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ABSTRACT

We show that calculus on nonorientable manifolds can be canomically reduced to
caleulus on orientable manifolds. We obtain all functions and differential forms on a
nonorientable Riemann surface X in terms of the corresponding functions and forms on
its unbranched, two-sheeted orientable covering (O;, k). We prove Hodge’s theorem con-
cerning the harmonic differentials on a compact nonorientable Riemann surfaee, and show
that a special type of de Rham cohomology appears on (O, k). We also compute the
dimension of the de Rham's cohomelogy vector space of a compact nonorientable Rie-
mann surface in function of the topological genus of the surface (de Rham Theorem). We
finally prove a Stokes theorem for chains of singular squares on nonorientable Riemann
surfaces.

Introduction

According to a result due to Klein (see Theorem 1), the existence of the nonorientable
Riemann surface (N.R.S.}) X is equivalent with the existence of the symmetric Rie-
mann surface ({02, k), which is the unbranched two-sheeted orientable covering of X.
Thus, functions,.differential forms,integration theory,and,in general, every concept defined
on X is dependent on (2, k). An object or a concept occuring when (Og, k) doesn't
exist,or that persists even if (02, k) vanishes doesn’t make much sense for X. For ex-
ample,even infinitesimal motions of the point representing (2, k) in its Teichmiiller
space,give rise to non-symmetric Riemann surfaces. These motions imply the disap-
pearence of X and thus they must imply the disappearence of the objects and concepts
on X.

The model of calculus proposed in this paper respects strictly the connection between
the N.R.S. X and its orientable covering {2, k).

A century and a half of multivariable calculus,under the influence of physical and
mechanical phenomena involving Green’s theorem, Stokes’s theorem and the divergence
theorem of (Gauss, has crystallyzed in E. Cartan's model of calculus on manifolds based
on functions and differential forms subdue to the computation rules of the exterior dif-
ferential calculus. '

This paper extends naturally Cartan’s model of calculus to the case of nonorientable
manifolds. *
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In Section 1 we define the symmetric functions on (02, k) and see how these functions
represent the funetions on X,
In Section 2 we introduce the symmetrization and the antisymmetrization operators
which allow us to see the position of the algebra of symmetric functions inside the alge-
bra of all complex functions on (04, k).
In Section 3 we give nontrivial examples of symmetric functions on (Oy, k), namely the
funetions that appear by symmetrizing either the meromorphic or the antimeromaorphie
functions on (O3, k). These functions sugest the definition of the N-meromorphic func-
tions on X.
In Sections 4 and 5 we define the symmetric and the antisymmetric differential forms of
degree 1 on (Oa, k).
In Section 6§ we see how the space DP!{03) of symmetric differential forms of degree 1 on
(73 can be identified with the space D' (X) of all differential forms of degree 1 on X.
In Section 7 we define the symmetrization and the antisymmetrization operators on the
space D'(O2) of all differential forms of degree 1 on (Qz, k).
In Section 8 we introduce the line integral on X by means of the line integral on (Oa, k).
In Section 9 (as in Section 3) we give examples of symmetric differential forms, namely
those which appear by symmetrising either the meromorphic or the antimeromorphic
differentials (the Abelian differentials) on (02, k).
Section 10 deals with the definitions of the symmetric and the antisymmetric differential
forms of degree 2 on (Og, k). The symmetrization and the antisimmetization operators
are defined and their principal properties are presented.
In Section 11 we see how the symmetric differential forms of degree 2 on (Oa, k) represent
the differential forms of degree 2 on X.
We further offer concrete examples of functions and differential forms on N.R.S. We give
the complete lists of these objects in the case of the Mdbius band.
As in Section 8,in Section 12 we define the double integral on X.
In Section 13 we define the differential operators d, and d, which give the canonical
decomposition

d=d, +d;

of d, the usual operator of (exterior) differentiation on (4, k)

In Section 14 we deal with the study of the symmetric and antisymmetric harmonic
differentials on (O3, k). The main result is the Hodge Theorem on compact N.R.S. (The-
orem 20).

In Section 15 we study the de Rham cohomology appearing on (g, k) and which. is
specific to symmetric manifolds.

The de Rham symmetric cohomology vector space R{O3) defined here is canonicaly
isomorphic with the de Rham cohomology vector space of X. In the case when X is
compact, we give the de Rham Theorem on X (Corollary to Theorem 23).

In Section 16 we present a Stokes Theorem for chains of singular squares on N.R.S.

We point out now that there exist three other models of calculus on nonorientable man-
ifolds, proposed by M.Schiffer and D.Spencer (13], G. de Rham [12],and N.Alling and N.
Greenleaf [1].
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Preliminaries
Definition 1 A dianalytic atlas ([1] p.5) on the surface X is a family
A= {{Uir'ﬂi.vu}}ier

where:

a) {U; |i€ [} is an open covering of X ;

b) Vi 15 an open subset of the complez plane C, for every i€ [;
c) @it Uy — V; is a homeomorphism for every i € I;

d}) Ifi,j € I then either U;NU; =@ or U; N U; £ P and

piowi i (UiNUj) — (U N U;)
is analytic or antianalytic on each connected component of w; (U; N U;).

Remarks:

1. In the case when y; o ;="' are analytic functions one gets the usual analytic atlases
on (orientable) Riemann surfaces.

2.The surfaces we deal with in this paper are supposed to be connected.

Definition 2 (Teichmiiller) A nonorientable Riemann surface (N.R.S.) is a pair
(X, A) where X is surface and A 15 o mazimal dianalylic atlas on X such that A does
not contain any analytic subatlas.

We shall denote throughout this work the N.R.S. (X, A) by X because the atlas A
will be fixed.

Definition 3 (Felix Klein) A symmetric Riemann surface is a pair (Op, k) that
consists of the (orientable) Riemann sv-face O and the anfianalytic involution without
fized points

. k: Ug — G-_r.

Denoting by M the two-elements group that consists of k and the identity of O, we
mention the following fundamental theorem due to Klein:
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Theorem 1 If (Os, k) is a symmetric Riemann surface then, on the orbit space O2/H
(where the H-equivalent points P and k(FP) are identified), there exists a dianalytic atlas
A such that (Oz/H, A) 15 a NR.5.

Conversely, if (X, A} &5 a VRS then there exisis a symmﬂﬁc Riemann surface
(O, k) such that X is dianalytically equivalent with Os/H.
IfY is a N.R.S., dianalitically equivalent with X (i.e.isomorphic to X), then there erists
an antianalytic invelution

k’ - f:’z e C}z

conjugated with k in the group of all analytic or antianalytic automorphisms of Oy, such
that Y is isomoarphic with O/ H', where H' consists of k' and the identity.

Remark:

In the following we use the notations from Klein's previous theorem and Identlf}f X with
the orbit space Oy/H . We denote the canonical projection of Oy onto Oy /H by p. Thus
we get te commutative diagram:

0'1: k - 'ﬂz

For z € ; denote by I its H-orbit; this is the two-elements set {z; kz}. Thus,

F=kr= plz) = plkz) = {z; kz}.

1 Functions on N.R.S.

In this section we define the symmetric functions on 4 and see how these functions may
be identified with the complex functions defined on X.

Definition 4 A set A C O, is called symmetric (with respect to k) if
kA) = A
Note: For any D C 3 we shall denote by D the fact;:u- set
| D=p(D)={¥|z€D}.
Clearly D is open i el only if D is open. It is also clear that
~Y{D)y= DUk(D)

15 a symrmetric set.
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Definition 5 Let A be a symmetric subsel of Y and f: A — C be a function. Then
[ is called a symmetric [antisymmetric} funclion of

flz) = flkz) (resp.f(z) = —f(kz))
for every z € A,

Remark: The function f is symmetric if and only if it is automorphic with respect to
the two elements group that consists of the identity of A and the restriction of k to A.

Let M be an open subset of X and A := p~'(M). Clearly A is symmetric and M = A.
Let f: A — C be a function. For ¥ = {z;kz} € A we define

(1) f(z) = f(kz) = F(3).
In this way the symmetric function f : A — C has appeared, such that
(2) : f=Ffop

where p = p |, Is the restriction of p to A,

Conversely, let & = k(A) be an open subset of Q3 and let f : A — C be a symimetric
function. Then, for every z € A, f(z) = f(kz), that is the value of f does not depend
on = but only on the equivalence class ¥ of z. This means that the function _,F A—@G
given by

(3) f(2) = flz) = f(kz)

1z well defined, i "
It is clear that the sets F(A) (resp. F,(A)) that consist of all the functions f : A — C,
for which f~'(co) is a finite set (resp. f: A — C, f = fok and f~!(c0) is a finite set)
with respect to the usual algebraic operations, are algebras.

Thus we can formulate the following result in connection with Theorem Je.

Theorem 2 The sets of functions F(X) and F,(O2) are algebras over the field of com-
plex numbers. The function
Py Fo(O2) — F(X)
given by
(4) palf) = F,

where f is defined by (3), 15 an algebra isomorphism (called the natural rsamorpmsmj
whose inverse is the pull-back isomorphism p* defined by

() p*(fi=f=Ffop

Via the previous theorem one identifies the algebra F(X) with its isomorphic copy
Fe(Oa). For this reason we now concentrate on a deeper study of F,((0,). [Statements
similar to those that follow can be formmlated in connection with algebras of the form
Fo(A) or F(A), where A = k(A) C Oy and A = plA), but we do not enter into details].
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2 Symmetric functions on Os.

In this section we give the connection between the algebra F, () and the algebra F(Os)
of all complex functions on s,

In general, a function f : @y — C is far of being symmetric on Q3. There exists,
however, a canonical way to symmetrizge it, that is to identify a "part” of it that can be
factorized by p.

In this section we shall deal with this importani question.

Denote by FT(0z) the subalgebra of F(O4) which consists of all functions of class C”
for 0 < r < oo, and by F*(@;) the subalgebra of the R-analytic ones. Let H(O3) be the
vector space of harmonic functions on (). We have the following inclusions:

H{ﬂz} L P{Uz] - Fl:f)]:l | .Fl:ﬂﬂ.

Now we can define the symmetrization operator S on F(()2), an operator which, as we
shall see in all that follows, plays a crucial role in the whole function theory on X. This
operator has its analogue on the vector spaces of differential forms on Og but they do
not exist on non-symmetric Riemann surfaces.

So, let § : F(O2) — F(O2) be defined by

(6) §f = fri=5(f + fob).

Since k is an involution, f, is a symmetric function and it is easy to see that f € F,(O2)
-if and only if S f = f; with other words f is symmetric if and only if it is a fixed point of §.

Thus the difference f — f, gives a measure of the deviation of f from being symmet-
ric. In this way we are led to the second important operator in connection with the
function theory on N.R.S.,

A F(Op) — F(O2),

defined as: 1
(7 Af:,—_fa.':_f—-f_,:E{f—fak].
Observe that f, is antisymmetric. For this reason we call A the antisymmetrization

operator.

The following theorem describes important properties of the operators § and A.

Theorem 3 The following properties hold:

a) & is a linear operator and iis image is Im{8) = F,(O);

b} Fi(Os) is a subalgebra of F(Os);

e) Fa(@a), the subset of antisymmetric elements of F(O3), 15 a vector subspace of F{(3);
) d)The operator of antisymmetrization
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A F(Oq) — F(D)
is linear and tts image is Im{A) = F,(O2); alse f € Fa(Oa) if and only if Af = f;
e) F(Oz) = F4(O2) B FalOa);
f) & and A are orthogonal projectors i.e.
So08=8 Ao d=Aand Sod=4085=0,
g) S and A provide an orthogonal decomposttion of the identity T of F{O4):

IT=8+A.
h) For any f,g € F(Oy),
S(fg) = S(£)S(g) + A(f)Alg),
A(fg) = A(f)S(g) + Alg)S(f).

Proof: The points a)-d) are obvious.
e) If g € Fo(Q2) N Fa(O2) then g = ) because g = gok = —gok; thus

F,{':)ﬂ:l n Fafoﬂ} = {[}}

For any [ € F(03), f. and f, are elements of:?-'(t?z} and F,(@;) respectively and
f=fs+ fa. Thus e) holds.
f) If f € F((),

(fs)s = %(fa + fiok)= %(fa + f5) = f. because f, is symmetric.
(fa)a = 3(fa— fao k) = 3(fa+ fa) = fa because fy ok = —f,.

Now, (f.)e = L(f = fo 0 k) =0 and (fa)y = 3(fu+ fao k) = 0.
g} iz clear from e) and f).

(Remark: The constant functions lie in F,(02) ).

h) Let f,g € F(Oz) and let

.f=fa+.fus =0+ a

be their decompositions.

fa=Fsas + fafa + fats + fi8a-

It is clear that f,g,, foga € F.(O2) and fags, fi9a € Fa(O2). Now, from b), c) and e}
the result follows. O

Remark: Fig.1 gives a geometric image of the space F((3).

Notations:

Fy o(O) := Fy(O2)NF(O2) and F, o (O) := Fo(O2)NFT(;) are the sets of functions
of class C*, 0 < r < w, which lie in F,((02) and F,(O:) respectively.

Fr(X) is the set of functions of class C" on X.
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WACSY

Fig. 1:

For & = k(A) C O, we denote by:

H(A) the vector space of harmonic functions on A,

H,(A) ( Hi(A) ) the vector space of symmetric (antisymmetric) harmonic functions
on A and H {E.} the vector space of harmonic functions on ACX.

Theorems 2 and 3 have the following two corollaries:

Corollary 1 a) p* : F'(X) — F, (Oz), defined by p*(f) == fep, is an isomorphism
of algebras;
b p*: H(A) — H,(A) 1s an isomorphism of vector spaces.

Corollary 2 The following direct sum decompositions hold:
"1,]}-:‘ {ﬂ'zj = fs,r{'ﬂﬂ} EB'—TG.:'(GE}
b) H(A) = H(A) D Ha(A).

Proof: Since p is a dianalytic covering projection, f is of class C* (harmonic) if and only
if p*(f) is of class C™ (harmonic).
If f = fu + fa, clearly f lies in F{Cs) (H(A)) if and only if f, and f, lie in Fr(0s)

(H(A)).

We point out now some conclusions.

The study of functions on X is canonically reduced to the study of functions on O3. More
precisely, the elements of F(X) (H(A)) are identified with the symmetric functions on
()2 and of the same class (or which are harmonic on A). Each function on Oy has a
canonical decompaosition

f=f+fa,

and only the component f, has a meaning on X.
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3 N-meromorphic functions.

We further take a look at functions f € F(X) having the property that p*(f) is obtained
by symmetrization from a meremorphic or an antimeromorphic function f € F{Os).

Let M{O2) be the field of meromorphic functions on 0. We denote by M(0;) the
field of antimeromorphic functions on O3 or, equivalently, the field of meromorphic func-
tions on (O3 endowed with its second analytic structure. The covering projection p mixes
the two orientations of Qs leading, this way, to the dianalytic structure of X. This phe-
nomenon is reflected in the structure of some elements of F(X), elements which will be
called N-meromorphic functions.

The symmetry k induces the isomorphism
k"2 M(Og) — M(O2),
which is defined hy
k*(fy=fok

The inverse of k™ is

K M(02) — M)

and it has the same form as &*:

kY (f)=fok.

It iz clear that

Sok' =S8lue,) and Sok'™' =S|y

Theorem 4 S{M((02)) = S(M(O3)) .

Proof: %[f+fok]=%[fnk+(fukju.i:]
and f E;M(ﬁ?g}ﬁfofc e M(D3).

Definition 6 The function f:X — C is called an N-meromorphic function® if
P'(F) € S(M(02)).
We close this section with a remark concerning the harmonic functions on X.

Proposition 1 Let M be an open subset of X and h: M — R an harmonic function.
Then there exists an N-meromorphic function f: M — C (possibly multivalued) such
that .

h =Re(f).

*The M-meromorphic functions were defined in [2].
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4 The Cauchy-Pompeiu derivatives.

. 8§ g a a . .
Now we shall present some properties of the derivation operators s and FTL which will
4
be of use in our endeavours. '

e 8 _1(8 .0
3 =3 (E - 155) (Cauchy)
®) d 1,4 a
Fz: = E (5} +Ta—y) (Pﬂmp&tu}

Thus, if h=hy +ihs isa functian of class C'! on an open set lying in the complex plane
of the variable : = ¢ + iy, then

@._l(ﬁ_ﬁ_")_l(@hr%)_i(?ﬂ_ﬂ‘i)
8z 2\8zx dy) 2\ 08z Gy 2\ ady Or

dh _ 1 /8h Oh\ _ 1 (8h B8k, i (0hy ﬂ)
E'“z(ﬁ""a_y) E(E"By)++§(3y+52

(9

il

From (9) we obtain:

dh [ h 8h _ (hY
o __ohy
fz E
{11} ﬁ:ﬂ =4
o Ohy _ Ohy
dy ~ fe

(Cauchy-Riemann equations for h) =
(12) 8 _ M By &

If k is an antianalytic involution of an open subset of the complex plane and if
w=u-+iv=kz=kz,y)+iksz,¥),

with k’s Jacobian J at the point = given by

_ Oky, Bky, . Bk, Oky, . Diky,
J = ':p,?[zla—y z) = E(ZJE(Z] = Dz,

- _D{'I.I:, t"}{zjl

~ D(z,y)

: g a .
'The operator % was introduced by Cauchy. The operator P first appeared in
4 i

)

Pompeiu's work[11] under the name "the areclar derivative”.
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the following equalities hold;

[ a-h [ _1 Eﬂ
T =7 520
(13) )
3.’:1 _ 1 gﬂ
[ 5@ =-7 3z
(ks 1 gk
=7 ()
(14) .
Ok -1 Ok
3o W=7 5 ()
ak 1 8k
oW =—75 5703
(15) ]
ok 1 8k
[ 3 =77 &)
ok, ok |8k *_ D(u)
E{rj-é;{z} = |78 = D{:c ) IZZ}
(16)
.:m
[ 1:}[ D (w)
z,y), . D(uwv), .
D{”{ Pz.g) &) =1

(The chain rule for Cauchy-Pompeiu derivatives)

o
[ 2 (robe) = ke 2y + Ly 2E,)

_Of  du . Of, 6
= L 2 + at,ckzn 2 (2)

(17) 4
=00 = 2L 2 + Lan P =

5‘f dv
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The mapping & is antianalytic,therefore

Thus we obtain: 5 of s
k
=(f 0 k)(z) = 5= (kz) 2 (2)

(18)

3 . _ Of 0k
52 0 b)) = Fo(k2) 32 (2).

5 Symmetric and antisymmetric differential forms of
degree 1.

In this section we define the symmetric and antisymmetric differential forms of degree 1
on (Y, The symmetric ones play a crucial role in all calculus on X by means of their
connection with the differential forms of degree 1 on X.

In order to obtain the differential forms on the N.R.5. X, we have to establish, for
the differential forms on (), results analogous to the ones given in Section 2 for func-
tions (= differential forms of degree 0)). For this it is enough to re-write the definition
(6) of the symmetrization operator § as :

§f=f, =50 + 1),
where k* f is the pull-back by k of f :
(*f)(z) := (fo k)(2), for every z € O,
We consider that A = k(A) C Oy is a symmetric open subset of Os,and that
w i A — T*(0,)

is a differential form of degree 1 on A.
( T*(M) is the cotangent fiber bundle of the manifold M ).
We can now formulate

Definition 7 The differential form w 15 called symmetric (antisymmetric) if
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To avoid sofisticated notations while dealing with the local study of differential forms,
we identify different parametric disks D on O3 with their images in the Euclidian planes.

Since the preimage by p of each parametric disk D on X consists of the pair D and
kD of symmetric disks on (4, it is more natural to consider the restrictions of the type
w |purp rather then the restrictions w | of w, in the local study of differential forms
on 3. The restrictions k |p,,p have also the property that they are involutions of
DU kD whereas the restrictions k |, are not involutions of D. Fig.2 gives a description

of k Fﬂu kD

Fig. 2:
Since k is an invelution without fixed points, we may consider that

DnkD=0.

We denote by = a local uniformiser in D, by w an uniformiser in kD and by w | purp the
restriction of w to DU kD,

A(z)dz+ B(z)dz, z€D
w |pukp=

Alw)dw + B'(w) d@, we kD,

(19)

With the previous convention, D (or kD)) will be a disk in the plane of the complex
variable z = 2 + iy (or a disk in the plane of the complex variable w = u + iv). Notice
that k fulfils the equations (13)-(18).

It is obvious that w is symmetric if and only if w |purp is symmetric for every disk
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D C A. (In this case kD) C A as well.) For this reason it is enough to give rules by
means of which one can recognize the symmetric differential forms defined on sets of the
type DU KD,

The main result concerning this question is the following:

Theorem 5 a. The differential form w 15 symmefric if and only if the coefficients
A, B, A" B salisfy

Alz) = EB'{i:z]g-g{z] Al(w) = cBEkw}th(w}
(20)

B(z) = E.»‘l’l[kz]%{r] and B'(w) = f“‘-fhﬂ%{wjr
with e = 1.

b. w is antisymmetric if and only if the coefficients A, B, A", B' satisfy the previous
relations with e = —1.

Proof: The restriction to DU kD of k*w is given by:

B’{kz}gé[zj dz + A'(kz]g;(z] dz
(21) (k*w) |pukp= oL ,
B(kw]ﬁ{w} dw + A{kwjgg_:—[w} dili.

The rest of the proof follows now from the definitions. O

Remark. The second pair of equalities in the symmetry (antisymmetry) conditions
for w is a consequence of the first one. Indeed, the multiplication of

A(z) = fB"f_kz}gé{z:l

by %[z} and the use of relation (16) yields

AR (2) = B (w) 3 () 32 (2) = B (w)(=7)

Thus,

E"fw} =cA(z) (—}-g—t_—{r]) — fﬁl:li'w]g_z{w)-
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6 The pull-back by p of differential forms of degree
1 on X,

In this section we see how the differential forms on X are identified with the symmetric
differential forms on 5.
Let D be an open disk on s such that DNkD =0, We denote

D=kD={% |z€ D} where% =1 = {z;w = kz}.
By means of p, the points z and w are pasted together leading to the point 7 € X.

Let
o X — THX)

be a differential form on X.

On D we have two local parameters: : and w; any other local parameter is analyti-
cally coherent to either z or w,

Forz=we f?_. {dz;dz} and {dw;dw} are two bases of the same vector space
- e
T-;{X] = T;[X}.

(%) = B(W) € THX) for every Z€ D,

The vector (%) is a linear combination of the vectors in each base:
@(Z) = adz + 3dz in the base {dz;dz};
w(w) = a'dw + #'dw in the base {dw;dw}.

When 7 varies in ) the coefficients a, 3, o, are also variable. 5
With other words, o, 3, 0', 3 are complex functions defined on D:

@(z) = e(2)dz + FZ)dz

and :

G(@) = o' (W) dw + F'(F)div = o' (F)dw + F'(F)dw.
Now, we can state:

Theorem 6 The coefficients oo, 3, o, @ salisfy:

of7) = #(3) 3(2)

8(3) = o'(3) 32(2)

]

(22)
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and

&/(3) = B(3) ()

() = of3) if{w}-

Proof: &(%) = o'(F)d(kz) + #'(F)d(kz) = ("'} (z}ldz + ﬁ‘l:"'} [z}d’z = a(%)dz +
B(3)ds.

On the other hand,

5(3) = 5() = a(Dd=+H()dE = a(?) 5= (w)do+A(?) g—i{w}dw = o ()dw+5/(3)d T,
ete.O0

Let w : @y — T*(O4) be the pull-back of & by p*.
On DU kD, w is defined,as it is known, by:

{ A(z)dz + B(z)dz, z€ D

w lpurp=

Aw)dw + B'(w)d@, w€kD where

{ (z) = alp(z)) = ﬂf("J { Alw) == o' (p(w)) = a'(W)
B(z) = Jf"{P z))=B(Z) and | B'(w):= f'(p(w)) = F'(¥).

From these relations and (22) we obtain

jrecn o
A = () = FC) B = (@ B = Bw) 90 = B(k:) 5.6,
In a similar way,
B(z) = A'(kz) % z) for each z € D.

According to Theorem §, w is a symmetric differential form.

Now let us start out with a symmetric differential form w. For each point : € s,
w(z) = w(kz) (becausew = k*w), that isw(z) does not depend on z but on its equivalence
class ¥ only.

With other words one can define the differential form pgw =& by

(23) 5(3) = ().
Denote by D((03) the vector space of differential forms of degree 1 on Oy and by DLO,)

the subspace of all symmetric differential forms. We can now formulate thefollowing
theorem: '

Theorem T The operator -
P Pi{ﬂz] - FI{X]
_ is linear, bijectiv, and pg~' = p*.
Proof: It remains only to verify py s linearity, which is obvious. O
In all that follows we identify & with w by means of {23).



Ilie B ég‘zﬁ 17

7 The operators S and A on D}O;).

Since DL(O4) represents D*(X), it is important to localize it inside the space D'{(;).
This will be done now.
Denote

DPHOq) = {w e PHO,) | k*'w = w}

and

DY) := {w € DHOy) | k*'w = —w}.
Let §,.A: DY Q1) — D'(O3) be defined by:

(24)

The next result is analogous to Theorem 3.

D(©,)

. . . . . . L=+,

Fig. 3:

Theorem 8 The following properties of 5 and A hold:
a) S and A are linear operators and their tmages are
Im(8) = DH ;) and Tm(A) = PL(O:);

b) For w € PHOa),

' {Sw:u{:}weﬂil[ﬂzj

Aw =w 8w e DLO:);

c) & and A are ortogonal projectors:
So85=8, Adod=AdandSod=Ac8=0,;
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d) D}{01) = D}{02) B DLO:);

e} If T 1s the identity of DY Oa) ,
IT=85+.A,
that is 8 and A provide an orthogonal decomposition of the identity of D'(O5).

The proof is similar with that of Theorem 3, and will be omited.
Fig. 3 gives a geometric image of the space D).

8 The line integral.

In this section we define the line integral on X. The definition of the line integral is
reduced to the well established line integral on the orientable surface (5.
We start out with the following important theorem:

Theorem 9 Let A be a symmetric open subset of Oy and v : [0,1] — A a picewise
continuously differentiable curve in A. Let w € DH(A) be continuous. Then

[o= ho

Proof: (Intuitively everything is obvious). There exists a division
l=fh<h <. <lh<lpy<.<iz=1

such that the restriction 5; of ¥ to I; := [t;,1;41] Is differentiable (with the derivative v/
continuous) and such that v(I;) = vi(I;) lies in a single parametric disk. Then the curve
ko~ has similar properties. To prove the theorem it is enough to consider the case when
v is of class C' and +([0,1]) lies in the disk D. Then k o v lies on the disk kD. Since
everything happens in D and kD (and we suppose that DN kD = B),we consider that
the disks lie in complex planes. In this way we have reduced the problem to the following
ane:
Let D be a disk in the plane of the complex variable z = = + iy,
let k :— kD be an anticonformal representation, w = kz = u + iv, and let w be a
continuous symmetric differential form defined on D U kD. Let 5 : [0,1] — D be
differentiable with the derivative ' continuous and &(t) = k(y(t)) for t € [0,1].
Under these circumstances,

fue fu

T £l

The form w is given as in (19) and the coefficients A, B, A', B' satisfy (20) and are
continuous.
Then, according to the usual definition of the line integral in the plane, one has:

_/;u = fnl h(t)dt andj;u: [g(:)dt,
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where

(i) h(t)dt = 6*(w)(t) = [m:acm S+ B6() %{t)] dt  and

(i) s(0dt =70 = [460) F0)+ Bx) F0)] e

We obtain, successively:
hit) =4 (5(15]'} (TH}] f} + B'(5(1)) F(T“H (1) =

= B(y(t)) Ef}+ﬂl () df. L(t) = g(t)-

Thus, [, w = [;w, and the proof is compfete. o

Corollary 3 In the context of the previous theorem, if w € DL(O3) then

foe== ]

Proof: With the same notations, one gets h{t) = —g(t) as a consequence of (20) with
e==10

Theorem 9 is to be seen as a partial result of the following characterization theorem:

Theorem 10 The following statements, in the hypotheses of Theorem 9, are equivalent:
a) w € D}(02) ;

b) f,,fw = fkw“’ for any v;

o) fwa=0; -

d)wa=0.

Proof: "a) = b)". This is the content of Theorem 9.
"b) = ¢)". By using b) and Corollary 3, one gets, succesively :

[Ju&frwu%j;(w,wn)='[Tw=j;”w=thw,wn:j;w,—j;w,.

Thus, f_f Wy = — J:: wga, which means nothing but ¢).

"¢} = d)". The form w is supposed continuous. Thus w, is continuous. If w, # 0 there
exists a continuously differentiable path + : [0, 1] — A with the carrier 4([0, 1]) lying in
a single parametric disk D, such that ‘||"_'r wa # 0, a contradiction with ).

"d) = a)”. w=w, +w, =w, € D{O;) O
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We are now able io define the line integral on X.

Let A be an open subset of X and A = p'll:ﬂ:l. Let & be a continuous differential
form on A and w = p*& be the pull-back of w by p.

Then w € PLH(A) and is continuous. Let § : [0,1] — A be a piecewise continuously
differentiable curve in A. The curve § has exactly two liftings on A. If 6(0) = % =
{zo;wo = kzo} and if v : [0,1] — A is the lifting of & at zq, then k o is the lifting of 6
at kzg.

Definition 8 The integral of & on the curve & is the common value of the integrals f,ru
and [, T

(25) /ﬁ::fu:f w, d=por.
& ¥ kay

Thus, with the earlier notations,

the second equality being guaranieed by Theorem 9.

The properties of the line integral on N.R.5. are, according to its definition, the same as
the ones of the line integral on orientable Riemann surfaces. For example:

f_ .,5=f,.=7+fﬁij: a=-ﬁa.
T1+T2 T Ta gt 8]

9 N-meromorphic differential forms.

We consider now the elements of D1(©;) which occur by symmetrizing the meromorphic
. or antimeromorphic differentials on 2 (the abelian differentials).
Let M'(O3) ( MY(O3) ) be the vector space of meromorphic (antimeromorphic) dif-
ferential forms on 3. We shall consider the pair D, kD of disjoint symmetric parametric
disks and k |purp looking like in Fig. 2.

Let n € M'(O;) and § € M1(O3) ) be two differentials.
Suppose that

flz)dz, ze D
(26) n= {

glw)dw, we kD and
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filz)dz, z€D
(27) 9= {

giiw)dw, wekD.

Note 1. In the case when f is not holomorphic but meromorphic (i.e. it has at least
one pole in D), the notation "z € D" means "z € D and z is not a pole of .
Note 2. We eliminate the specifications "z € D” and "w € kD" in the writing of the
restrictions to DU kD of differential forms,

The pull-backs of 7 and @ by k are

F

ak

glkz) —(2)dz
*n = (kz)d(kz) _ 0z
' ( ak

I (kz) o—(z)dz
(29) k6 :{ n(k)dks) _ ) 8

fl{kw}fﬂ:kw] ok '
L fi(kw) ﬁ[w]dw

We see that k*n is antimeromorphic and *8 is meromorphic.
The symmetric components 7, and 8, are given by:

F(e)dz + g(k2) T (2)dz

[30} 2!’], = ak
glw)dw + fkw) ﬁ{w}dﬁl
and
g1(kz) %(ZHZ+ fi(z)dz
(31) 26, =

fulbu) o (w)du + g3()ds

Thus, the mixing of the two analytic structures of ()3 mentioned in Section 3 is re-
flected also in the structure of the differential forms lying in S(M'(0)) and S(M(O3)).
By means of (29} and (30) we are led to the following analogous of Thearem 4:

Theorem 11 S{M'(0)) = S(M[O1)) .
Proof: % [m+&"n] = % (™7 + &* (k" n)]

and n € MY (0;) = k*ne M(0:) D
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We are now led to the definition of the "abelian™ differentials on X.

Definition 9 The map & : X — T*(X) is called an N-meromorphic diffe-
rential form if & € S(MLH{D)).

Some information about these differential forms can be found in [3].

10 Differential forms of degree 2.

We establish now, for differential forms of degree 2 on O3, the results which are similar
to those given in Sections 5 and 7 for the differential forms of degree I.
Let A be a symmetric open subset of (15 and

Q:A— A (T*(O2))
a differential form of degree 2.
A (T* (02)) = U, e0, A* (T? (O2)) and
A2 (T2 ((:)) is the 2-nd exterior power of the cotangent space of Oy at z.

If B, € A and if z is a local uniformiser in a neighborhood V of Fy then, in V, 2
can be written as
z) = A(z) dz A dZ,

where dz A di = 2idz A dy is the usual base of the I-dimentional vector space of alter-
nating tensors of degree 2 on C x C.

Suppose that the restriction of @ to DU ED is given by

Alz)dz AdE ,z€ D
(32) Qpukp = {

Alw)dwhdo ,wekD.
(Even in the sequel we eliminate the specifications z € D and w € kD].
Proposition 2 The restriction of the pull-back by k of @ to DU kD is qiven by

A(kz) E—E;‘%m dz A dz

Alkw) -E%—ﬂ{w} e A

(33) (k") |purp =
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Proof: Acéording to the definition of the pull-back mapping,
(k*)|p(z) = k|p (Qep) (2) =

= A'(kz)d(kz) A d(kz) = A'(kz) (%{z}.ﬁ) A (g%(zjdz) -

D(u,v)
(=, LI']
In the same way one computes the restriction of k*Q to kD. O

= A'(kz) (-%{z}%[zz]) dz AdE = A'(kz) (z) dz A dz.

We state now the analogous of Definition 8.

Definition 10 The differential Q is called symmetric {antisymmetric) if
k*02 =0 (k*0 = =Q, respectively.)

The following theorem characterizes the two types of differentials mentioned in the
previous definition.

Theorem 12 The following slatements are equivalent:

a) Q is symmetric (antisymmetric, respectively); _

b) Q|puep is symmetric (antisymmelric, respectively) for every pair of symmetric disks
D and kD ;

¢) The coefficients A and A' satisfy :

Az) = € A'(kz) %ﬁ-m
(34) ’
A(w) = ¢ A(kw) gE: ii(w}.

with e = 1 (e = —1, respectively).

Proof: The equivalence "a) <= b)" is obvious and the equivalence
"h) <= ¢)" follows from Proposition 2 and the definitions. O

Notations:
D?(A) =the vector space of the differential forms of degree 2 on A;

DHA) = {NeDA) | k'R =0}
Di(A) := {Q € DHA) | k*Q = -0Q).

The symmetrization operator & and the antisymmetrization operator A are defined,
as expected, by
S0 =0, = %{n +k*Q)
(35)
Afl =0, = %{ﬂ - k*82)
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for every 2 € DZ(A).

We mention now the analogous of the Theorem 8 :

Theorem 13 The following propertics of & and A hold:
a} & and A are linear operators and their images are:
Im(S) =DXA) and Im(A)=D3IA);

QeDA) = 8Q=0

QeDiA) = A=0;
¢} & and A are orthogonal projectors:
S08=8 Adod=Adand SoA=A4085=0;

b) For Q € DX(A) , = {

d) D*(A) = DHA) B Pi(A) ;

e) & and A provide an orthogonal decomposition of the identity T = § + A of D*(A).

11 The pull-back by p of the differential forms of
degree 2,

In this section we shall see how the space D2(();) represents the space P?(X). Let ...E be
an open subset of X and A = p~(A). Let © be a differential form of degree 2 on A:

Y 2 - — 2 -
8K — AT (X)) = | A (T2(X)).
eX
To avoid confusions we present the subject in detail, It is enough to do a local study.
Let D C A bea parametric disk such that
p~YD)=DUkD and DNkD=0.

Assume that z is a local parameter in D and w is a local parameter in kD. Both z and
w are local parameters in D and 7 = il = {z;w = kz} for each T € D.

Each space A? (T3 (X)) has the dimention 1 and the singletons {dz A dz} and {dw A d@}
are two bases of this space.

3(2) € A* (T2(X)) for each Z€ &,
" Thus (%) is a multiple of the vector of each base:

() = A(7) dz A dz = A'() dw A di,
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where A, A" D — C are functions.

With the old notations, {i.e. z = z +iy;w = kz = u + iv),

_ Diu,v) _
dw A dit = D{x.y]l(z} dz AdE
and thus: -
(36) i = 2@ ped).

Th_e pull-back by p of §) is the differential form
p8i=0: A — AX(T" (0)
that is defined, on DU kD as in (32) where:
Alz) = A(%) for every z € D and
A'(w) := A'(@) for every w € kD.

From (36) one gets

37 A(z) = A'(kz) 2L2)

By

and, according to Theorem 12, £ is symmetric.

Conversely, if A is a symmetric open subset of (07 and if 2 is a symme- tric differential
form of degree 2 on A, then N
ppll =0,

where B
(38) Q(2) :=8z), forevery z € A,

is a well defined differential form of degree 2 on A = p(A), and p*Q = Q.
We summarize the previous results in the following theorem:

Theorem 14 The sels ﬂz[fﬂi] and DI(A), (.ﬁ — p'l[a]l), are veclor spaces and the
pull-back map B
p* : D*(A) — DJ(A)

is an isomorphism whose nverse 15 py.

Thus, one can identify the space of differential forms of degree 2 on A with the space of
symmetric differential forms of degree 2 on A,by means of (38):

=0 0O



26 Calculus on N.R.5

Examples.

Let us consider the annulus A of module B > 1 represented as
: 1
A={zeC | -<|z|<r},
r

where r = V'R and let i

]

k is an antianalytic involution without fixed points of A and with ( = A, the pair
(@, k) is a symmertic Riemann surface.

The orbit space O3/ H, H = {Identity; k}, is the Mobius band

M={z | 2={z;kz};z € A}.

k:A-—A kx=-

We formulate:

Proposition 3 The following lists give the sets of all functions, differential forms of
degree 1 and differential forms of degree 2 on M.

a) _ﬁ}'] = _f[z}+f[—§-}, where f: A — C is arbitrary;
b) &(z) = a(z)dz + ;—zaf{—é]di, where & : A — C 15 arbifrary;

¢) §4(7) = % A7) - l_:lljag-lg} dz A dz,with A : A — C arbitrary.

Proof: The point a) follows from Theorem 2 and the relation (3) on p.§
applied to A =03 = A.

To prove b) we use Theorem 7:
For @ : M — T*(M) there exists w : A — T*(A) symmetric such that

w(¥) =wl(z) forevery Fe& M.
The differential form w is given by:

(39) w(z) = a(z)dz + (2)dz,

where o, 3 : A — C are functions. We obtain, successively:

1 1 1 1 1,1 1.1
(k*w)iz) = ‘1{_})&{—%] + ﬁ(—g}d[—;} = &{‘E]E—gdf + 'ﬁ{_E]z_ﬁdz'
The condition w = k*w gives:
' 1,1
Blz) = f—gﬂ(—gl
From (39) we obtain: .
Gy = ol 4 f—za{—%}df,
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which means that & has the form announced in b).

Conversely, if w(z) = a(z)dz + E”(_ 1:1&_? we have w(z) = w{_:_lr_jl

i.e. &, given hy
@(Z) == w(z),
is a well-defined differential form on M. This means that b) gives the complete list of

differential forms of degres 1 on M. _
To prove c) we shall use Theorem 14 with A = M :

Q) is a differential form of degree 2 on M if and only if there exists a symmetric differ-
ential form £} on A, having degree 2, such that

0(7) = Q(2)

for every z € A.

According to Theorem 13, @ = k*Q if and only if there exists A € D2(A) such that
1
OQ=A,= E{h + k*A).

Notice that A(z) = A(z)dz A dZ, with A : A — C, We obtain:

1 L 1

(F*A)(z) = A(—%}d(—%}hd{— )=~ R\ s A

z
and finally

Qz) = Au(2) = % [»\{z} - ﬁlt—é}] e A%,

which is the expression announced in c).

Conversely, if A : A — C s an arbitrary function and

() = % [:a{zj - #Jx{—é}] dz A dE,

then clearly {}z) = Q(kz), and thus
Q) == Q=)

iz a well-defined differential form on M.
In conclusion, c} gives the complete list of differential forms of degree 2 on M.

REMAREK: Prof C.Constantinescu from ETH-Zentrum, Ziirich, has observed that the
vector space of the odd de Rham differential forms ([12]p.19) of degree r € {0,1,2} on
X, is isomorphic with the vector space of antisymmetric differential forms on s, of
the same degree r. This way we have a very simple description of the odd de Rham dif-
ferential forms on the N.R.5 X. For example, the vector space of odd de Rham functions
on the Mabius band M is isomorphic with the vector space of antisymmetric functions
on A :

1
h(z) = h(—3)
with h : A — C arbitrary,
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Exercises.

We shall denote the functions on (J, (differential forms of degree zero) by lower-case
Latin letters, the differentials of degree 1 by lower-case Greek letters and the differen-
tials of degree 2 by capital Greek letters. The notations f,, f, etc. will be used for the
symmetric and antisymmetric components of f, etc.

It is easy to verify the following list of properties:

{ [ny}l = fag: + fals
(40)
Lfg]n = fa,';'a + fﬂgd‘ {S‘EE Th. 133,
{ (fw)s = faws + fawa
(41)
(fw)a = fowa + faws ;
{ (fﬂ}l = foll, + falla
(42)
(fﬂ]a = fifla+ falls ;
{ {'-'-""""T]s =wyAn, twa At
(43)
(wAN)a=ws Aflg +wa Ans.
Corollaries:

1) fig € Fo(O2) = fg € Fi(Oa);

2) f € Fo(Oy) and w € DY(O3) = fw € D) ;
3) f € F.(O;) and Q € DX(O2) = fR € DI(0s) ;
4) w,n € D(O2) = w Ay € DHO).

1
From dz = §[d'z + dz] and dy = %’E[dz — dz)] one gets:

1 dak 1 kY .
I:dt},—z(1+§)dz+z(l+é—é)dz

(44)
1 ak 1 aky
{dy],_z}(l-—g)dz—ﬁ(l—ﬁ dz and
1 ak|* 1 D(u,v)
(45) [dxﬂdy},_i[l-— e ]dwﬂdy—§[1+—m dz A dyQ
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12 The double integral.

This section deals with the definition of the double integral on X. As in Section 8, this
definition is given by means of the double integral on the orientable surface 0.

To define and study the double integral on the N.R.S. X we can use the double integral
on either triangles or squares (rectangles) in the euclidian plane.

By the standard triangle or square in the plane of the variable t = t; + it; we mean
the triangle § or the square s given by:

d={t=1t +ity |0<t;,t2 <1, {1 +t3 <1}
(46) .
& = {t:fl-lr!:f? |DETl,ig‘_:1}.

The boundaries of § and s will have the counterclockwise orientations as their positive
orientations.

Definition 11 A singular triangle (square) or, simply, o triangle (square, respectively)
on the manifold M, is any function of class C*

c:d— M (5 :s5 — M, respectively).

Definition 12 A4 chain of triangles (squares) on M is any element of the free group
generated by the singular iriangles (squares) on M.

Thus, a chain C' of triangles (squares) is a formal sum

C= Zn,-c, (resp. C'= Zn.-S.]I.

i el

where I is a finite set (depending on C), n; € Z (the ring of real integers) and ¢; ( 5,
respectively ) is a singular triangle ( square ) on M for every i € I. In the discussion
that follows we use triangles; everything can be formulated in terms of squares as well,

To define the double integral on triangles on X it is enough to consider only the case
where every triangle can be covered by a single parametric disk [} (depending on the
triangle} that is evenly covered by p; i.e. its preimage by p consists of disks D) and £D,
and DNkD = 0.

If T is a triangle in D then p_I{f} consists of triangle T C I} and the image of T
by k, kT C kD,

Let ¢ : & — 3 be a singular triangle such that e(§) = T; then k o ¢ is also a sin-
gular triangle having as image the triangle kT C kD.

In the definition of the double integral on singular triangles on X, the following lemma
plays the crucial role:
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Lemma 1 Let 2 be a symmetric differential form of degree 2 on Oz. Then the pull-backs
of Q by ¢ and by koc are equal:

(@) = (ke c)™(9).

AY(T(O))

Fig. 4:

Proof: Obviously, we can assume that [ lies in the plane of the complex variable z, kD
lies in the plane of the variable w, k : D — kD is anticonformal, and Q is as in (32),
the functions A and A’ satisfying (34) withe = 1. If

eft) = z(t) = z(t) + iy(t) , t € §, then

S (Q)(t) = A(2(1)) %-‘f’-%m dt A di.

The singular triangle k o c is given by :
(ko c)(t) = u=(t), y(t)) + iv(2(t), u(t)) = aft) + iB(t).
Thus, using (33), we obtain, succesively:

D{a, 3)
D(ty,t2)

(koc) (2)(t) = A'(k(=(2))) (t)dt ndi =

D{u, v}
D(z,v)

= A(z(1)) I‘f’é‘:: :’3}(:} dt A di = c*(Q)(2).

Diz,y)
D(ty,13)

= A'(k((t))) (2(1)) (t) dt A di =
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So, (koc)*(R) = c*(Q). O

Remark: If we use the functorial properties of " =", (koc)* = ¢* ok*, the previous proof
is implied by:
(koc) ()= c"(£"(0)) =" (D).

Corollary 4 If } 1s an entisymmetric differential form of degree 2, with the notations
of the previous lemma,

(k 0¢)"(2) = —c"(£2).
Proof: Use (34) with € = —1 in the proof of Lemma 1.

Remark:The equality hit)dt = g(t)dt we have met in the proof of the Theorem 9 is.for
symmetric differential forms of degree 1,the property corres-
ponding to the one given by the previous lemma for the forms of degree 2.

We remind the definition of the double integral on singular triangles on (5,

Definition 13 Lef ¢ : § — (O3 be a singular {riangle lying in the parametric disk D
(i.e. ¢(6) C D) and Q : O3 — A*(T* (D2)) a continuous differential form of degree 2.
Then, the integral of £ on ¢ is the compler number

[ fo=f feo

Remark: If o(t) = z(t) = 2(t) + iy(t) and if Q(z) = A(z) dz A dE, then

ffcﬂ ff (2(1)) Eﬂtii} dt A df =

ffA( D{;’I”}( 94)dt, dts,

where didt; is the area element in the plane.

We give now the analogous of Theorem 11,

Theorem 15 Let @ be a continuvous differential form of degree 2 on ©5. Then the fol-
lowing stafements are equivalent:

1) REeDH) ;

2) ffcﬂ = ffchﬂ Sfor every singular triangle ¢ such that c(8) := T can be covered

by a single parametric disk;
3) [ [0, =0 for every ¢ of the previous type;
4) 2. =10
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Proof: The implication "1) = 2)" is a consequance of Lemma 1 and of the definition
of the integral on singular triangles.

J o] [ fa= -
oo f e [ ] fo

we have used Lemma 1 for [ [, Q. and Corollary 4 for [ [, Q.. Thus, F Gy =

- ff.:n"'

“3) = 4)” Assume there exists a point Py € 'y where {}; is not zero. Assume z is
a local parameter around Py and Q,(z) = A(z) dz A dZ. We may take A(Fp) > 0. Since
1, is continuous, there exists a disk D with center at Py such that

*2) = 3)". We have:

Re (A(2)) > 5 AP)

for every z € D. Let ¢ be a triangle in D. Then:

lff:ﬂ“ :U./;':-m“:' = Uj;ﬂ‘q-fﬂﬁ}:l(—i’ijdtlﬂtz’=

=2 ‘fj;,ﬁl[c{t}j dttdtg‘ > z?zeffﬁ.q[c(z}} dtydiy = Effﬁ'ﬂeﬂ[c[t]] dtydts >

= ﬁff %HI:PU} diydis = %A{Pﬂ} =0,
]

Thus, [ [, # 0, a contradiction.

»4) = 1), This is obvicus, O

Now we can define the integral on singular triangles and on chains of triangles of the
continuous differential forms of degree 2 on the N.R.5. X.

Let Q € D*X) be continuous and let ¥ : § — X he a triangle in X such that
#(6) = T C D, where D is a parametric disk such that p=!(D) = DUkD and DNkD =0.
Then,

P'(@) =0 € DI(Os).
Notice that ¢ has two liftings at Oz :
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c=p|p ecand koe=p|;;oF.
According to Theorem 15,
[[r@=[] r@.
c kos

Definition 14 The integral of @ on © is the commun value of the previous integrals:

[fo=][r@=] [ v

Definition 15 Let © € DY(X) be continuous and lei

C = Zniﬁ

1e]

We can state now

be a chain of friangles on X, each being as © from the previous definition. Then, the
integral of @ on O s the number

Now, the properties of the integral on chains of X are those of the integral on chains
of (. Furiher details are easy to follow. O

13 The differential operators d, d; and d,.

In this section we give the canonical decomposition of the differential operator d imposed
by the symmeitry k of Oy, This decomposition does not exist on non-symmetric Riemann
surfaces.

Let A be a symmetric open subset of @y and let f € F!(A) be a function of class
C'. Then df € D'(A) and, according to Theorem 13, it has two components (df), and
(df)s, We define the operators

d, : FL{A) — DL(A)
{ dg : F}(A) — DI(A) by

d,f = (d)s = 5 [ + k()]
(4)

dof = (df)a = 3[4 — k(d)].
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& ﬂa(gl)

0 d,f :=:(dﬂ'; a(gz)

Fig. &

It is clear that d, and d, are linear operators and one sees that:
d=d, +dg.
With our old parametric disks D and kD, the restriction to DU kD of df is

a’f[ ) dz +-—(z}dz‘ 2 ED

df =
g—i-{wj dw + %{wj de ,wE &D.

By means of (21) one gets the formulae (where the first equality is classic):

gig {}d +E-J-F-[kz} $(2) dz

(8)  d(kf)= k() =
9 (k) 2 () o + 2 ) 9 ) .

Thus the restriction to D of d, f is given by

(49) (de f)(2) = (df)a(= -[df{«'-'?l + K (df)(=)] =

-1 [g{z]-bg—i(ﬁ:zjgg(ﬂ] P [’” () + 5 {kz}—tz}]

An obvious formula exists for (d, f)(z): In the previous paranthesis exchange the "+"
sign by -7,
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From (18) and {41) one sees that for f symmetric,
d, f = df,

that is the restrictions of d, and d to the space of symmetric functions are equal.
Remark: From (41) and the properties of k* one gets directly

dyf =df, and d,f = dfs.
Let w € D'(A) be a differential of class C*. Suppose w is given on DU kD as in (19).

The exterior differential (or derivative) dw of w is defined (on DU kD) by:
{ dA(z) Adz +dB(z) Adz { a(z) dz Adz
dw =

dA"(w) A dw + dB'(w) A di o' (w) dw Adiw, where

o(:) = 22(:) ~ 22(2)
/() = 22 (w) - 92 ()

According to (35) we define the exterior symmetric and antisymmetric

differentials of w by |
dyw = (d), = 5 [do + k" (dw)]
(50)

1 v
ot 1= (dw)a = 5 [dw = k*(d)]
It is easy to see that the restriction to D of d,w is given by:

8 i 1 u,v

(z}] dz M dz.
Remark: Even for differential forms
dew = dwy, and dyw = dw,.

Now we can state:

Theorem 16 The following properiies hold:

{ feF,(A)=>df eDYA) and df =d,f;
a)

fEF(A) = df €DL(A) and df = duf;
{ w€DPHA) = dw e DIA) and dw = dyw;
b)

w @DLYA) = dw e D2(A) and dw = dyw.
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Proof: a) f € F,(A) = k*f = f. Thus
k*(df) = d(k" ) = df.
According to Definition 7, df is symmetric. We have also: d, f = (df), = df

fEeFA) = k*f=—f. One gets:
k*(df) = d(k* f) = d(— f) = —df
and, according to the same definition, df € DL(A). As a consequence,

da f = df.

b)weDPHA) S Fw=w=
k*(dw) = d(k*w) = dw = dw € D3(A) (Definition 10).
The second part of b) can be proved similarly O

14 Harmonic Differentials.

In this section we see how the symmetric harmonic differential forms of degree 1 on O
represent the harmonic differential forms on X. In the case of compact N.R.S. we com-
pute the dimension of the space of harmonic diffe-

rentials in function of the topological genus of the surface.

Let us denote by H = H({(@;) the vector space of harmonic differential forms of degree 1
an (Fa.

Thus, w € H if and only if for every parametric disk D C O3 there exists an har-
monic function f : D — C such that w|p = df.

We shall use the operator
A :DHO;) — DHOs)
defined locally by

(51) (Aw)|lp = A(z) dz — B(z) d2
ifw|p = A(z) dz + B(z) dz. [See the operator "*" in {14] p.169].
Theorem 17 The operator A has the following properties:

a) It is a linear involution of D'(0;) :
Ao A =T = the identity of D(Oq);

b)
{ Aw € DHD:) < w € DL(Oa);

Aw € PLD;) & w € DHO:).
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Proof. It is obvious that A is linear and Ao A = I. As a consequence, A is an automor-
phism of D' (O04).

Now, if w is given by {19), then

Alz)dz — B(z)dz, z€ D

{Aw)|puep =
A'{w) dw — B'(w)di, w e kD.

and by means of (21) we get :

* —5*(&)%{:}42 + A'[kz}% 2)di, z€ D
E*(Aw)|purp = =
-B{kw} (w}dw = A[l‘w] o {w]dw wekD -

=—A{k"w|puen).

Thus, we have the formula;
F(Aw) = —A(k'w),

for every w € D).
Now, if w € DY), k*w = —w and
' *(Aw) = —A(F*w) = Aw.

This means that Aw € D).
Conversely, if Aw € PHO2),k*(Aw) = Aw = —=A(k*w) = A(—k"w) and A being injective,
w=—k*w that isw € (), etc.O

By means of A the harmonic differentials can be characterized as follows:

Theorem 18 The following stalements are equivalent:
a)w e H; .
b) dw = d{Aw) = 1.

Proof: "a) = b)". Hfw|p = A(z) dz + B(z) dz then

a8 g4 B
(dw)lp = (E( z) - E{z]) dz A dZ,
and w is closed (i.e. dw = 0) if and only n"aa—B = gﬂ.
z

Now, suppose w € H. Then there exists an harmonic function f : D — C such

that
af

wlp = Go(z) dz + 2L (2) d.
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In this case
gz " gz " T @28 Bz dz

and thus (dw)|p = 0.

On the other hand,

a a
(Aw)lp = FH(z) dz = 5L () dz

and, in this case,

o

d(Aw)lp = (' 5:07 Doz

) dz Adi= —8Af dz AdZ=0

2

because Af =0; (A =4 0 ~
fzdz

“b) = a)”.Suppose that dw = d{Aw) = 0. Let D be a parametric disk on Oz. Ac-

cording to Poincaré’s lemma (dw = 0 ) there exists f : D — C

( of class C? ) such that w = df.

af af
E{Z} d'z - E

is the Laplace’s operator).

(Aw)|p = (z)dz and 0 =d(Aw)|p = —BAf dz Adz

implies Af =0 that is f is harmonic.O

We denote
H, =HND}O2) and H,:=HNDLD)

The following direct sum decomposition is obvious:

H=H, (P H..

Theorem 19 If the compact N.R.5. X has topological genus g (t.e. X is homeomorphic
with the sphere with g crosscaps attached), then the subspaces H, and Hy have the same
dimension :

dim(H,) = dim(H,) =g - L.

Proof. Since X is nonorientable, g > 1. From the Hurwitz-Kerékjarto formula concerning
the ramification index of the nonconstant morphisms of Riemann surfaces, orientable or
" not ([9],p.160), the topological genus of O is

g =g-1
A classic theorem of Hodge ([14] p.205-206 ) says that H is finite dimensional and

dim(H) = 2¢".
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Let {wy,wy,...;wm} be a base of H, and {wm41,0m42, - Wmn} a base of Hy.
Then {wy,ws,...,wm4n } i5 a base of H and thus
m+n="12g"

According to Theorem 17, Aw; is antisymmetric for 1 < j < m and symme-
tricform<+1<j<m<+n.

A being an automorphism of H, {Aw;|l < j < m + n} is also a base. Now, m < n
because {Aw;|l € j < m} is a set of linear independent elements of H; and n < m
because {Awjlm+1 < j < m + n} is a set of linear independent elements of H,. Thus
m = n and finally

m=n=g-1.0

Let us denote by H(X) the subspace of D'(X) that consists of all harmonic differential
forms on X.

Theorem 20 (Hodge Theorem) [fX is compact and has the topological genus g then
dim(H(X))=g- 1.
Proof. The restriction to H{X) of the pull-back mapping
p" : D (X) — DI(Oy)

is an isomorphism of H(X) onto H,. O

15 The de Rham cohomology.

In the case of symmetric Riemann surfaces, the de Rham vector space of the differential
forms of degree 1 has a natural decomposition as a direct product. The subspace of
symmetric elements is cannonically isomorphic with the de Rham vector space of the
covered surface. In this section we deal with this problem.

Let us consider the following vector spaces:

FHO2) = {f € F(O1) | f of class C*};
PLYO,) = {w € DYO4) |w of class C'};
- D¥O,) = {ReD*O:) | R of class C"}.
Let us take the following morphisms of vector spaces:
d =dy : FHOq) — DYHO2)

and

d=dy: D"HO2) — D (04) ,
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where the first homomorphism d 1s the usual differentiation of functions and the second
one is the exterior differentiation of forms of degree 1.

It 15 known ti_:lat
Im(d) C Ker(dz)

and that the de Rham’s cohomology vector space is the factor space

_ Ker(dy)

RI{{:}E] = m .

Further on, if X is compact and has the genus g then Oy is compact and has the genus
¢' = g—1 and RY((?2) has the dimension ([14] p. 206 )

dim(R(0)) = 2¢'.
Crther notations and relations :
£=TIm(dy) = {df | f € F*(Oa)} =
= the vector space of exact differential forms of degree 1;
K = Ker(ds) = {w € PM(0) | dw =0} =
= the vector space of closed differential forms of degree 1.

It is obvious that

-E:Ea@gm

where:
a) & ={d.f | f e F}Oa)};
b) £a = {daf | f € F*(Oa)}.
£ =DHO)ND(O)NE and & =DLO)ND(D)NE.
We have also

k=K. PKa

(with obvious meanings for the two factors).

" It is obvious that
E K, and £, C K,.

Definition 16 De Rham's symmetric and antisymmetric vector spaces of Oy are the
veclor spaces:

K, Kq
Rl(0;) = o resp. RL(O7) = Z
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The theorems that follow give some deeper properties of the de Rham’s vector spaces of
;.

Theorem 21 RY ;) = RYO:) = RL(O:).

Proof. Let w = w, +w, € K. Then:
0 = dw = dw, + dw,;=> dw, = dw, = 0 (according to Theorems 13 and 16).
Thus, w, € K, and w, € K, and thereby we can consider the classes

@; ERL() and &, € RL(O2).

The function
I':RY0)) — R}(O:) x RL(O),

G — (&) == (35,09
is well-defined and it is an isomorphism of vector spaces.
wevew swtdf =w, +df, +w,+dfs = w, =w, +dfy, and w) =

we +dfs;=> w =&, and W, =&, because df, € £ and df; € &. ThusT is
well-defined, etc.).

Theorem 22 [f the N.R.5. X is compact of genus g then the spaces R1{0;) and R1(03)
have the same dimension:

dimRL(O;) = dimRL(O;) =g - 1.
Proof. It is known ([14],p.206) that
dim RY(02) = dim H(O2) = 29’ = 2(g - 1),
where, as in the previous section, g’ = g — 1 is the topological genus of Q5.
Let {wy,wa,...,wy—1} and {n1,n2,...,Ng—1} be bases for H, = H,(Oa) respectively H, =
H,(,). We prove that
{@1,@3,...,wy1} and {7, 72, ..., 71}

are bases in R1(02) respectively RL(O2). It is enough to prove the statement for one of
the sets. )
Let ay,az, ..., 8y-1 be complex numbers such that

=1
z ajuy = 0.

i=1

This means that the symmetric differential Zf; : ajw; is cohomologous to 0 ie. there
exists a function f of class C* such that

=1
Z ajwi = df.
i=1
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Obviously f is harmonic (and symmetric). But, on a mmpact R:’emann surface, an
harmenic function is constant; thus df = 0 and consequently 1 aju; = 0.

The set {w1,ws, ...,wy-1} being linearly independent, all the coefficients a; must be equal
Lo zero.

In other words, {&1, &3, ...,w,_} is linearly independent and thus

(i) dimR{(O2)2 g1
In the same way we obtain:
(i) dimRL(O3) > g—1.
Since dimRL(Os) + dimRL(O5) = dim RYO2) = 2(g — 1), in (i) and (ii) only equalities
are possible. O
We denote by R'(X) the de Rham cohomology vector space of X.
Theorem 23 R!Y(X) = RNO:).
Froof. Let us denote the subspaces of exact an closed differential forms on X by
EX)={df | f: X — C, f ofclass C*},

respectively
= {&G € DY(X) | @ of class C* and di = 0}.
Then K(X)
1 P —
RY(X):= £X)

If df € £(X) then . _
p(df) =d(p"f) € &,
because p* f € F*((;), it is symmetric and of class C*?.
Conversely, if  is symmetric and of class C° then
df € DHO) NP (Oy) and py(df) = df
Thus the restriction of p* to £{X) maps this space isomorphicaly onto &,.
Let w € K(X); d(p*w) = p*(dw) = p*(0) = 0 that is p*& lies in K,.
Az in the previous step, the restriction
P K(X)— K,

is an 1somorphism.
Now, the canonical map induced by p*,

K{X) K.

£xX) &
i5 an isomorphism. O
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Corollary 5 (de Rham Theorem) If the N.R.5. X is compact and has the genus g,
its de Rham cohomology vector space has the dimension g — 1.

d:m(RI[X}} =4 1.

16 The Stokes’s Formula.

In this section we shall present the Stokes’s formula on N.R.5. This problem points one
important application of the differential operator d,.
Let us consider w € DYY((2) and the following three equalities:

o fye o
b Lo ffoe
3). j w= [ 4.0,

where ¢ : § — (03 or ¢ : 5 — (03 is a singular triangle or square of class C' on ;.

The equality 1) is the classical Stokes's theorem on orientable Riemann surfaces and
2) and 3) are consequences of 1) with w replaced by w, and w,, respectively, because
detr = dw, and d,w = duw,.

Let us have a look at the first equality.

The line integrals [, w and [, .. w as well as the double integrals [[, dw and [f},_dw
are, in general, far away of each other; they are equal if and only if [, wa = 0 ( in which
case L[;dwﬂ =) too).

L=

With other words the equality 1) cannot be transposed on X.

The integral [, w, from equality 2) is connected with the integral [, , wa by:

f lig = '--f (.
kode I

The double integrals have a similar property.

Even if the behaviour of the equality 2) is much more regular than that of 1), it cannot
be "projected” on the N.R.S. X.

oo o [ [ oo
de « kode & koe

In the last case
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With other words, the integral J::'.i‘c w, does not depend on dc but on the "class” {dc, ko
de} only or, equivalently, it depends only on the curve

de=pode=po(kode)
on X,
A similar remark is valid for the double integral [f d,w.
Thus the equality 3) can be "projected” by p giving Stokes’s formula on X.

More exactly, let & € D'(X) be continous and let € be a singular triangle or square
of class C! on X. In this context we can formulate Stokes’s theorem:

Theorem 24 faE b= f_f; di.
Proof. By the definitions of the integrals it follows:

[ﬁ@:v/&p-{é] and ffidr..‘}=]'£p.(ﬁ}_

But it is well-known that p*(di) = d(p*a) and p*(@) € P}(O2); according to case 3) at
the begining of the section and to the equality d,w = dw for w symmetric,

RCE [/ 7@ o

Stokes’s formula for chains of singular triangles or squares is a corollary to the previ-
ous theorem,

Let C = Y ier mit; be such a chain where each ¢; is of class C*. Then,

Corollary 6 [,= & = [[=dd .
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