes to
f(t,y) along the sequence {t,}. If g(t,y) diminishes to f(t,y) along every sequence {t,}
then we say g(t, y) diminishes to f(t,y) as ¢ — co. It will be convenient to consider (E) as
a perturbation of (L) as follows: Let g(t,y) = F{t,y) + h(t,y) so (E) becomes

(P) y = F(t,y) +Alt,v),

and we will assume along some sequence {t,} both F(t,y) diminishes to f(¢,y) and A(t,y)
diminishes to zero. Roughly speaking our main resuit shows that the positive limit set of any
bounded solution y(t) of {P), which we denote by I"y(t), is invariant with respect to
solutions of (L) if solutions of the initial value problem of (P) and (L) are unique and
I'*y(t) is semi-invariant with respect to solutions of (L) when the uniqueness assumption is
not imposed. We then apply this result (Theorem 3.1) to an investigation of the asymptotic
behavior of solutions of the perturbed equation (P) when the asymptotic behavior of the
solutions of the unperturbed equation (L) is known.

We now give a brief history of this problem: Markus [3] assumed F(t,y) = F~(y) and
that A(t,y) diminishes to zero in the compact open topology, namely:

hit,y) — 0 ast — oo uniformly on compact subsets of D. (1.1)

In this case (L) is given by £’ = F*(z). Opial [5] also assumed F(t,y) = F*(y) where now
h(t,y) diminishes to zero as ¢ — oo in the “L! topology” given by: for each bounded set
BcD
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sup  [o IA(t,u(t) || dt < oo, (1.2)
v(-)€B

where y € C[[0, c0), B]. Both Markus [3] and Opial [5] assumed uniqueness of solutions of
initial value problems of (P) and (L). Yoshizawa [8] without the uniqueness assumption,
assumed F{t,'y} diminishes to F'llr#) and that h(!,y} = hq{f,y} +h!{t1'y} where hl(‘!ﬂ}
diminishes to zero in the sense of (1.1) and hs(2,y) diminishes to zero in the sense of (1.2) as
t — co. In all three cases the limiting equation { L) is the autonomous equation ' = F*(z)
and F(t,z) + h(t,z) diminishes to F*(z) as  — oo in any topology containing (1.1) and
(1.2). In such topologies therefore the asymptotic limit set of F(t,z) + h{t,z) ast — co is
the singleton F*(z). Miller [4] weakened this restriction as he assumed F(%,y) is almost
periodic in ¢ for each y € D, and for each compact set D* C D, F(t,y) is uniformly
continuous on R x D*. This implies that for any sequence £, — oo there exsts a
subsequence t,, — oo and an almost periodic function F (¢, ) such that

Flt+tn, y)— F(t,y)ask — o0 (1.3)

uniformly for t € R and = on compact subsets of D. This is a compactness condition on
F(t,y) and is automatically satisfied in the previous three cases. In this case the limiting
function f(t,z) is not a singleton but consists of the closure of the translates of f in the sense
of (1.3). Miller [4] assumed that h{t, y) satisfied the same conditions as Yoshizawa [8] and
also that solutions are not unique. Strauss and Yorke [7] assumed that F(t,y) = F*(y) and
that h(t,y) diminishes to zero as ¢ — oo in a very general sense which included (1.1) and
(1.2). Namely they assumed for each bounded set B ¢ D

sup sup | [*"Ih(s,y(s)lds — 0 as & — oo (1.4)
y(-)eB0<u<l &

where y € C(I,B). This allowed them to consider for example, perturbations
h(t,y) =% (t) which are conditionally convergent. They did not assume uniqueness of
solutions but still {P) is restricted to ¥ = F*(y) + h(#,y) so that the limiting equations (L)
in the topology generated by (1.4) is the single equation 2’ = F*(z). Sell [6] developed a
theory of dynamical systems that included non-autonomous systems. The state space for this
dvnamical systems is the cross product of the solutions of the non-autonomous system with
the time translates of the right hand side of the differential equation (in an appropriate
topology). He developed a theory of limiting equations and limit sets within the dynamical
system. In our context Sell's [6] work allowed for the case where the limit set of g(Z,y)
(which is quite general) is generated by topologies that include the compact open topology
and the local L,(I x D, R") topology (see Sell [6]) but does not seem to allow for
convergence in the sense of (1.4). Also because of the dynamical system structure he needs
to assume a strong uniqueness assumption on (E) or (P). Namely that g(t,y) essentially
satisfies a Lipschitz condition in y. He thus includes the work of Miller [4] under the
restriction of the Lipschitz condition. Of course the dynamic system approach lays &
foundation for the study of integral, functional and difference equations to name just a few
applications of this broad theory.
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The work in [1] extended all of the above results in that we use a convergence that is the
same as that in (1.4), but in contrast to Strauss-Yorke [7], who assumed h(t, y) diminishes to
zero as t — oo, we consider cases where h(t,y) may only diminish to zero along some
sequences and diminish to other functions along other sequences. Moreover we do not
restrict our attention to the case F(t,y) = F~(y) but consider a more general limit set of
F(t,y) which includes that of all the previous mentioned work. Finally we do not require
uniqueness of solutions. Our compactness conditions on the time translates of F(¢,y) was
given in the topology generated by (1.4), whereas, Sell [6] often assumes the compactness
condition in the stronger compact open topology or local £, topology.

In this paper we extend the results in [1] by assuming the perturbation term h(t,y)
diminish along sequences. We develop some results that include the examples in [1], Section
4 as well as provide a vehicle for generating limiting classes of differential equations
generated by perturbations whose integral is bounded but not convergent.

2. Preliminaries

Let D be an open set in R" and let I = [0, 00). We shall assume all solutions of (L)
have domain R and all solutions of (P) have domain I. A solution of the differential
equation (P) satisfying y(ty) = yo, to € I, is given by y(t, g, yo). The positive limit set of a
solution y(t) of (P), denoted by I'*(y(t)), is the set of points z € D such that there is a
sequence t, — co with y(t,) — z. If in addition y(t) is bounded, I'*(y(t)) is compact and
connected. For solutions of (P), whose domain is I a set § C D is said to be positively semi
invariant for (P) if for each y, € S there exists a solution of (P), y(t,to, o) such that
y(t,to,yo) € S for t = 0. If solutions of (P) are uniquely determined by initial conditions
(to,yo) with ¢y € I, yo € S then S is positively invariant. For solutions of (L) (which are
defined on R) then the set S is said to be semi-invariant if yg € S implies there exists a
solution y(t,f,y0) € S for t € R and invariant if we also assume uniqueness of solutions
determined by initial conditions.

We first define a class of functions that include, for example, functions in C(D, R™)
or time almost periodic functions described in the introduction, or functions satisfying (1.2).
It also includes the measurable functions contained in Ly(I x D, R") (see Sell [6]) are
continuous. .

Definition 2.1
We say k(t,y) € C(R x D, R")(C(I x D, R™)), satisfies condition (U'C) if for each
€ >0, for each compact set J C R(I), for each compact set D" C D, there exists
T(e,D*,J), 6(e,D") such that for +>T, =z,yeD' ||z—yl| <& then
tauﬂfﬂk{s +7,z)—k(s+1,y)|ds <e
€

Definition 2.2,

We say k(t,y) satisfies condition (EC) if for each bounded, continuous sequence
{ua(t)}, ya(t) € D for t € R(I), if for each sequence t, — oo, and for each compact
interval I ¢ R(J) there exists a continuous function H (t),t € T, such that

Jok(8 + ta,yn(s))ds — H(t) ast, — oo (2.1)
uniformly for ¢ in T.
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We now define the limiting set f(¢,y) of (¢, y).

Definition 2.3

Let g(t,y) € C(I x D,R"). Then the limit set of g denoted by 2, is the set
{f(t,y) € C(R x D,R™)} such that there exists ¢, — co such that for each bounded set
B C D, for each compact interval J C R, and for each continuous function y: J — R™

sup _ sup [rg(s +tn,y(s)) = f(2,y(s))ds — 0 ast, » o (22)
y(-)EBteJ

We say g diminishes to f along the sequence t, when (2.2) is satisfied. If g
diminishes to f along every sequence t,, — oo we say g diminishes to f as ¢ — co.
If g is independent of y, that is g(t, y) = s(t) then we have

Definition 2.4

Let s(t) € C(I,R™). Then the limit set of a(t), denoted by i2,, is the set
{7 (t) € C(R,R")} such that there exists a sequence t,, — co so that for each compact
interval J in R.

sup [y(s(€ +1t,) —F (£))dé — Oast, — oo. 23)
teJ

And accordingly we say s(t) diminishes to ¥ (t) along the sequence ¢,. If s(t) diminishes to
F (t) along every sequence t, — co then s(t) diminishes to ¥ (t) as ¢ — co. Notice s(t)
satisfies (EC) with H(t) =7 (t) and also satisfies (UC).

As we have alluded to in the introduction this convergence in (2.2) and (2.3) reduces
to that in (1.4) in the case when g or s diminishes to zero as t — co. We now provide a
compactness condition on g(t,y) that is more general than Sell's [6] condition on the
compactness of the time translates of g(t, y).

Definition 2.5. ,

Let g(t,y) € C(f x D,R™). We say g(t,y) satisfies (C) if for each sequence
t, — co there exists a subsequence f,, — co and a function f € f2; such that (2.2) holds
with ¢,, replace by t,,,

Condition (C') is satisfied when g(t, y) satisfies the almost period conditions given in
Miller [4] and whenever {2, is a singleton as assumed in Markus [3], Opial [5], Strauss and
Yorke 7] and Yoshizawa [8].

3. Invariance of Limiting Equation
We now state and prove a slight generalization of the main result in [1] where we
compare solutions of () with those of (L).
Theorem (3.1)
Assume we can write g(t,y) = F(t,y) + h(t,y), where F satisfies (UC), (EC) and (C)
and h(t,y) diminishes to zero as t — co. Let y(t) be a bounded solution of (P).
Then:
(i)  foreach z € I'"(y(t)) there exists f(t, ) € 12, = {1, a sequence 7, — oo and a
solution z(t, 0, z) of (L) such that _
ylt+7,) = z(t)as 7, — oo (3.1)
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uniformly for ¢ on compact intervals of R. Moreover F(t,y) diminishes to f(t,y)
along the sequence {7,}.
(i) (a)  I'*(y(t)) is a semi-invariant set of (L) and thus consists of the union of

trajectories of (L).

(b)  If solutions of (L) are unique, then I"*y(t) is an invariant set of (L).

(c) Assume F' does not necessarily satisfy (C'), {1p is nonempty and that. the
remaining conditions of Theorem 3.1 are satisfied. Then there exists
z € '*(y(t)), an f(t, z) € 1, = Qp, a sequence 7, — oo and a solution
z(t,0, z) of (L) such that (3.1) is satisfied.

Proof:

Since y(t) is bounded there is a compact set D* C D such that for t > 0,y(t) € D".
Now there exists a sequence t, — oo such that y(t,) — z as ¢, — co. By condition (C)
there exists a subsequence of (t,) which we again index by n and a function f € 2p such
that F' diminishes to f along t,. Since h(t,y) diminishes to zero along t, we have f € 12,.
Pick any T > 0 and define for t € [~ T, T, ya(t) =y(t +1t,). Clearly y.(t) € D" and
hence the sequence {y.(t)} is uniformly bounded for t € [ T,T]. Since y(t), for
t € [=T,T), satisfies y(t) = y(t.) + {‘F(.,y(a)}aa + {:h{a, y(s))ds, then

Un(t) = y(tn) + [y F (s + tn, yn(3))ds + [oh(s + tn,un(s))ds.  (3.2)
We want to show that {y,.(t)} is equicontinuous on [ — T, T which would then imply by
Ascoli's Theorem that {y.(t)} is compact. Since h(t,y) diminishes to zero then letting

B=D"J=[-T,T] in (2.2) we have the existence of a sequence (¢,) where ¢, — 0 as
n — co such that
sup | fyh(s +tn,yn(2))ds | < €n. (3.3)

Since F(t,y) € K, letting T = [— T, T] in (2.1), we conclude there is a sequence {7 .}
where ¥, — 0asn — cosuchthatfort € [— T, T

| H(t) = [ F(8 + ta,yn(s))ds | <7,
Hence for any t;,t3 € [— T, T] we have using (2.1) and the above inequality

| [AP(s+ta,yn(s)ds | < | Hity) = H(t1) | +2€ n. (3.4)
Thus

Un(t2) = Unltr) = Ji F (3 + tn, Un(s))ds + [ h(8 + tn, yn(2)ds;

and this implies using (3.3) and (3.4) that
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| Fﬂl:ti} - ?n{tlj | E‘ | H[fﬂj - H(tl} l . & 2(1'" +% ﬂ-}

Since H(t) is uniformly continuous on [—T,T] and ¢, +% , — 0 23 n — oo, we see
{ya(t)} is equicontinuous. Hence there exists a subsequence of {y.(t)} which we again
index by n and a function z(t) such that

|yt + ) —z(t) | = |ya(t) —z(t)| = 0as n — oo (3.5)

uniformly for t € [- T,T). Since F(t,y) satisfies (C') we have the existence of a
subsequence {7} of {t,} and a function f(t,y) such that F(t,y) diminishes to f(t,y) along
Tn. Applying (IUC) and (2.2) to F(t,y) we find

JF(s+ Ta,y(s + 72))ds = [5 f(3,2(s))ds as 7, — 00 (3.6)

uniformly for ¢t € [— T, T]. Taking the limit of both sides of (3.2) with 7, replacing t, we
have from (3.3) and (3.5) that z(t) satisfies fort € [ - T, T

)=z + f::f(n, z(a))ds;

that is z(t) is a solution of (L) and satisfies (0) = z. Using a standard diagonalization
process we find that (t) may be defined on R, satisfies (3.5) on all compact intervals of R,
and is a solution of (L) on R. This proves (i); and (3.1) implies the semi-invariance and
invariance of I'* (y(t)) relative to (L). Thus (ii) is proved.

The proof of (c) is similar to (i) in that there is a function f € {Ir and a sequence
Ta — oo such that (2.2) holds along the sequence {7,}. Since h(t,y) diminishes to zero we
have f € ;. The remaining proof of (¢) then follows from (1).

Ezample 3.1.

Assume in (P), F(t,y) is almost periodic in ¢t € R for each fixed y and uniformly
continuous on R x D* for each compact set D* C D. Let h(t,y) = a(t) where
[“*'a{£)}dé — 0 as t — co. Then for each bounded solution y(t) of (P) there exists an

i

almost periodic function f*(t,z) € f2F, a solution z(t) of =’ = f*(t,z) and a sequence
T, — 00 such that (3.1) holds. If ' (y(t)) =7 then f*(t,F ) = 0. This result follows from
Theorem 3.1 since F(t,y) satisfies (/C) and s(t) satisfies (2.3) with ¥ (t) = 0. It extends
the result of Miller [4] since he assumed either a(t) is contained in L![0, co) or approaches
zero as t — oo, It also extends the result of Strauss and Yorke [7] who assumed
F(t,y) = F (y).

Example 3.2.
In (P) assumefor t >0, | F(t,y)| < A(t)p(|y|) where A(-),p(:) are non-
negative functions in which [“A(s)ds < co and p(|y|) is a continuous function. Let
o

f**'s(£)de — 0 as t — co. Then using Theorem 3.1 each bounded solution of (P)
i
approaches a constant as t — co. Indeed we find that F(t,y) satisfies (UC) since
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J*A(s)ds < oo and we choose H (t) = 0; moreover we have that {2 = 2, = {0}. Hence

i}

(L) becomes ' =0 and (3.1) gives us the above assertion. This example partially
complements a result of F. Brauer which may be found in Lakshmikantham and Leela [2]
where it is assumed 2(¢) = 0 in his study of asymptotic equilibria.

4. Perturbations that Diminish Along Sequences
Let us again consider (P) where now we no longer assume s(t) is diminishing to zero
as t — oo as it has been assumed in Examples 3.1 and 3.2 but rather assume

— o0 {.: lim inf 6{‘ s(6)dg <, im supﬁr‘ s(8)dé < oo (41)

This will include the periodic and almost periodic nonconstant functions. When (4.1) is
satisfied s(£) is not a singleton. We shall present a description of a large class of functions
satisfying (4.1), characterize the limit set of such functions and apply Theorem 3.1 in this
context. Our results will include the examples in [1], Section 4 as a special case. We will
first present some examples motivating our result,

Exzample 4.1
Consider the class of perturbations consisting of a “train of waves" satisfying various

properties. A typical example is given as follows:

for t € [0, 0o) define

0 t=0,1
) te (L9
Ui® = Y tinear te©3uld,
0 te R*/[0,1]
and
0 t=23
) -1 te(2+4,3-3)
Lo® =1 fnear te@2+1uUB-13)
0 te R*/[2,3]

We will denote the set of upper trapezoids with odd indices as Uyn 1 (t) (with domain [0, co))
and the set of lower trapezoids with even indices L, (t) (with domain [0,c0)): Define
recursively forn =1,2,3,---
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2“+1. 2"+I. 1 2!14—1‘ B
Va8 = Ull:t—(gj—l}) te[ga— ; EJ] = A,
0 t €[0,00)/A,

j=1
o t € [0,00}/Bn.

In+l i Ineg ) T ] .
Lonsa(t) = "ﬂ“'(j?;-r-«'ﬂ) te [ ri-1 E"] =B,

Define on [0, 00), 3(¢) = 3 (Uane1(t) + Lanea(t)). Let

n=(0}

It) t>0,
so(t) = {’E(—-t} t<0.

Notice sq(t) satisfies (4.1) and 2, ={U;(t + a), Lz(t + §),0} forall &, 5 € R.

Now let M, = A, UB, UA, UB, where ﬁ,,:{—tERsuchthutEA.,]md
B, ={-teR such that te B,} and let M=f?1M,._ Consider a particular
n=
modification of 2g(t) given by

s(t) teM,
"1[”={ain¢i’ t€ R/M.

Notice B/M is the infinite union of disjoint open intervals whose lengths become unbounded
as |t| — co. Each intervals adjoins two consecutive trapezoids. We find s(t) satisfies
(4.1)and 2, = 2, = {Uy(t +a), La(t + B), 0} for each @, B € R since [°s;(t)dt < oo,
Interestingly enough in the compact open topology or in the £,(I, R") topology the zero
function is not in the limit set of s, (t) since sin(t +t,)? for any sequence t, — oo does not
converge to 0 in the above mentioned topologies. Notice for any sequence t, contained in
R/M and any compact interval I; C R we havet aEu? Joo1(€ +t.)dE — 0.
1

We now present the main result of this section which will be concerned with the limit
sets of particular functions s(t) satisfying (4.1). This result will include the previous
examples of this section as special cases and will be used with Theorem 3.1 to obtain
qualitative behavior of solution of (P).

Now define s*() = max(a(t),0) and s~(¢) = min(2(¢),0) and consider the
following assumptions:

(HA) (i) Let A= {t€ R suchthat s(t) > 0} and assume A = |J A; where
i=1
A; = (a;,b;) suchthat a;,; > a;, bjy; > b;. Moreover assume there exist -y
such that lim (b; — a;) = .

(HA) (ii)  There exists a function w(t) suchthat w(t) =0 on R/[0,7] and there exists
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& sequence t;—co in which a; < ¢; < b; such that
JE (s (t +t;) — w(t))dt— 0 as t—oco for each § < 7.

(HB) (i) Let B = {t € R such that s(t) > 0} and assume B=GB;whm
i=l
B; = (g, d;) suchthat ¢, > g, dj41 > d;. Moreover assume there exist §
such that lim (d; — ¢;) = 6.
(HB) (1)  There exists a function v(t) such that v(t) =0 on R/[0, 6] and there exists
a sequence T;=00, ¢ < T; < d; suchthat [ (s7(t +7:) — v(t))dt= 0
as m;—oco foreacha < 6.
(HC) (i) g — bj=0co a3 1=00, a;y) — d;—00 a8 100
(HC) (i)  There exists m;, i = 1,2 suchthat lim {(¢; — ;) =m; > 0 and
T=+00

lim (a;1y — d;) =mz >0
With these assumptions we have the following result:

Theorem 4.1.
Let s(t) satisfy (4.1) such that s(¢) diminishes to ¥ (t) along ¢,. If

(1) (HA), (HB) and (HC) (z) hold then 1, = {v(t + a),0,w(t + 8), for any
a,p € R},

or if

(2) (HA), (HB), HC (i) hold then, 2, =7 (t), where ¥ (t) is periodic of period
v+ my + & + mq and is given by '

( w(t) t € [0,7]
0 t € [v,y+m)
I'I:f:l e u{t_{'.f""ml” te [T+ml!T+ml +'E.I
0 te[y+my+6, v+my +6+my)
Flt—(vy+m +d6+ma)) (tely+mi+8§+mg,00)
T(-1) t € (= o0,0)

We now prove Theorem 4.1. Assume (HA), (HB)and (HC); hold. Let ¢, be a sequence
such that t,—oco and (i) d, < iy < Gnyg.
Now consider the following possibilities:
(a)  the sequence a,,, —t,—¥ as n—co for some ¥ >0
(b)  the sequence t, — d,—r as n—oo for some r > 0
(e) . — t,=00 a8 n—oco and t, — d,—oc0 as n—co.

Assume (i) (a) holds. Let I be any closed interval in R. Now for any € > 0 there exists
Ny >0 suchthat s*(t +7 +t,)=0 forteIN{—oco, —¢) and n = N; since HC(i)
implies tn — dy—00  as n—+co. Moreover there exists Ny >0 such that
st{t+7 +t,) =0 fort € IN(y+e¢00) and n > N; since t, — by—co as n—oco. Now
forw(t) satisfying H A(ii) we have '
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_il;(s"' (E+T +tn) —w(t))dt = [jo o (87 +F +1,) — w(t))dt
+ [+t +T ) —w(t))dt + [y (T (E+TF +22) — w(t))dt

T+t‘
+ { (st(t+7 +t,) —w(t))dt (4.2)

+ f.!'ﬁ{-r-i-;_m] (sT(t+7 +1t,) — w(t))dt

Now since w(t) = 0 for t € { — 0o, 0) U (-, 0o) we have for n > max(N;, N;) that the first
and fifth integrals on the right hand side of (4.2) approach zero as t,—co. Since s*(t) and
w(t) are bounded then the second and fourth integrals can be made arbitrarily small.
Moreover (H A) (i) implies

Jinto, (8T (E+T +1t,) — w(t))dt—0.
Hence a*(t +t,) diminishes to w(t +F ).

If we now consider s (f) we find that s (t)=0 on |[d, ch41]. Since
tas) — dy=0o and ¢,4q — t,—00 a8 n—oo we find that s~ (t +t,) = 0 for t, sufficiently
largeand t € I. Thus 7 (t) = w(t +7 ), where ¥ ~(t) diminishes to ¥ (t) along t,,.

Now consider (i) — (b). We briefly sketch the proof as it is very similar to the case
(1) = (a). Indeed, if we substitute for s*(t+¥ +t,), w(t), and [0,~] respectively, the
functions s~(t — r +¢,), v(t), and the interval [0,§], then the analysis of the expression
corresponding to (4.2) proceeds exactly as in case (i) — (a). We then obtain
F (t) = v(t — r), where s¥(t) diminishes to ¥ (t) along t,.

In case (i) — (c) we immediately find that ¥ (t) =0on R. Indeed for any compact
interval J we have for n sufficiently large that a(t +t,) =0 for t € R.

This completes the proof of case (i).

Now assume:
(1) a“{t,‘{hnandlhnmtﬂ—ra,l:c.

Once again, we can apply the techniques from case (i) and ascertain
FHt)=w(t—¢), T (t) =0; thus 7 +(t) = w(t — c).

Now consider the complimentary condition of (i) and (3i); that is let {t,} be a
sequence such that t,—oo, Consider
(i) b, <t, < c, with the following possibilities:

(a)) ¢, —t,—=rgasn—ooforsomery >0

(b)) tn — by—F g asn—co forsome¥ ;>0

()  |ta = bp|=co and |t, — cu|=00 a3 n—sco
as well as
(1) ¢ <ty < dy suchthat £, — c,—r; as n—oo.

Once again the proof of (i)', (a), (c)’ and (if) is the same as (i), (a), (b), (c) and (ii),
respectively. Indeed, we find in case (i)' (a)’ that ¥ (£) = w(t — ro)and in case (i)'(b)’
7 (t) = v(t — ry) whilein case (i)' (c)’ 7 (t) =0. Finally, in case (i1)' 7 (t) = v(t — r1).
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These cases then complete the description of (; forif 7 {t}l is any element of {2,
then there exists a sequence t,—~oco such that [ (s(t+1,)—7 (£))di=0 as t,—c0
umfurmly for tin compm:t intervals I. If {t,} does not satisfy (i) (a), (i) (&), (3) (c),
(@) (a)', (1) (B),(8)' (c)', (i1) or (ii)' then there will be two subsequence of {t,} satisfying
two different cnndiﬁunsmnngthaonug:vennbm: But then #(t + t,) does not diminish
toF (t) along f,. This concludes the proof of the first half of Proposition 3 4.

The proof of the second half of the proposition has many of the ingredients of the first
half. We consider the following possibilities:

(i a,<t,<b, and t, — a,~{ asn—ooforsome £ >0,

(if)g b, <t, <c, and ¢, — t,~f asn-sooforsome £ >0,

(iii)g e < tp < dn and &, — t,—¥y as n—cofor some & = 0,

(iv)o dn < tn < Gnyy and apyy — ta~f o a8 n—sco for some £ > 0.

If {t,} satisfies (i) then we claim that (2, is givenby ¥ (t —¢) were ¥ (t) is defined in
(2) and is periodic of period v+ my + § +ms. Indeed, let I be any interval and assume
without loss of generality that £ = 0. Then we find for t € T = IN[0, 7y +my + & + my]
that

[(s(t +ta) -7 [t}‘jdt.-f (st + tn) — w(t))dt + [ a(t +t,)dt
1 7n[0,9] TN,y +m]

+f (8(t +to) — v(t — v +my)dt
?r‘l[qr+m1, T+ my + 6]
(4.3)

+f (s(t + tn))dt.
Mow as t,—oco the first integral on the right hand side of (4.3) approaches zero as a
consequence of (HA)(ii) while the mond and fourth integrals approaches zero as a
consequence of (HC)(ii) and finally the third integral approaches zero as a consequence of
(HB)(ii). From this, we can obtain the periodicity of ¥ (t), and from (i)o, (HB), (HA),
and HC'(ii) we can extend the analysis for all ¢ € I. Hence 7 (t) € 2,.

Using a similar proof we find in (i) that Q,=F(t+7), in (iii
Q,=F(t+4) and in (iv)y N, =7F(t+£ ) where T (t) is defined in (2) of the
statement of the theorem. As in the first half of the proof let {,} be any sequence such that
s(t +t,) diminishes to some function f(t) along {t.}. If {t.} does not satisfy (i)o, (i%)e,
(ii1)p or (iv)g, then there exists two subsequences satisfying two of the above conditions.
But then s(t + t,) does not diminish to ¥ () along ¢,,. This concludes the proof of Theorem
4.1.

Remark: There are many directions in which Theorem 4.1 can be extended. For example in
HA(i) let us not assume that the lim b; — a; exists but rather assume a;;; — bj—co as
=
imcoand 0 < liminf(b; — a;) < limsup(b; — a;) < o0
=00 =00
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In addition, suppose that the limit set of {b; — a;}2, consists of a finite sequence of points
{w}",. If we can find NV functions w;(t) defined on [0, 7] such that s*(t) diminishes to
w;(t) along some sequence {t, } then we can obtain conclusion (1) in Theorem 4.1 in which
{2,+ consists of w;(t+ §) and 0. Similar statements hold for the existence of v;(t + a).
Notice we do not require that s(t) is bounded on R. Thus after applying the above theorem
to describe the limit set {2, we use Theorem 3.1(c) to obtain information on the asymptotic
behavior of solutions of (P) where now F(t,y) = s(t) and h(t, y) diminishes to zero.
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