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Almost-periodicity of solutions of the abstract wave
equation

5. Zaidman

Introduction

In the present paper we shall give an abstract version (in terms of operator differ-
ential equations) of the well-known result about almost-periodicity in ()X L¥()
norm (0 being a bounded open set in B"| of the vector-function {u(z, ), u(z.t)}, 2 €
.t € R. where uy = Ty % (I’-'I{j{:j%) (the wave-equation) and u satisfies ho-
mogeneous boundary conditions on 80 (see [1], [2]), We therefore consider a
Hilbert space H and then a linear seli-adjoint operator [ with dense domain
D{L)C H and with range in H, such that

(Lh, LA) = |kl (some v > 0) holds true ,¥ h € D{L) (0.1)

The abstract wave equation is the second order equation for H-valued functions
uf-):

w'(t)= —Lluft),teR (0.2)

We will be concerned here with a class of weak solutions of 0.2); they are defined as
functions u(-),R — D{L),u(-) € C'(R: H). Lu € C(R; H), such that the integral
relation

_L:u'{r}.h*{t]],,d: = _LtLum.Lh{t}}Hdt (0.3)

holds, YA € C}(R: H), Lh € Co(R; H)(C3(R: H) and Co(R; H) are functions with
compact support in R},
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Supplementary assumptions are made on the operator L as follows: there exist
sequences (£,);° C D(L) and (A, )5 C RB*, such that:

0<h < dger €A== 490, (60 bm )i =l (Len, Log)

= dadaduinm=1.2....2 (Ley, Lh)
= A{ewh), Y he DIL):||LA - 3 (hoej) ey
=1
—0asn— o ¥he DL (0.4)

Our main result which is established in this chapter says that under the above
assumptions (0.1) - {0.3) - {0.4) the function Lu(-) is (Bochner) almost-periodie,
R — H while the function u'(:) is almost-periodic, R — H.

(this is the result stated as "Teorema ™ in (3]; the proof now given is different
from that indicated in [3] - p. 13 and similar to the proof which appears in
Amerio-Prouse [1]).

1.
We pass now to give the proof of the above stated results; it consists in several
steps. First we have
PROPOSITION 1, For any h € D{L) we have that

il : -
1A =3 (hies)esll — 0 as N — oo, ||k]? = 3 [k e5)? (1.1)

=1 r=1

In fact, using (0.1) we get
N N

e =3 (he)esl* < ||k = 3 (hye;) Ley|?
=i . Jml

if we use (0.4) we get the first assertion. Next, if we denote hy = Ef_ll:h.r.j]e._.-
we see that [|hw([* = (hw.hw) = TN, |(h,&;)%; as by — k for N = oc, it follows
that [[Awl[|* — ||k, hence 32, |(A,e;)|* = [JA|I

Next, we prove
PROPOSITION 2. For any h € D(L) the equality

LI = 3 A3k 12)

holds true,
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In fact, if hy = T/, (h,¢;)e; and gy = h— hy, we obtain

v
|Lgnll* = (LA = Lhy, Lh = Lhy) = || LA]* = (Lh.zth.q]hj)

=1

N N w
- (Z{ﬁ.ejjﬁ-e,.f.h) d (E:”r.E”Lﬂj.Z{h.ﬂ,}lEﬁi)

=1 I|-I gl

N N N
= [|LAJP = Y Thoe(Lh. Le;) = Y (R e) Lej  Lh) + 3 |(h,€;) PAR

=1 1=t =i
N X N

= [|LAI* = 32 (hoe A (hoes) — Y (hoe)AT(es ) + 30 [(hoes) *AF
=1 a= =1

N
= || LA = 30 I(hoe;) 4]

=1

Also we see that Lgy = Lh—Lhy = Lh—1L (h. ;) Le; and from (0.4) we derive:

| Lgw|* — 0 as N — e which means. in view of the above computation, that
T2, (hyes)PAT = || LA

We can now consider the demonstration of the main result. Assume therefore the
relation (0,3) and then take test-functions f(t) of the special form: A(t) = ¢(t)ea
where ((t) € Cj{R). We get accordingly

L wtthec = [(Lue) Lea)itndtin =1,2,... (13)
With the notation (u(t),e,) =u,(t) and using again (0.4) we obtain
Lu;u:;‘(:]d: = f‘ Mua(0C(t)dt , Yn € N,VC) € CHR)

From the continuity of the function A}u,(t) we derive: (elementary “distribution
theory”): uf exists and ull(t) = —Alu,(t), ¥t € R,n € N. Therefore we get

Up(t) = (cos At )i, (0) + %{sin Anthul (D) (L.4)
Next, from Proposition 1, we have that
u(t) = f: uj{tle; in H- norm,for any teR (1.5)
=1

Actually, as we see below, the series (1.3) is H-uniformly convergent on R; the
same holds for the series 572, u,(t)Le; as well for T72, u}(t)e;.
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From (1.4) we obtain: |u.(8)] < |u, (0)] + T_‘:|u;[1]]l| and
lualt)* < 2 |ual0)* + %Jul[ﬂ]li‘r MieR (1.6)
The series T° |ua(0)]* = T (u(0).e,)|* is convergent to ||u(0)]|* (Proposition

1).

Also, using (0.1} and (04) we find that y]|e,||* < (Les, Lea) = A hence 3=
=1

Therefore the series T3 1 |ul, (0)* is < £ 1{(«'(0),&4)[* = L[|w'{0)|% hence it is
also convergent. This gives uniform convergence on R of the series 372, |u,(¢)[%

Next, we estimate the expression

Nip

| Z wi(t)Le; “1
N

which is also (in view of (0.4)).

Ntp Nep Nep
(g u;(t) Le;. g uJ.U'JLE,) = Z”: [uj[ﬂlil? (1.7)

From (1.6) it follows that
Al (6)[* < 2 ATy (0N + [i(0)7),

Then we use Proposition 2, and we get

b . = -]

2@ = 3 ATI(u(0) ;)" = 3 Mlu,(0)F, (1.8)

=1 =1
again a convergent series, _
This way we have established uniform convergence on R of the series T7° u;(t) Le;.

Finally, uj(t) = —A; sin(A;¢)u;(0)+cos(A;¢)u}(0) and accordingly [w}(t)| < Ajfu;(0)[+
|u(0)] and [u(t)]* < 2(AF|u;(0)[*+ |u(0)|") and we use same arguments to estab-
lish uniform convergence on

R of the series 7% uj(t]e;.
It remains only to see that
L) =Y u(t)le; and  w(t) =3 ul(t)e; (L9)
1 |

We know that u(t) = L7° u;(t)e; and that L is closed.
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From the convergence of 77 u;(¢)Le, we derive that Lu(t) = =77 u;(t)Le;; hence
Lu is almost-periodic, R — f.

Finally we know that both series: 77 u,(tle; and 3°;° u'(t)e; are uniformly con-
vergent. We get that u'(t) = T ul(t)e,, and is again an almost-periodic function.
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Note. This article appears in detailed form for the first time. It
gives complete proof to a statement in [3] (Teorema 1).



