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EXISTENCE AND UNIQUENESS OF MILD AND STRONG SOLUTIONS
OF AN INTEGRODIFFERENTIAL EQUATION WITH NONLOCAL CONDITION

5. lamaran and K. Balachandran

Abstract: We prove the existence and uniqueness of mild and
strong solutions of an integrodifferential equation with

nonlocal initial conditions using the method of semigroups
and the Banach fixed point theorem.

1. INTRODUCTION

U=zing the method of semigroups and the Banach fixed point
theorem, Byszewski [2] studied about the existence and
unigueneas of mild, strong and classical solutiona of the

following nonlecal Cauchy problem:

dult)
dt

ulty) + gltg,seeestpouta)) = ug,

+ Ault) = f£(t,uft)), tE€ltgy,ty*al

where -A is the infinitesimal generator of a C, semigroup TI(t),
t20, on a Banach space X, Ostg{tq<. . sitpstgta, a > o, unEX
and £:(t,,t,+alxX—=X, g:[r.n,t{,+alpxx~—->x are given functions.
Balachandran and Ilamaran [1] proved the existence and unigueness

of mild and strong solutions of the problem

dult)
dt

ult,) + g{tl.....,tp,ui.}} = Uy

+ Ault) = f£lt,ule(t))), tElty, to+al

Moreover, Corduneanu (3] and Gripenberg (4] studied the
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existence of sclutions of Volterra integral equationa of wvarious

types using semigroups approach.

The aim of this paper is to prove twc theorems about the
exigtence and unigueness of the mild and strong soluticns of an

integrodifferential eguation with nonlocal initial condition.

2. PRELIMINARIES

Consider the initial wvalue problem

ﬂﬁ{u = Ault) + £(t), tE€l(ty,ty+al, » w1}
ulty) = ug, - = =t2)

where f:ltg,tg*al —X, A is the infinitesimal generator of a g
semigroup T(t), t20, u,€X and t, 2z O.
Throughout this paper we use the notation I := [tg5.ty+al.
Definition 1. A function u is said to be a strong =olution
of problem (1), (2) on I if u is differentiable almost everywhere

on I,

d
S € L'((tg,t5%al,X), ulty) = u,  and

delt) . aurt) + £(t) a.e. on I.

Theorem 1 [5]. If X is a reflexive Banach space, uyED(A} and
f is Lipachitz continuous on I then problem (1}, (2} has a unigue
strong solution u on I given by the formula

t
ult) = Tit-tylu, + j T{t-s)fl=)da, te I.
o

Congider the following integrodifferential equation
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dult) t
"EE‘**hultl = fit,ult))+] Kit,s,uls)ids, ¢tEit,,t+al- -=(3)
Jtg

with the nonlocal condition

ulty) + glty,..u,tpoula)) = ug, v u ]3]

where Ost; < £ ¢ . . . <« tP i t,+ta, -A is the infinitesimal
generator of a €y semigroup Tit), t20, on a Banach space X, and
f:Ix¥—>%, glty,..-,tp, - ):X—X, K: AxX—X where

D= iit,s): tgssststgy+al., The symbol gity,...,tg,ul.)) is used
in the sense that in the place of . we can substitute ' only

elements of the set (ty, . . ..tpl.

Definition 2. A continuous solution u of the intagral.equation
ult) = Tle-tylug = Tlt-tglglty, v tp,ula))

t t 8
+ [ Tit-g)fis,ul=z))da+ Tlt-a][ Kig,T,ul1))drds,

Jt it Jt
o @ @ LEI,

is said to be a mild solution of problem (3),(4) on I.

3. Existence of a mild selution

Theorem 2. Assume that
(i) X is a Banach space with norm |.| and ug € X.
(i1) 0 2 t5 € £y ¢« o« € B 5 Eota and B, := ([wv: |v|$rkc'_"x.
(1iii) £:IxX ——X ie continuous in t on I and there exists a
constant L » O such that
1fla,v1!| - E{a.vzln < L|v1 - v-zl for 8 € I, wy,vy € B,.
{iv) H: /A xX—>X is continuous and there exists a constant

Ky»0 such that
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[Ktt, =, xts)) - Kit,s,yl=))|| < Kyjxis) = yl=)|
(v) g:IFxX—>X and there exists a constant G, » 0 such that
|g{t1,....tp,ull*l] - g{tl.-..,tp,uzl'lll
sup
£ GD LET lulit] - u:it)l for uy, uj € E{I;Br].
(vi} =-A is the 1infinitesimal generator of a Cy semigroup

Tit), £t 2 0, on X

max max
ii = r = "u] r
(vii) M tE[ﬂ,a]IT[t}i 2] S€T If‘ﬂ '
max .
Ky = max KEit,8,0)]. Gl “uEC(I,Bx) g{tlf'!i;t sala ).
. tnsaststo+al I nl . I

(viii) M{jug| + Gy + raL +aN + Kﬂra2 + Hlazl $ r, and
MK + MLa + Mﬁoaz ¢ 1.
Then problem (3),(4) has a unigue mild scluticn on I.
~ Proof:
Take E := C{I,B,) and define an operator F on E by
(Bv)(t) = Tlt-tglug = TlE-tg)glty,eaastp,via))

t -]
+ ] T[t-a:fln,via”dn+[ Tlt-t][ Kis,t,vit))dtdse,

t t t
L L] L ] T.EI;
From our assumption, we have
(Fvilt)} = TiE-L,) + Tit=t, )glty ;e b, via)])
| I e R L e 2
+ I] T{t-aittn,vlsllds|+|l Ttt-ail Eia.t,v(tildtdn',
ta to ts

t i
5 HI“GH +MGy + H[ {|£[n,v{:]l - f{a,ﬂil + Ifts,ﬂ]lida
(t s °
+HJ J[IK(;,:,VHH - K!a,'t.ﬂ]lu + HK(B,T,ﬂ]l]dtdﬂ
tﬂ tD

t
§ Mjug| +MGy + M{ (Ljvis)]| + N)ds
[t (s “
+M [Eojvit)|| « Kyldtds
JtDthDI e 5
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$ Mlijug| + Gy + ral + aN + Kora2 + Klazh i r for vEE.
Therefore, FE < E.
Now, for every vy,vy € E and t € I, we have

£
H{Fvllit}-(FUE}{tll H J iTIt-&]llf(B,vlisli = f{s,vzia]llda
o
* HT{t-tﬂ}IHg{tlultl;tp;vl‘t}l - g[tlfustrtpfvzltl}l

t ]
+‘ Hrtt-sin[ I[Kln.t,v1{1:} - Kin,t,v;ttii]'dtdu
Ity Ity :

t
< HL[ [vits) - vala)|ds + MGy oo [valt) - valt)]
Jtg
2 sup '
e HEDB tEI I?lﬂt} - Vzlt?l
< (MLa + MG, + MK,a) ogP IVice) - v2(B) |

2
If we take g := MLa + MG, *+ MK,a then

sup sup
rer IHFVIIIE) = (Bvp)(B)] s @ [0 [vi(t) - va(e)]

with 0 ¢ g <1.

This shows that operator F is a contraction on the complete
metric space E. Applying Banach fixed point theorem we get a
unigue fixed point for F in space E and this point is the mild

golution of problem (3), (4) on I.

4. Existence of a strong solution

Definition 3. A function u is said to be a strong solution of

problem (3), (4) on I if u is differentiable a.e. on I,
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du .
EE‘E L'{lt,.to+al, X}
u{tﬂ‘:l + g‘tl,lrr;tp;uiuli = un
[t
dult)
and =3 + Ault) = flt,ult)) + Jtﬁit,s,ula}lda, tElt,, t *al
o

Theorem 3. Assume that
(i) ¥ is a reflexive Banach space with norm |.| and u, € X.
(1i) 05 t5 € &) ¢ .« . € tg 5 to*a and By := {v: |vjsrl CC X.
(iii} f£:IxX ——X i3 continuous in t on I and there exists a
constant ﬁ * 0 such that
[£l=y,vy) - £(sg,va)| s Lifsy - s3] + |v1 - va)
for 81,89 E I, VirVo E Bp.
(iv) K: /N xX—>X is continuous and there exiats?conutant-'
Ks?0 such that
Je(ty. s, x(s)) - Kity,s,y(s))] s Kgl|ty - tp]| + [x(s8) - yis)])
(w) g:IPxJ{ —X and there exista a constant G, > O such that
Jattrsesertpugle)) = gltg,uee,tpuzl=))|
S Goper Juplt) - uplt)| for uy, up € C(I,B.),
and glty,...,tg, . ) € D(A).

{(vi}) =-A is the infinitesimal generator of a C, semigroup

T(t), t ¢ O, on X.

(vii) u, € D(A).

(viii) M =¢elo a1 TE) ], N = ger |El=.00],
" ' _ max
i, ™ max lK‘t;S,U}i, Gy -UECII;Bh}ug{tl"'"tp’u{‘}}l'

taisstit,ra

(ix) H{IHGH + Gy + ral +aN + 'E{Ora.2 + Klazl £ r, and
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MG, + MLa + M[{aa2 < 1.
Then the problem (3), (4) has a =trong solution con I.
Proof:

Since all the assumptions of Theorem 2 are satisfied then
problem (3), (4) possesses a unigque mild solution belonging to
C(I;X) which we denote it by u.

Now, we shall show that this mild solution is a strong

gsolution of problem (3),(4) on I.

For any t € I, we have
uit+h) - uait) = [Tlt+h-t lu, - Tit-t, lu,]
- [Tit+h-tﬂlgit1,--«,tP,u(-?} - Tit-taigitl,...,tp,ut.}}]

to+h t+h
+ T(t+h-s)f(s,uls))ds + T(t+h-s)f(s,uls))ds

Jtg Jtg+h

& tath a
- Tit-s)fis,uls))ds + Tit+h-s)| Kis,T,ul(1))drds

Jtg T Jtg

ft+h 5 E a
* T{t+h-sl[ Klig,t,uit))dtrds - [ T[t-a}[ Ela,t,ul{1)}drda

Jty+h Jtg It Jtg

= [T(t+h-tgluy = T(t-tglug]

[T(t+h-tg)g(ty,veeitp,ula)) = Tle-tylglty, sae,tp,ul.))]

tn+h
Tit+h-s)lfls,uls))ds

*

Jt
o t
¥ J T{t-s}[f(s+h,uls+h}}) - £(a,ula))]lds
to

Tit+h-g)] Ki(s,t,ult))dtda
It It

+

"tnrh 8

t e+h t 8
+ Tit==)| Kis+h,t,uit))dtds - Tit-8)| Kis,T,ult))dtda
It It, Jta Jtn
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= T(t-t ) IT(h) = Tlu, - Tlt=to)[Tth) = Tlglty, ..., tp,ul.))]

t,th t,th
* [0 Tit+h-s)(fi=,uls)) - fls,0)]da+ [ DTIt+h-s}f(a,ﬂ!ds

Jt Jto
t

t Tit-s)[£(s+h,uls+h)) - fis,uls))]lds
tl:l

[t:,+h I’a
+J T(t*h-!}J [Kis,t,ult)) - Kis,t,0))dtds
[to*h (s
+J T{t+h—a]J Kils,t,0)dtda
ts to
' -
+] Tit-a3)) [Kis+h,1,ul(t)) - Kia,t,ult))]ldtds
d g Ity
[t g+h
+| Tit-g)| [Kis+h,T,ult))-Ki=z+h,v,0)]dzds
Ity ¥ g
[t s+h
+ Tit=-g) Klia+h,1,0)dtds
Jeg Ja

Using our assumptions we observe that
Ju(t+h) - ue)] s hMjAug| + hMjAgity, ... tp.uis))] + hMLr + MR
|u{|+h1 - u[l]ld:

to

+MLah + ML J
+MKorah + MKjah + Hﬂahaz + MK rah + MKjah

t
s Ph + ML [ [uia+h] - ui-i'dt,
It,

where i = HI""“DI + H'hgttl;...,tP,u{.Hl + MLr + MN + MLa
+ MEra +MKja + Hliﬂa: + ME,ra + MEja.
Using Gronwall's inequality, we get
jutt+h) - ult)] s PheMLa for tEI.

Therefore, u is Lipachitz continuous on I.
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The Lipschitz continuity of u on I combined with (iii) give

that t——=f(t, ult)) is Lipschitz continuous on I, Also by
t

assumption {iv!,t-ué{ Kit,s,uls))ds is Lipschitz continuous on I.
It

Uzing Theorem 1 we observe that the eguation

(t
defE) | avit) = fee,ult)) + | Kt s mu(s)ds, ety toral
[ ]
vity) = ugy - gitl,....tp,u{.}]

has a unigque strong solution v on I satisfying the eguation
vit) = Tlt-tylug - Tlt-ty)glty, ..., tp,ul.))
t t 8
+ Tit-=)fl(s,ulg))da+ T!t-s]i Kis,7,ult))dtds,
£ Jtg Jtg
= ult), tEI.

Consequently, u is a strong solution of problem (3), (4) on I.
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